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0. Background and context

The study of C*-algebras fits into the broader mathematical framework of op-
erator algebras. A phrase one often hears in relation to operator algebras is that
they are the “noncommutative” version of classical objects like topological spaces,
measure spaces, groups, and so forth. The study of operator algebras started
at the beginning of the 20th century. Of course, some noncommutative math-
ematics, in particular the study of matrices and abstract linear transformations
on finite-dimensional vector spaces, was already known and reasonably developed.
Indeed, matrix algebras are themselves (important) examples of operator algebras.
However, it is reasonable to say that the subject was brought into being by von
Neumann’s efforts to make mathematically sound the emerging area of quantum
physics. The noncommutative nature that popped up in places such as Heisen-
berg’s uncertainty principal led von Neumann to define an abstract Hilbert space
(particular Hilbert spaces—though they were not called that—such as L? and ¢,
were already known) and undertake a study of operators on such spaces. In partic-
ular, he introduced self-adjoint subalgebras of bounded operators that were closed
in the weak operator topology; these later became known as von Neumann alge-
bras and sometimes as W*-algebras (though the former is often reserved for those
algebras acting on Hilbert space and the latter for abstract *-algebras that are
weakly closed) (see for example [125] for more on von Neumann’s contributions).
Subsequent papers by Murray and von Neumann further developed the subject
[84], 85, [86].

C*-algebras, which are the topic of this course, have their origins in the studies of
Gelfand and Naimark in the 1940’s. While it turns out that von Neumann algebras
are a particular type of C*-algebra, by now they are often studied separately;
indeed, there will not be much to say about von Neumann algebras in these notes.
Given a compact Hausdorff space X, the algebra of continuous functions on that
space, C(X), can be given an involution as well as norm which makes it a Banach
*-algebra. Moreover, this norm satisfies the C*-equality: ||f*f|| = || f||* for every
f € C(X). The C*-equality is precisely what is needed to pass from a Banach
*-algebra to a C*-algebra. This apparently minor requirement has wide-reaching
implications for the structure of C*-algebras; we will see just what this means in the
sequel. Further work by Gelfand and Naimark, together with Segal, established
a way of constructing a representation of any C*-algebra as a norm-closed self-
adjoint subalgebra of bounded operators on a Hilbert space. Gelfand and Naimark
showed that in fact there is always a faithful representation; thus every C*-algebra
is isomorphic to such a subalgebra of operators. Since those early days, the study
of C*-algebras has taken off in many directions. It continues to find utility in
the study of physics (including quantum gravity, quantum information, statistical
mechanics), the study of topological groups as well as the development of quantum
groups, dynamical systems, K-theory, and noncommutative geometry.
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A main focus of this book is C*-algebraic classification. Classification is a com-
mon theme across all areas of mathematics. Finite dimensional vector spaces are
identified, up to isomorphism, by a natural number corresponding to their dimen-
sion. Dynkin diagrams classify semisimple Lie algebras. In group theory, there
is the remarkable classification theorem of finite simple groups into four broad
classes, completed bit-by-bit over many years. The classification programme for
C*-algebras takes its motivation from the classification of von Neumann algebra
factors. Connes made huge advances in operator algebras by providing a detailed
analysis of amenable von Neumann algebras and the classification of von Neu-
mann algebra factors. For this he was awarded the Fields medal. The analogous
C*-algebras are those that are separable, simple and nuclear. Their classifica-
tion was initiated by Elliott following his classification of approximately finite C*-
algebras. This classification programme seeks to classify simple, separable, nuclear
C*-algebras by K-theoretic invariants which we now call Elliott invariants.

For C*-algebras, classification is significantly more complicated than it is for von
Neumann algebras. Nevertheless, the past few years have seen tremendous break-
throughs via innovations such as nuclear dimension (a noncommutative covering
dimension) and successful adaptation of techniques from von Neumann algebras.
By now the classification programme has proven a resounding success. All sim-
ple separable unital nuclear C*-algebras with finite nuclear dimension satisfying
the UCT (“classifiable” C*-algebras) can be distinguished by their Elliott invari-
ants. The final pieces of the puzzle have only recently been put in place. The
Toms—Winter Conjecture, which has been confirmed for all simple separable uni-
tal nuclear C*-algebras, under a minor restriction on the tracial state space, tells
us that the question of whether a C*-algebra belongs is classifiable is equivalent to
the presence of certain regularity properties. This has left us with powerful tools
to determine and describe the structure of many C*-algebras.

The first section of the book will concentrate on developing the theory from
the beginning, with minimal background requirements save for some knowledge of
functional analysis and Hilbert spaces. In the second section, we develop a few
examples in more depth and in the final section we deal with the theory of classifi-
cation of C*-algebras. The first section as well as much of the second section corre-
sponds approximately to an introductory course on C*-algebras, aimed at masters
students and students at the beginning of their PhD studies. These sections are
based on courses given by the author at the Centre de Recerca Matematica in
Barcelona during the intensive research programme Operator Algebras: Dynamics
and Interactions during the spring of 2017, as well as at the Noncommutative
Geometry semester at the Banach Center at the Institute for Mathematics of the
Polish Academy of Sciences in autumn 2016. The decision of what results to in-
clude in the first two sections was often made based on what would be required
in the final section on the classification programme. It also, naturally, reflects



0. BACKGROUND AND CONTEXT 8

my own personal interests and biases. For example, in Part III there is a greater
focus on stably finite C*-algebras compared to the attention paid to purely infinite
C*-algebras.

For the reader who has some basic knowledge of C*-algebras, most of the first part
can be skipped. The material is roughly similar to standard texts such as Murphy’s
book [83] or Davidson’s book [32], with the exception of Chapter [7} which looks
at completely positive maps and introduces the completely positive approximation
property and will be useful for later sections. I have made an effort to reference
results in the book so that if the reader skips the first few chapters but comes
across an argument in a proof with which they are unfamiliar, it should not be
too difficult to go back and find the required result. Part II includes constructions
that may be familiar to those readers who have already studied some C*-algebra
theory, with the exception of the final chapter on quasidiagonality and tracial
approximation as some of these results are relatively recent.

The final section contains more advanced material, but the book aims to be
as self-contained as possible and so the material should be accessible to those
readers who work through the first two sections. The aim is to leave the reader
able to confidently read and understand the current literature. The final section
contains material from a short course given at the spring institute Noncommutative
Geometry and Operator Algebras at the University of Miinster in spring 2018 as
well as lectures given at the department of mathematics at Radboud University in
Nijmegen.

I would like to thank Francesc Perera for inviting me to give the course at the
Centre de Recerca Matematica as well as suggesting I prepare these notes. I am
also indebted to Robin Deeley, Andrey Krutov, Klaas Landsman and Réamonn
O Buachalla for help with proofreading.

The author is supported by a Radboud Excellence Initiative postdoctoral fellow-
ship and the Sonata 9 NCN grant 2015/17/D/ST1/02529.



Part 1

Basic theory



1. Banach algebras and spectral theory

Although the subject of these notes is C*-algebras, we begin with Banach alge-
bras. Many of the basic results were first developed for Banach algebras. Initially
working at the level of generality of Banach algebras will furthermore help the
reader to later appreciate, by comparison, the manner in which C*-algebras enjoy
many structural properties that are absent in the more general setting of Banach
algebras.

In this chapter, we first define Banach algebras and look at some examples. In the
second section we define and look at properties of the spectrum of an element in a
Banach algebra: an object which simultaneously generalises the set of eigenvalues
of a matrix and the set of values in the range of continuous function. We will see
that, unlike in an arbitrary algebra, the spectrum of an element in a Banach algebra
is always nonempty. In Section we look at ideals and quotients in Banach
algebras. The final two sections of the are concerned with unital commutative
Banach algebras. After proving a number of results about their characters, we
end the chapter with the Gelfand representation, which says that we can represent
any commutative Banach algebra A as a Banach algebra of functions on a locally
compact Hausdorff space. This theorem will be of fundamental importance when
we move on to C*-algebras in the next chapter.

All Banach algebras we will consider will be C-algebras, though they can also be
defined over other fields.

1.1. Banach algebras. A Banach algebra is an algebra A equipped with a
submultiplicative norm
|1+ A= 1[0,00),
that is complete with respect to its norm.

Note that A is not necessarily unital. If A has a unit 1, then we require that
|14l = 1 and in this case we call A a unital Banach algebra.

If B C A is a subalgebra, then its closure with respect to the norm of A is also
a Banach algebra.

1.1.1 Examples: (a) Let X be a topological space and let
Cy(X) :={f: X — C| f continuous, bounded}.

Then Cy(X) is a Banach algebra when equipped with pointwise operations and
supremuim norm

[flloe = sup{|f(z)] | z € X}.

(b) Let X be a Banach space. Equip the set of linear operators
L(X)={T : X — X | T linear, continuous}
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with pointwise addition, composition for multiplication, and the operator norm
[T} == sup{|T(x) ]| | 2 € X, [Jf| < 1}
Then £(X) is a Banach algebra.
(c) Let (X, 3, u) be a measure space. Let
L(X, 2, pn) ==
{f: X — C| f measurable, 3K > 0 s.t. u({z | |f(z)] > K}) = 0}.

Define a norm on L*(X, X, u) by
[f][ := _inf suplg(z)].
f=gaep zex

Then L>*(X, X, 1) is a Banach algebra.

1.2. Spectrum. Let A be a unital Banach algebra. An element a € A is
invertible if there is a b € A such that ab = ba = 14. In this case we write b = a!.
(This makes sense because if such a b exists, it must be unique.) We denote the

set of invertible elements in A by
Inv(A) :={a € A| thereis b € A such that ba = ab=14}.

1.2.1 Definition: The spectrum of an element a in the unital algebra A is
defined to be
sp(a) :={AeC| A 14 —a¢Inv(A)}.

1.2.2 Suppose that 1 — ab is invertible with inverse ¢. Then one can check that
1 — ba is also invertible with inverse given by 1 + bca. As a result, for any a,b in
a unital Banach algebra A, we have

sp(ab) \ {0} = sp(ba) \ {0}.

Let p(z) = Ao+ Az + -+ + A2, Ay € C, be a polynomial in the algebra of
polynomials in one indeterminate, which we denote by Clz]. For a € A denote
pla) == Aola+ Ma+ ... \a".
We have the following spectral mapping property for polynomials.

1.2.3 Theorem: Let A be a unital algebra, a € A and p a polynomial in C[z].
Suppose that sp(a) # 0. Then sp(p(a)) = p(sp(a)).

Proof. 1f p is constant, the result is obvious, so we may assume otherwise. Let
1 € C and consider the polynomial p — p. Since every polynomial over C splits,
we can write

p(z) = p=Xo(A = 2) - (A = 2)
for some n € N\ {0}, Ao,..., A, € Cand Ay # 0.
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If © ¢ sp(p(a)) then by definition p(a) — u - 14 is invertible, and hence each
Ai-lg—a,i=1,...,n,is invertible. Conversely, it is clear that if each \; - 14 —a
is invertible, so is p(a) — p - 14. Thus p € sp(p(a)) if and only if there is some
1 <i < n with \; € sp(a) and we have sp(p(a)) C p(sp(a)). Now if X\ € sp(a),
then p(a) — p(A) = (A- 14 — a)b for some b € A and hence is not invertible. Thus
sp(p(a)) = p(sp(a)). !

For a general unital algebra, it is possible for an element to have empty spectrum,
as is shown in Exercise [[.6.9} In a unital Banach algebra, however, this is not the
case. To prove this we require a few preliminary results. The first is that in a
unital Banach algebra—where unlike in an arbitrary algebra we have a notion of
convergence—we can often use a geometric series argument to calculate inverses.

1.2.4 Theorem: Let A be a unital Banach algebra and a € A such that ||a|| < 1.
Then 14 — a is invertible and

(14 —a)” Za

Proof. First note that by submultiplicativity of the norm, we have

}: ‘<§:HMW

n=0
which is finite by the usual convergence of a geometric series in R. Since A is
complete, this means that > 7 ja" converges to some b € A. Now, we compute
that

=

N N +1
(14 —a) E a":E a® — am =1, —a¥t,
n=0 n=0 m=1

N+1

and since 14 —a — 14 as N — oo, we must have b = (14 —a) ™}, as claimed. 1

1.2.5 Lemma: Let A be a unital Banach algebra. Then Inv(A) is open in A and
the map
Inv(A) = Inv(A4), a+>a!
1s differentiable.
Proof. Let a € Inv(A). We will show that any b sufficiently close to a is also

invertible, which will show the first part of the lemma. Let b € A such that
la —b||[la™?|| < 1. Then

114 =ba™" || < lla”"[lla — bl <1,

so, by the previous theorem we have that ba~! is invertible. Similarly, a=!b is

invertible. Thus we also have that b(a=!(ba™!)™!) = 14 = (a7'b)"ta™)b, s0 b is
invertible.
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To show that a — a~! is differentiable, we need to find a linear map L : A — A

such that, for a € Inv(A),

e ) =t — L)

=0.
h—0 | Al

For b € A define L(b) = —a~1ba™".
Let a € A be invertible and let h be small enough that

IAlllla™] < 1/2.
Then ||ja~'h|] < 1/2 so, by Theorem |1.2.4] the element 14 + a~'h is invertible and

IQa+a )™ = la+a b = [375(=1)"(@ 'h)" — La+a "hl|
1320 (=) (@™ h)"|

< >l
n=2
< la™'Al?/(1a = fla™"Al) 7
< 2lla'Al”.
Thus
la+h) " —a LW  a+h) ' —a +atha !
il il
~ tala™tfa+ath)t = (1a —ath)a ™|
il
< [Qa+a™ )™ —Ta+a hlfla”"]|
- il
< 2Ha‘1HQHhH2’
il
= 2[a™"[I7|IA,
which goes to zero as h goes to zero. |

In a metric space X, we denote the open ball of radius » > 0 about a point
x € X by B(x,r). Its closure is denoted by B(z,).

1.2.6 Lemma: Let A be a unital Banach algebra. Then for any a € A, the
spectrum of a is a closed subset of B(0, ||a]|) C C and the map

C\sp(a) = A, A (a— Ay

1s differentiable.
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Proof. Once we show that sp(a) C B(0,||al|), the rest follows from the previous
lemma. If |A| > ||a|| then A-14 — a is invertible, so sp(a) C B(0, ||al|). The details
are left as an exercise (For a hint, see Exercise [1.6.10)). |

1.2.7 Now we are able to prove that every element in a unital Banach algebra has
nonempty spectrum. In what follows, A* denotes the continuous dual space of A,
that is,

A*={f:A— C| f continuous and linear}.

Endow A* with the weak-*-topology, which is the topology generated by seminorms
of the form p,(7) = |7(a)| ranging over all a € A. A sequence (¢, )nen converges to
o € A* if ¢,(a) — ¢(a),n — oo for every a € A (pointwise convergence). Recall
that A* separates points. For further details see, for example, [83, Appendix].

1.2.8 Theorem: Let A be a unital Banach algebra. Then for every a € A we
have

sp(a) # 0.

Proof. First of all, we may assume that a is nonzero since 0 € sp(0). So let a # 0
and assume, for contradiction, that sp(a) = (). We leave it as an exercise to show
that the map

C—Inv(A4), A= (a—Aly)""

is bounded on the compact disc of radius 2||a||. Once this has been shown it follows
that for any ¢ € A* the map

A= d((a— A1)

is also bounded. From the previous theorem, this map is also entire, which, by
Liouville’s theorem, implies it must be constant. Thus ¢(a™t) = ¢((a — 14)7!) for
every ¢ € A* leading to the contradiction that a™! = (a — 14)7'. |

1.2.9 Theorem: Let A be a unital Banach algebra with Inv(A) = A\ {0}. Then
A=C.

Proof. Let a € A\ {0} and suppose that A € sp(a). Then A1, — a is not invertible,
so Al4 —a = 0. It follows that each nonzero element is a scalar multiple of the
identity and the map a — A1 4 — A gives us the required isomorphism. |

1.2.10 The spectral radius of an element a in a unital Banach algebra A is defined
to be

r(a) := sup |\l
A€sp(a)

We have the following characterisation of the spectral radius, relating it to the
norm of the element a.
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1.2.11 Theorem: For any a € A we have

@ = fuf o =l o

Proof. Since A € sp(a) implies A" € sp(a™), we have [A"| < ||a"||. Therefore
IA| = |A"[Y" < |la™||*/™ for every A € sp(a) and every n > 1. Thus

r(a) = sup |A| < inf Ha”Hl/”.
Aesp(a) nzl
nHl/n

nHl/n

< liminf, , ||a , so we are finished

l/n.

By definition we have that inf,>; ||a
if we show that r(a) > limsup,,_, . ||a"|

Let D = B(0,1/r(a)) if r(a) # 0 and D = C otherwise. If A € D then 14 — Aa is
invertible by Theorem [1.2.4] It follows from Lemma that, for every ¢ € A*,
the map

f:D—=C, A—=o((1y—ra)™h)

is analytic. Thus there are unique complex numbers (¢, )nen such that

f()\) = Z Cn)\na
n=0

whenever A € D.
Again, by applying Theorem for A < 1/||lal]| < 1/r(a) we have

(14— Xa) ™t = Z)\”a”.
n=0

It follows that f(X) = > 2 AN"¢(a™), so that ¢(a") = ¢, for every n € N. Thus
¢(a") — 0 as n — oo and therefore the sequence (¢(a")),en is bounded. This is
true for every ¢ € A* so in fact (||\"a"||)nen is also bounded by some M, > 0.
Thus

o' < M 1A

SO
lim sup [la"[['/" < 1/|A],
n—o0
for every A € D. It follows that

lim sup [la"|['/" < r(a),
n—oo

as required. |
1.2.12 Let A be a (not necessarily unital) Banach algebra. Let A := A® C as a

vector space. Define a multiplication on A by

(@, A) - (b, i) = (ab+ Ab+ pa, A),
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and a norm by
(@, Ml = llall + Al

This turns A into a unital Banach algebra (exercise). When A is nonunital, A is
called the wunitisation of A. When we consider C*-algebras in Chapter [2 we will
have to be a little bit more careful in defining the norm. The unitisation allows us
to make sense of the spectrum of an element in a nonunital Banach algebra.

1.2.13 Let A be a nonunital Banach algebra and let a € A. The spectrum of a is
defined to be

sp(a) ={Ae€C|A-1;—a¢Inv(A)},
where 1 ; denotes the unit in the unitisation of A.

1.3. Ideals. As with almost any mathematical object, we are interested in
the subobjects of a Banach algebra. We first consider ideals. For Banach algebras,
unless otherwise stated, an ideal is norm-closed, and hence a Banach algebra in
its own right.

1.3.1 Let A be an algebra. A subalgebra I C A is a right (left) ideal if a € A and
be I then ab e B (ba € I). We call I C A an algebraic ideal if it is both a right
and a left ideal. When [ is an algebraic ideal, then A/I is also an algebra with
the obvious definitions for multiplication and addition.

The quotient A/I is a unital algebra exactly when I is a modular ideal: there
exists an element u € A such that a —ua € I and a — au € I for every a € A.
(What is 1,4/;7) Note that this implies that every algebraic ideal in a unital algebra
is modular.

When A is a Banach algebra, we call I C A an ideal if I is a norm-closed
algebraic ideal. In this case A/I can be given the quotient norm

la+ 1]} = inf{la +0f|, aecA;
bel

which makes A/I into a Banach algebra.

1.3.2 We also have the usual notions of trivial ideals (I =0, A) and ideals gener-
ated by a set J C A (= smallest ideal containing J). A proper (algebraic) ideal is
one which is not equal to A (but may be zero) and a mazimal (algebraic) ideal is a
proper (algebraic) ideal not contained in any other proper (algebraic) ideal. One
can use the Kuratowski-Zorn Lemma to show that every proper modular ideal
is contained in a maximal modular ideal. In particular, if A is unital then every
proper ideal of A is contained in a maximal ideal.

1.3.3 Proposition: Let A be a Banach algebra and I C A an algebraic ideal. If
I is proper and modular, then I is also proper.

Proof. Since I is modular, there is an element u € A such that a — ua € [ and
a—au € I for every a € A. Let b € I with ||lu—b|| < 1. Then 1;—u+Db is invertible
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as an element of A, the unitisation of A (1.2.12). Let ¢ denote its inverse. Then
lj=clj—u+b)=c—cu+cbel,

contradicting the assumption that I is proper. Thus any b € I must satisfy
|u —b|| > 1. In particular, v € A\ I, so I is proper. I
1.3.4 Corollary: If I is a maximal modular ideal in a Banach algebra, then it
15 closed.

1.3.5 Proposition: Let A be a commutative algebra and I C A a modular ideal.
If A is mazimal then A/I, is a field.

Proof. Exercise. |

1.3.6 If A and B are Banach algebras, a map ¢ : A — B is called a homomorphism
if it is an algebra homomorphism that is continuous with respect to the norms
of A and B. If A and B are unital and ¢(14) = 1p then we call ¢ a unital
homomorphism. The norm of a given homomorphism ¢ : A — B is defined to be

lell == sup{[|o(a)lls | a € A, [lafla <1}

1.3.7 Proposition: Ify: A — B is a homomorphism of Banach algebras A and
B, then ker(p) is an ideal in A.

Proof. Exercise. |

1.3.8 Recall from that A denotes the unitisation of nonunital Banach alge-
bra A. The map ¢ : A — A given by 1(a) = (a,0) is an injective homomorphism,
so we may identify A as a subalgebra in A. We also have a canonical projection
homomorphism 7 : A — C given by 7((a, \)) = A. Its kernel is clearly A, so A is
in fact an ideal in A.

1.4. Characters. Let A be a Banach algebra. We have just seen that the
kernel of a homomorphism ¢ : A — B to some Banach algebra B gives rise to a
closed ideal in A. Intuitively the “smaller” the image of ¢, the “larger” we expect
the corresponding ideal to be, and vice versa. Here, we make this more precise in
the case that A is commutative: if the image of a nonzero homomorphism is as
small as possible, the kernel is a maximal ideal.

1.4.1 Definition: Let A be a Banach algebra. A character on A is a nonzero
algebra homomorphism 7: A — C. Let

Q(A) :={7: A— C| 7 a character on A}.

We call Q(A) the character space of A, or based on what we’ll see below, the
spectrum of A.
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For commutative Banach algebras there is an important relation between char-
acters, maximal ideals, and Banach algebras of the form Cy(X) for some locally
compact Hausdorff space X.

1.4.2 Proposition: Let A be a unital commutative Banach algebra. Then

(i) 7(a) € sp(a) for every T € Q(A) and every a € A;
(i) [|I7]l = 1;
(iii) QA) # 0 and if A is not isomorphic to C then T +— ker T is a bijection
from Q(A) to the set of mazimal ideals of A.

Proof. For (i), suppose that 7(a) is not in the spectrum of a. Then there exists
b € A such that (7(a)l4 —a)b = 14. Since 7 is a homomorphism, we get

1=7(14) = (7(a)7(14) — 7(a))7(b) = (7(a) — 7(a))7(b) = 0,
a contradiction. So 7(a) € sp(a).

For (ii), let a € A be an element with ||a|| < 1. By Lemma we have
|7(a)| < |la]| <1, since 7(a) € sp(a) by (i). Thus

7]l = sup{[r(a) [ a € A, [Ja]| <1} <1.
Since 7(14) = 1, the result follows.

Now we prove (iii). Suppose that there is an ideal I C A. Then I must be
contained in some maximal ideal J, and by Theorem we have A/J = C.
Thus the quotient map 7 : A — A/J = C is a character. Suppose now that A
does not contain any ideals. Let a € A\ {0}. Then the closure of Aa, the algebraic
ideal generated by a, must be all of A. In particular, there exists some b € A such
that ||[ba — 14|| < 1. Then by Theorem ba is invertible and hence, since A
is commutative, ((ba)™'b)a = 14 = a((ba)™!), which is to say, a itself is invertible.
Since a was arbitrary, A\ {0} = Inv(A) so by Theorem A = C, and the

isomorphism gives us a character on A.

For the final statement, we have already shown that any maximal ideal J is the
kernel of a character, namely the kernel of the quotient map 7 : A — A/J = C.
Otherwise, if 7 : A — C is a character, then ker(7) is a closed ideal and hence
contained in some maximal ideal J. Then C =2 A/J C A/ker(r) =2 C. So
AJJ = A/ker(r) and it follows that ker(7) = J is a maximal ideal. |

Note that (ii) above says that ©(A) is contained in the closed unit ball of the
dual space A*. Thus we may endow Q(A) with the weak-* topology inherited from
A*,

1.4.3 Theorem: Let A be a unital commutative Banach algebra. Then, for any
a € A we have

sp(a) = {7(a) [ 7 € Q(A)}.
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Proof. Suppose that A € sp(a). The ideal generated by (a — A14) is proper since
it cannot contain 14 (note that this uses commutativity and the fact that Inv(A)
is closed). It is therefore contained in some maximal ideal which is of the form

ker(7) for some 7 € Q(A), in which case 7(a) = A. The converse is given by
Proposition [1.4.2] (i). |

The proof of the next corollary is an easy exercise:

1.4.4 Corollary: Let A be a nonunital commutative Banach algebra. Then, for
any a € A,

sp(a) = {7(a) | 7 € Q(A)} U {0},

1.4.5 Theorem: Let A be a commutative Banach algebra. Then Q(A) is a locally
compact Hausdorff space. If A is unital, then Q(A) is compact.

Proof. 1t follows from Proposition that Q(A) \ {0} is a weak-* subset of the
closed unit ball A*. Thus by the Banach—Alaoglu Theorem (see for example [105]
Theorem 3.15)), it is compact. Hence ©(A) is locally compact. If A is unital then
one checks that in fact Q(A) itself is closed, hence compact. |

1.5. The Gelfand representation. We will now show the existence of the
Gelfand representation, which says that we can represent any commutative Banach
algebra A as a Banach algebra of functions on a locally compact Hausdorff space
that is homeomorphic to £2(A). When we move on to the next chapter, we will see
that this has important consequences for C*-algebras, in particular, it will give us
a continuous functional calculus—an indispensable tool to the theory. For now,
we remain in the more general world of Banach algebras.

1.5.1 Let a € A and define a : A* — C by a(r) = 7(a). Then a € Cy(Q2(A))
(indeed, the weak-* topology is the coarsest topology making every a, a € A
continuous; this can be taken as its definition).

The map a +— a is called the Gelfand transform and a is the Gelfand transform
of a.

1.5.2 Theorem: Let A be a commutative Banach algebra with Q(A) # (. Then
A= Co(QA), am—a

is a norm-decreasing homomorphism and, moreover, r(a) = ||a/|.

If A is unital and a € A then sp(a) = a(2(A)). When A is nonunital and a € A,
then sp(a) = a(Q2(A)) U {0}.

Proof. By Theorem and Corollary we have r(a) = |lal|. Since

r(a) < |la||, the map is norm-decreasing. It is easy to check that it is also a
homomorphism. The nonunital case is left as an exercise. |
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1.5.3 Theorem: Let A be a unital Banach algebra and let a € A. Let B C A be
the Banach algebra generated by a and 14. Then B is commutative and the map

a:Q(B) — sp(a)
defined by

18 a homeomorphism.

Proof. 1t is clear that B is commutative since it is the norm closure of the space of
polynomials in a. Furthermore, a is a continuous bijection and Q(B) is compact,
so it is a homeomorphism. |

1.6. Exercises.

1.6.1 Let X be a compact metric space and
C(X):={f: X — C| f is continuous}.
For f,g € C(X), define addition and multiplication, respectively, by

(f +9)(x) = f(z) +9(z), (f9)x) = flz)g(z), zeX.
Define || - || : C(X) — R by
111l = sup | ()]

(i) Show that C'(X) is closed under addition and multiplication.

(ii) Show that || - || is a norm.

(iii) Show that || - || is submultiplicative.

(iv) Suppose (fn)neny C C(X) is a Cauchy sequence. Show that there exists
f € C(X) such that lim,, o0 fr = gn-

(v) Conclude that C'(X) is a Banach algebra.

1.6.2 Check that Examples (a), (b) and (c) are Banach algebras.

1.6.3 Let C[z] denote the single-variable C-valued polynomials, equipped with
pointwise operations and norm ||p[| = sup, _ [p(z)|. Is this a Banach algebra?

1.6.4 Let A be a Banach algebra. Show that multiplication m : Ax A, (a, b) — ab,
is continuous.

1.6.5 Let A be a unital algebra and show that the set of invertible elements is a
group under multiplication. Show that Inv(A) is closed.

1.6.6 Let M, := M,(C) denote the n x n matrices over C. What is sp(a) for
a € M,? Let X be a compact Hausdorff space and equip C'(X) with the supremum
norm. What is sp(f) for f € C(X)?
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1.6.7 Let X be a compact space and A a unital Banach algebra. Show that
C(X,A):={f: X — A| f continuous}

can be given the structure of a Banach algebra. In the case that A = M,, we have

that C'(X, M,,) = M, (C(X)).

1.6.8 Let H be a Hilbert space with orthonormal basis given by (e;)ie;. An
operator T € B(H) is a Hilbert-Schmidt operator if 3., ||Te;||* is finite. The
Hilbert-Schmidt norm [|T|| = (3,; | Te:[|*)"/? can be defined on the set of all
Hilbert—Schmidt operators. Equipped with the usual operations for operators on
a Hilbert space, is the set of Hilbert—Schmidt operators a Banach algebra?

1.6.9 Let C(z) denote the field of fractions of C[z]. Show that there is an element
in C(z) which has empty spectrum.

1.6.10 Let A be a unital Banach algebra and a € A. Show that sp(a) C B(0, ||a]|).
(Hint: show that if |A| > ||a|| then A — a is invertible.)

1.6.11 Let H = L*([0,1]) = {f : [0,1] = C| [ f* < oo}, and consider the Banach
algebra B(H). Let T € B(H) be defined as

T(f)(t) = / f(z)d.

Compute the spectral radius of 7. What is sp(7')?
1.6.12 Show that the map in Theorem [1.2.8]

C—Inv(A4), A= (a—Aly)"?
is bounded on the compact disc of radius 2||al|.

1.6.13 Let A be a (not necessarily unital) Banach algebra. Show that the uniti-
sation A is a unital Banach algebra.

1.6.14 Let A be a nonunital Banach algebra. Without using Theorem [1.2.8] Give
a one-line proof of the nonunital version of Theorem [1.2.8|

1.6.15 Let A be a unital Banach algebra and B C A with 14 € B.

(i) Show that Inv(B) is a clopen subset of Inv(A) N B.

(ii) Let b € B. Show that sp,(b) C spg(b) and Ospg(b) C Ospy(b), where
Jsp(-) denotes the boundary of sp(-). Show that if C\sp,(b) has exactly
one bounded component (sp4(b) has no holes), then sp ,(b) = spg(b).

1.6.16 Let A be a unital Banach algebra.

(i) Let a € Inv(A). Show that sp(a™) = {\"! | A € sp(a)}.
(ii) If a € A show that r(a™) = (r(a))™.

(iii) If A is commutative and a,b € A, show that sp(a + b) C sp(a) + sp(b).
(iv) If A is noncommutative show that (iii) need not hold.



1. BANACH ALGEBRAS AND SPECTRAL THEORY 22
1.6.17 Let ¢ : A — B be a homomorphism of Banach algebras A and B. Show
that ker(ip) is an ideal in A.

1.6.18 Let I be an algebraic ideal in a unital Banach algebra A. Show that if [ is
maximal, then [ = 1.

1.6.19 Let D denote the closed unit disc in the plane. Let A C C'(D) denote the
subalgebra of functions which are analytic on the interior of . The algebra A is
called the disc algebra.

(i) Show that A is a unital abelian Banach algebra.
(ii) Let B:={f € A| f(0) = 0}. Show that B is a closed subalgebra of A
(iii) Show that B contains an ideal which is maximal but not modular.

1.6.20 Let A be a Banach algebra.

a) Show that every proper modular ideal is contained in a maximal modular
ideal.

(b) Let I be a maximal modular ideal. Show that A/ is a field.
1.6.21 Prove Corollary [1.4.4f If A is a nonunital commutative Banach algebra

and a € A, then
sp(a) ={7(a) | 7 € Q(A)} U {0}.

1.6.22 Let A be a nonunital commutative Banach algebra with Q(A) # (). Prove
the second part of Theorem [1.5.2} for any a € A we have sp(a) = a(2(A4)) U{0}.
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2. C*-algebra basics

In this chapter we introduce the subject of the book, C*-algebras. We will see
that equipping a Banach algebra with an involution and asking that the norm
satisfy a seemingly mild condition—the C*-equality—will have a significant ef-
fect on the structure of what we call C*-algebras. They are in general much
more tractable than arbitrary Banach algebras. We will already meet some of
the implications of these minor conditions in this chapter. For example, we will
see that the structure-preserving maps, the so-called *~-homomorphisms, are auto-
matically continuous. We will also revisit the Gelfand transformation of the last
chapter within the context of C*-algebras and prove one of the most fundamental
results in C*-algebras: that a commutative C*-algebra is always, up to isometric
*-isomorphism, of the form C'(X) for some locally compact Hausdorff space X.

After covering basic definitions and examples of C*-algebras in the first section,
we will see how one can adjoin a unit to a nonunital C*-algebra; the situation
is a little bit different from what we saw for an arbitrary Banach algebra, and
we can also define a maximal unitisation in the form of the multiplier algebra.
In Section we revisit the Gelfand transform and prove the Gelfand—Naimark
Theorem which characterises all commutative C*-algebras. In the final section, we
apply the Gelfand—Naimark Theorem to define a continuous functional calculus
for normal elements, one of the most important tools in C*-algebraic theory.

2.1. Basic definitions and examples. A *-algebra is a C-algebra A together
with an involution, which is to say, a map *: A — A, a — a* satisfying (a*)* = a
and (ab)* = b*a* for every a,b € A.

2.1.1 Given an element a in a *-algebra A, we call a* the adjoint of a. An element
in A is called self-adjoint if a = a*. An element p € A is called a projection if
it is self-adjoint and p? = p. An element a € A that commutes with its adjoint,
a*a = aa*, is called normal. When A is unital and u € A is a normal element such
that u*u = 1 then we call v a unitary.

We will denote the set of self-adjoint elements in A by A,, and the unitaries by
U(A).

2.1.2 If A is a Banach algebra with involution *, then we call A a Banach *-algebra
if ||a*|] = ||a|| for every a € A. Note that by submultiplicativity this implies that
la*al| < ||al|? for every a € A.

2.1.3 Definition: An abstract C*-algebra is a complete normed *-algebra A
satisfying the C*-equality:

la*a| = ||a||* for every a € A.

We call a norm satisfying the C*-equality a C*-norm.
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2.1.4 Note that a C*-algebra is always a Banach *-algebra, but the converse need
not hold. Consider, for example ¢*(Z), the space of sequences indexed by Z such
that

(e.)
Izl == > |za] < 0.

n=—oo

Equip ¢*(Z) with the convolution product as multiplication, that is, if x,y € (*(Z),
we define

j=—00
and an involution defined by
(") = T_p.
Note that the norm is submultiplicative with respect to this multiplication and
that ||z*|| = ||z|| for every x € ¢*(Z). However, the norm does not satisfy the
C*-equality. For example, take z € ¢1(Z) where xg = 1, z; = 15 = —1, and z,, = 0
for every other n € Z. Then ||z*z| = 5 while ||z|* = 9.

What may appear to be only a minor requirement for the norm in fact gives
a C*-algebra many nice structural properties that we don’t see in an arbitrary
Banach algebra, or even a Banach *-algebra.

2.1.5 Definition: Let A and B be C*-algebras. A *-homomorphism ¢ : A — B is
an algebra homomorphism that is involution-preserving, that is, p(a*) = ¢(a)* for
every a € A. If A and B are unital, then we say that ¢ is a unital *-homomorphism

if p(14) = 15.

Observe that in the above definition, unlike the definition of a Banach algebra
homomorphism, we do not require that a *~-homomorphism between C*-algebras
is continuous. Rather, continuity turns out to be automatic, as we will see in
Proposition [2.2.5]

2.1.6 Let A be a C*-algebra. Unless otherwise specified, by an ideal I C A we
will mean a two-sided ideal I C A that satisfies I = I and I* = I, that is to say,
is closed and self-adjoint. If A has no nontrivial ideals, then A is called simple.
Simple C*-algebras will be the main focus of later chapters.

2.1.7 Example: Let n € N\ {0}. We denote by M, := M, (C) the set of n x n
matrices with complex entries. Equip M,, with the operator norm,
[Al = sup [[A(z)]].
zeCn ||z||=1
Then M, is a C*-algebra under the usual matrix multiplication and addition and

with involution given by taking adjoints (where the adjoint means the conjugate
transpose).
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More generally, if H is a Hilbert space then B(H), equipped with the operator
norm, is a C*-algebra; the proof is left as an exercise.

2.1.8 Example: Let H be a Hilbert space and let K(H) denote the subalgebra
of compact operators. Then KC(H) is also a C*-algebra with the inherited structure
from B(H).

More generally, if A is any closed self-adjoint subalgebra of B(H), then A is also
a C*-algebra with the inherited structure. Such a C*-algebra is called a concrete
C*-algebra.

2.1.9 Example: Let X be a locally compact Hausdorff space. We say that a
function f : X — C vanishes at infinity if, for every € > 0, there is a compact set
K C X such that |f(x)| < € for every z € X \ K. Let

Co(X) :={f: X — C| f is continuous and vanishes at infinity},

and equip Cy(X) with pointwise operations, supremum norm and for f € Cy(X),
define f*(x) := f(z). Then Cy(X) is a C*-algebra. It is unital if and only if X is
compact, in which case we denote Cy(X) by C(X).

2.1.10 We can already observe some structural properties that we obtain from
simply having a C*-norm. For example, it is automatic in a unital C*-algebra A
that we have ||14|| = 1. More generally, if u is a unitary, ||ul| = 1 and also if p
is a projection then ||p|| = 1. This gives us information about the spectrum of
a unitary u: Using Lemma [L.2.6] if A € sp(u) then [A| < |Jul| = 1. Since u is
invertible, we must also have A\™' € sp(u™') = sp(u*) < ||u*|| = 1. Thus |\ = 1,
so sp(u) is a closed subset of T.

2.1.11 With a bit more work we can also show that for any a € A,, we have
sp(a) C R. First, note that for any element a in a unital Banach algebra

o0

n > n
S| < 3 el
= |
n! n!
n=0 n=0
n
and so > % converges. We set
oo
a a/n
€ = E —'
n!
n=0

For any a € A, one can check that the map
p:R— A t—e”

is differentiable at every ¢ € R with derivative a@(t). It also satisfies ¢(0) = ¢ = 1.
These properties completely characterise the function ¢ + e!® in the sense that if
¥ is another function with these properties then necessarily ¢ = 1. (The details
are left as an exercise; recall how this is done in the case that A =R.)
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Using this characterisation, it follows that e®*® = e%?® for any a,b € A with

ab = ba. In particular, e* is always invertible, with inverse e~“.

2.1.12 Now let A be a unital C*-algebra. If a is self-adjoint, then e is invertible
of norm 1, hence it is a unitary (Exercise[2.5.4). As we saw in [2.1.10} this implies
sp(e®) C T. Let A € sp(a). Let

n=2

Note that b commutes with a. We have
eia . ei)\ — (ei(af)\) . 1A)ei/\ — (CL . A)bei)‘.

Since b commutes with @ and hence commutes with (a — ), and since (a — A) is
not invertible, we see that ¢ — €™ is not invertible. Thus e** € sp(e’®) C T so we
must have A € R.

2.1.13 Theorem: Let A be a C*-algebra and let a € Agsq. Then r(a) = |al|.
Proof. Exercise. |

This means that the norm of an element a in a C*-algebra A depends only on
spectral data: if a € A then a*a is self-adjoint and

1/2
lall = lla*all'* = (r(a))"/? = ( sup |A|> '

A€sp(a)

This gives us the next theorem.

2.1.14 Theorem: If A is a *-algebra admitting a norm which makes A into a
C*-algebra then that norm is the unique C*-norm on A.

Proof. Exercise. |

2.2. Minimal unitisations and multiplier algebras. We saw in [1.2.12
that a nonunital Banach algebra A can be embedded into a unital Banach algebra
A. There is also a way of defining a unitisation (in fact, more than one) of a
nonunital C*-algebra. Unfortunately, we can’t simply take A & C with multipli-
cation and norm as given in Exercise [1.2.12] The reason is that the norm there is
not a C*-norm (check!). So we have to be a bit more careful in how we adjoin a
unit to a nonunital C*-algebra.

2.2.1 Let A and B be C*-algebras. If T : A — B is a linear operator, we equip it
with the operator norm:

1T} := sup [|T(a)l|5,

a€A,|jal|<1

which is just the usual norm for a linear operator if we regard A and B as Banach
spaces.
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2.2.2 Let A = A®C as a vector space. We endow A with the same multiplication
as for the Banach algebra unitisation of A. Define an involution * : A — A by
(a, \)* = (a*, ). Now, to make A into a C*-algebra, we view the elements of A as
left multiplication operators on A,

1@, M)l 4 == sup{[lab + Abl[a [ b € A, |[b]] < 1}.

One then checks that this makes A into a unital C*-algebra. Moreover, the
*_homomorphism a — (a,0) identifies A as an ideal in A. We call A the minimal
unitisation of A, or sometimes simply the wunitisation. This norm is the unique
norm making A a C*-algebra and unless otherwise specified, this is the norm we
use (rather than the one defined in Exercise [1.2.12)) for A.

2.2.3 Example: Let A = Cy(X) where X is a locally compact Hausdorff space.
Then A = C(X U {oo}) where X U {oo} is just the one point compactification of
X. In this way, we think of adjoining a unit as the noncommutative version of
one-point compactification.

The nice thing about the unitisation is that we will now be able to prove many
theorems in the (usually easier) unital setting without any loss of generality.

2.2.4 If B is unital and ¢ : A — B is a *-homomorphism then there exists a
unique extension ¢ : A — B such that ¢ is unital (exercise). Observe that this
implies that if B is any unitisation of A, the inclusion map A< B extends to an
injective *-homomorphism A < B, so we can think of A as a C*-subalgebra of B.
This justifies the term “minimal” unitisation for A.

2.2.5 The following proposition is another nice implication of the C*-equality.

Proposition: A *-homomorphism ¢ : A — B between C*-algebras A and B is
always norm-decreasing, that is, ||p(a)|p < ||al|a for every a € A. In particular,
it 1s always continuous.

Proof. Let ¢ : A — B be a *~homomorphism, and let a € A. By replacing A and
B by their unitisations if necessary, we can assume that ¢, A and B are all unital.
Since p(14) = 1p, it is easy to see that if a is invertible then ¢(a) is invertible in

B. Tt follows that sp(¢(a)) C sp(a). The result follows from Theorem [2.1.13] |
2.2.6 Corollary: Any *-isomorphism of C*-algebras is automatically isometric.

2.2.7 The minimal unitisation A of a C*-algebra A is the smallest unital C*-algebra
in which A sits as an ideal. Another frequently used unitisation is called the
multiplier algebra of A.

A left multiplier L of A is a bounded linear operator L : A — A satisfying
L(ab) = L(a)b for every a,b € A. Similarly one defines a right multiplier R : A —
A as a bounded linear operator satisfying R(ab) = aR(b) for every a,b € A.
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To define the multiplier algebra of A, we consider pairs of left and right multi-
pliers (L, R) with the compatibility condition aL(b) = R(a)b for every a € A. The
pair (L, R) is called a double centraliser.

We denote the set of such pairs by M(A). We call M(A) the multiplier algebra of
A. Anideal is called essential if it has nonempty intersection with every other ideal
in A. As the name suggests, we can give the multiplier algebra the structure of an
algebra, in fact a unital C*-algebra, which we show below. The multiplier algebra

M (A) is a unital C*-algebra containing A as an essential ideal (Proposition [2.2.10)).

2.2.8 Proposition: Let (L, R) € M(A). Then ||L|| = ||R]|, so we define
ICL; R)|| == (L.

Proof. Note that ||L(b)|| = sup{||aL(b)|| | a € A, ||a|| < 1}. From this we have
IL®)| = sup [laL(D)]]

llall<1

= sup [[R(a)bl|

llall<1

< sup [[R(a)]bl

Jall<1
= [RIloll.

Thus || L] = sup{||[L()| | b € A,|b|| < 1} < ||R]|. One shows similarly that
|R|| < ||L]| from which the result follows. |

It is easy to check that we can give M(A) the structure of a vector space by
viewing it as a closed subspace as B(A) @ B(A), where B(A) denotes the space of
bounded linear operators A — A. To show that M(A) is a C*-algebra we need
to define the multiplication and adjoint and then check that the norm above is
indeed a C*-norm.

2.2.9 Let L : A — A be a left multiplier. Define L*: A — A by
L*(a) = L(a")", acA.

Similarly, for a right multiplier R : A — A define R* : A — A by
R*(a) = R(a")*, a€ A.

The adjoint of (L,R) € M(A) is then given by (L,R)* = (R*,L*) and for
(L1, Ry), (Lo, R2) € M(A), we define the multiplication by

(L17 Rl)(L27 RQ) - (L1L27 RQRI)'

It is not hard to check that with these operations and the norm defined above
M(A) is a unital C*-algebra with unit (id4,ida).
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2.2.10 Given any a € A, we can define (L,,R,) € M(A) by L,(b) = ab and
R.(b) = ba for b € A.

Proposition: Let A be a C*-algebra. Then
A— M(A), a— (Lg, Ry)

identifies A an essential ideal inside M(A), which is proper if and only if A is
nonunital.

Proof. Since the map is easily seen to be an isometric *~homomorphism, we can
identify A with its image. Then the only thing we need to check is that A is an
essential ideal of M(A). Let us show that the image of A is closed under multi-
plication on the left and the right by elements in M(A). For a double centraliser
(L,R) € M(A)set L(a) = x. Then (L, R)(La, Ry) = (LLa, R,R). Let b € A. Then
LL,(b) = L(ab) = L(a)b = L,(b), and R,R(b) = R(b)a = bL(a) = bx = R,(b).
Thus (L, R)(La, Ra) = (Ls, R;) € A. Similarly one shows that (L,, R,)(L, R) € A.
So A is an ideal.

To see that A is essential, let J be any proper ideal in M (A). Then there is some
nonzero (L, R) € J, which is to say that there is some a € A with L(a) # 0. Then
(L, R)(L4, R,) € J N A is nonzero. So A is essential.

Finally, if A is nonunital the map is proper since the unit of M (A), (ida,ida), is
not in A. Conversely, if A is unital then 1, — (id4,id4) which implies 14y € A
so A= M(A). I

The multiplier algebra is in general much larger than the minimal unitisation,
and it can be a bit unwieldy. In fact, for a C*-algebra A, its multiplier algebra
M(A) is the largest unital C*-algebra in which A sits as an essential ideal (see
Exercise [2.5.13). For example, if X is a locally compact Hausdorff space which is
not compact, then M(Cy(X)) = C(BX) where BX is the Stone-Cech compactifi-
cation of X (see for example [91], Proposition 4.3.18]). The multiplier algebra of a
C*-algebra is in this way thought of as its noncommutative Stone-Cech compact-
ification.

2.3. The Gelfand—Naimark Theorem. Recall that {2(A) is the spectrum,
or character space, of A (see[l.4.1). If X is locally compact and Hausdorff and
x € X then the ev,(f) = f(z) is a character on Cy(X). In fact, all characters on
Co(X) are of this form. We show the result for compact X.

2.3.1 Remark: The proof of the next theorem uses the notion of a net. The
reader who is unfamiliar with nets can usually replace “net” with “sequence” and
“Hausdorff space” with “metric space” or “metrisable space”. Nets will also occur
in the sequel when we don’t assume our C*-algebras are separable. If a C*-algebra
is separable, then an occurrence of a net can often be replaced with a sequence.
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2.3.2 Theorem: Let A= C(X) for some compact Hausdorff space X. Then
Q:X - QA), z—ev,
18 a homeomorphism.

Proof. Let (xx)a be a net in X with limyz)y — 2 € X. Then ev,, (f) = f(z)) —
f(z) = ev, for every f € C(X), so (evy)a is weak-* convergent to ev,. Thus the
map is continuous.

Suppose now that x # y € X. Then by Urysohn’s Lemma, there is f € C(X)
such that f(z) =1 and f(y) = 0. Thus ev, # ev, and so we see that the map is
injective.

Now let us prove surjectivity. Let 7 be a character on C(X). Let M := ker(7);
this is a maximal, hence proper, ideal in C(X). We show that M separates points.
If © # y there is f € C(X) with f(z) = 1 and f(y) = 0. Now f —7(f) € M
satisfies f(x) — 7(f) # f(y) — 7(f) so by the Stone-Weierstrass theorem, there is
x € X such that f(x) =0 for every f € M.

Thus (f — 7(f))(x) = 0 and so f(z) = 7(f) for every f € C(X). It follows that

ev, = 7 and so () is surjective.

Since any continuous bijective map from a compact space is a homeomorphism,
the result follows. |

2.3.3 Let A be a *-algebra. Any element a € A can be written as a = a; + ias
where a1, as are self-adjoint (exercise). In this sense, the self-adjoint elements play
the role of “real” elements in A, in analogy with real numbers in C. We often call
a; and ay the real and imaginary parts of a, respectively.

2.3.4 Now we come to one of the most important results in C*-algebra the-
ory: for a commutative C*-algebra the Gelfand transform of is an iso-
metric *-isomorphism. This gives us a complete characterisation of commutative
C*-algebras: they are always, up to *-isomorphism, of the form Cy(X) for some
locally compact Hausdorff space X. The next theorem is usually referred to as
the Gelfand-Naimark Theorem or simply the Gelfand Theorem (perhaps to avoid
confusion with the second Gelfand-Naimark Theorem

Theorem: [Gelfand-Naimark] Let A be a commutative C*-algebra. Then the
Gelfand transform

I''A— Cy(R2A), a—a
18 an isometric *-isomorphism.

Proof. If ¢ € Q(A) then ¢(a) € R whenever a € Ag,. Thus for any ¢ € A, where
¢ = a+ib with a,b € Ay, we have ¢((a +ib)*) = ¢(a — ib) = ¢(a) — ip(b) =
(¢p(a) +i¢(b)), which is to say, ¢ is a *-homomorphism. It follows that a*(¢) = a(¢)
for any a € A and any ¢ € Cy(Q2(A)) meaning I' is a *-homomorphism. This
moreover implies that ||a||? = ||a*a|| = |la*a|| = r(a*a) = |la*a| = ||a||?, where
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the third equality comes from Theorem and the fourth from Theorem [2.1.13]
Thus the map is isometric. Finally, to see that the map is also surjective, we appeal
to the Stone—Weierstrass Theorem: the image of A under I' separates points and
contains functions which do not simultaneously vanish anywhere on Q(A). Thus

['(A) is exactly Co(Q(A)). I

2.4. The continuous functional calculus. At first glance, Theorem [2.3.4
applies to the relatively small class of commutative C*-algebras. While it is true
that in greater generality we don’t have such an explicit characterisation for a
class of C*-algebras, what we do get is an extremely useful tool: the continuous
functional calculus for normal elements.

Given a C*-algebra A and a set elements S C A the C*-subalgebra of A generated
by the set S is denoted by C*(S). In other words, C*(S) is the intersection of all
C*-subalgebras of A containing the set S.

2.4.1 Theorem: Let A be a unital C*-algebra and let a € A be a normal
element. Then the map

v:C(sp(a)) = A, (z+—2)—a
is an isometric *-homomorphism and ~(C(sp(a))) = C*(a, 14).
Proof. Since a is a normal element, C*(a,14) is commutative. Thus by Theo-
rem [2.3.4] we have a *-isomorphism
I':C*(a,1) = C(QC*(a,14))), ar a.
By Theorem h:Q(C*(a,14)) — sp(a) is a homeomorphism so we also have

an isomorphism
¥ = C(spla)) = C(QC(a,14))), [ foh.

Let f(z) = z for 2 € sp(a). Let v = T'"1 o). Since C(sp(a)) is generated by 14 and
f, 7 is the unique unital *~homomorphism with v(f) = a. Clearly ~ is isometric
and its image is C*(a, 14). I

It is also possible to formulate a nonunital version of Theorem (exercise).
The reason for highlighting the unital version is the following categorical result:

2.4.2 Theorem: The correspondence between X and C(X) is a categorical equiv-
alence between the category of compact Hausdorff spaces and continuous maps to
the category of unital C*-algebras and unital *-homomorphisms.

2.4.3 This is where we get the nomer “noncommutative topology” for the study
of C*-algebras. In general it useful to think of the C*-landscape as having two
coasts at opposite ends, one of which consists of bounded operators on Hilbert
spaces and matrix algebras, the other consisting of commutative C*-algebras. The
interesting part of the theory comes as we move inland, as most C*-algebras lie
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somewhere in between. Some of our best tools are brought in via either coast and
it’s often useful to keep these two examples in mind.

With the continuous functional calculus result in hand, we will be able to do
a lot more in our C*-algebras. If p € C[z, 25] is a polynomial, then since A is
an algebra, it is clear that p(a,a*) € C*(a,14). (In the nonunital case we would
require that p have no constant terms; then p(a,a*) € C*(a).) Since polynomials
p of this form are dense in C(sp(a)), we can then define, using Theorem [2.4.1]

f(a) :==~(f) € C*(a,1a),
or when A is nonunital, for f € Cy(sp(a)),
fla) :=~(f) € C*(a),

where 7 is as in Theorem [2.4.1]
The following is sometimes called the Spectral Mapping Theorem.

2.4.4 Theorem: Let A be a C*-algebra and let a € A be a normal element. Then
for any f € Cy(sp(a)) the element f(a) is normal and we have

sp(f(a)) = f(sp(a)).

Furthermore, if g € Co(sp(f(a)) then go f(a) = g(f(a)).
Proof. Exercise. |

2.5. Exercises.
2.5.1 Let A be a *-algebra and let a € A. Describe sp(a*) in terms of sp(a).

2.5.2 Let H be a (finite- or infinite-dimensional) Hilbert space. Show that the
operator norm satisfies the C*-equality and that B(H) is a *-algebra.

2.5.3 Let A be a C*-algebra and p € A a nonzero projection. What is sp(p)?
2.5.4 Let A be a unital C*-algebra and let u € Inv(A). Show that u is a unitary
if and only if |Jul] = [lu™!|| = 1.

2.5.5 Let A be a commutative C*-algebra and suppose that A contains a nonzero
projection p. Show that if p # 14 then Q(A) is disconnected.

2.5.6 Let H = (*(N) = {(An)nen | Doy |Anl|? converges}. Define the unilateral
shift operator S : /2(N) — (?(N) by

S((An)nen) = (Hn)nen,

where p, = A\,_1.

(i) Show that S € B(H)
(ii) What is S*? Is S invertible? If so, what is its inverse?
(iii) Show that S has no eigenvalues (that is, for every A € C there is no
¢ € H such that S =\-¢.)
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(iv) Show that if |A| =1 then X - 1g(y) — S is not invertible.

2.5.7 Let ¢ : R — A be a differentiable map with derivative at(t) and ¥ (0) = 1.
Show that ¥ (t) = e'.

2.5.8 Let A be a C*-algebra. Show that any element a € A can be written as
a = ai + iay where aq, as are self-adjoint.

2.5.9 Let A be a C*-algebra. Let a,b € A.

(i) Let f : C — A be defined by f(\) = e** be=*" is differentiable and
1(0) = i(a*b — ba*).

(ii) Suppose that a is normal and b commutes with a. By Exercise 2.5.8|
we can write Aa* = ¢1(A) +ica(A) where ¢1(A\) and co(A) are self-adjoint.
Show that f(\) = e?1Mpe=2e1() and hence f(A) is bounded.

(iii) Suppose that a is normal and b commutes with a. Use (ii) and Louiville’s
Theorem to conclude that a also commutes with b*. This result is called
Fuglede’s Theorem as it was first proved by Fuglede in [47].

2.5.10 Below, K denotes the C*-algebra of compact operators on a separable
Hilbert space. Since there is only one separable Hilbert space up to isomorphism
we often don’t reference the underlying Hilbert space.

(i) Give an example of a finite-dimensional simple C*-algebra. Prove that it
is simple.
(ii) Show that the compact operators K are a simple C*-algebra.

2.5.11 Show that if a unital C*-algebra A is simple, then A contains no nontrivial
two-sided algebraic ideals.

2.5.12 Let A = C(X) where X is a compact Hausdorff space. Show that if F' C X
is a closed subset then

{feAlflr=0}

is an ideal. Show that every ideal in A has this form. Describe the simple com-
mutative C*-algebras.

2.5.13 Let A be a nonunital C*-algebra. Suppose that B is a unitisation of A
in which A is an essential ideal and let M(A) denote the multiplier algebra of A.
Show that there is an injective *-homomorphism ¢ : B < M (A), the multiplier
algebra of A.

2.5.14 Let H be a Hilbert space. Show that the compact operators K(H) form
an ideal in B(H).

2.5.15 Let A be a nonunital C*-algebra. Show that the unitisation of A as a
Banach algebra, as given in [1.2.12] does not define a C*-algebra.
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2.5.16 Let A C B(H) be a concrete C*-algebra. Show that M, (A), the *-algebra
of n X n matrices with entries in A, admits a C*-norm and is a C*-algebra with
respect to this norm.

2.5.17 (Uniqueness of the C*-norm) Let A be a C*-algebra and let a € A,,. Show
that r(a) = ||a||, and hence if A is a *-algebra admitting a complete C*-norm, then
the norm is the unique C*-norm on A.

2.5.18 Let A be a unital C*-algebra. Suppose a,b € A are normal elements
that are unitarily equivalent (that is, there exists a unitary u € U(A) such that
u*au = b). Show that the C*-subalgebras C*(a,1) and C*(b, 1) are *-isomorphic.

2.5.19 Let A be a unital C*-algebra. Let a € Ay, and 0 < ¢ < 1/4. Suppose
sp(a) C [0,¢] U [1 — ¢, 1]. Show that there is a projection p € A with ||p — al| < e.

Jal 7
/
/ a
/ 7
e
7

2.5.20 Write down and prove the nonunital version of Theorem [2.4.1]

2.5.21 Let ¢ : (0,1) <= R be the inclusion map. Then ¢ is continuous. Show that
e Co(R) — Co((0,1)) defined by t.(f) = f o ¢ is not a *~homomorphism. What
goes wrong?

2.5.22 Prove the spectral mapping theorem.

2.5.23 Let a € A be a normal element. Suppose that A ¢ sp(a). Show that
1

Ma—a) Y=
IALa =)~ dist(A, sp(a))

2.5.24 Show that C*-algebra A is simple if and only if, whenever B is another
nonzero C*-algebra and ¢ : A — B is a surjective *-~homomorphism, then ¢ is
injective.

2.5.25 Let A be a unital C*-algebra and a,b € A with b normal. Show that if
f € C(sp(b)) and a commutes with b, then a commutes with f(b).



3. POSITIVE ELEMENTS 35

3. Positive elements

Positive elements play a very important role in the theory of C*-algebras. They
allow us to define a partial order on the self-adjoint elements which is a key part
of the structure of any C*-algebra. We will see, for example, that the positive
elements provide nonunital C*-algebras (so for example, any ideal in a C*-algebra)
with approzimate units, useful objects that need not exist in arbitrary Banach
algebras. Positive elements also generated hereditary C*-subalgebras, which are
C*-subalgebras that retain much of the structure—for example, simplicity, which
we prove below—of the larger C*-algebra.

In the first section, we define positive elements and the partial order on self-
adjoints, and show that we can use the functional calculus to determine how various
self-adjoint elements relate to one another with respect to this order structure. In
the second section, we prove the existence of approximate units, define hereditary
C*-subalgebras and see how they relate to closed left ideals. We show that sepa-
rable hereditary C*-subalgebras are generated by single positive element. Finally,
in Section we show that an operator in B(H) admits a polar decomposition,
and collect similar factorisation results for elements in arbitrary C*-algebras where
polar decompositions need not exist.

3.1. Positivity and partial order. We will give the functional calculus a
workout in this section. The first thing is to define positive elements in a C*-algebra
as well as a partial order on its self-adjoint elements.

3.1.1 Let A be a C*-algebra. An element a € A is said to be positive if a € Ay,
and sp(a) C [0,00). The set of positive elements is denoted A..

3.1.2 Definition: If S is a set and < is a binary relation, then < is said to be
a partial order if

(i) <isreflexive: for every x € S, z < z,
(ii) < is transitive: for every z,y,z € S, if x <y and y < z then z < z,
(iii) < is symmetric: for every z,y € S, if x <y and y <  then z = y.

3.1.3 Let A be a C*-algebra. For a,b € Ay,, write a < bifb—a € A,. We leave
it as an easy exercise to show that this defines a partial order on Ay,. (Note in
particular that if @ > 0 then a is positive.)

3.1.4 Given an element a of a C*-algebra A, a square root of a is an element b € A
satisfying b* = a.

Lemma: Let X be a locally compact Hausdorff space and let f € Co(X) satisfy
f(z) >0 for allx € X. Then f has a unique positive square Toot.
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Proof. For every z, the real number f(z) has a unique positive square root, f(z)"/2.

Define f1/2(z) := f(x)"/2. Then f/2 € Cy(X) and clearly satisfies (f1/2)? = f. It
is also clear, using for example Exercise [1.6.6] that f1/2 > 0.

Now suppose that g € Co(X) satisfies g > 0 and g = f but g # f'/2. Then
there is € X such that g(x) — f/?(x) # 0. Since g(z) and f'/?(x) are both
positive and g(x) # f/2(z) then also g(z) + fY/?(x) > 0. It follows that (g(x) —
F2(@)(g(x) + fV2(x)) # 0. But (9(z) — f%(x))(g(2) + f*(2) = ¢*(x) —
f(z) =0, a contradiction. Thus we have g(z) = f'/?(z) for every x € X, showing
uniqueness. |

3.1.5 The following fact is a fun use of the functional calculus and is also a result
that will come in handy time and again.

Proposition: FEvery positive element has a unique positive square root.

Proof. Let a € A,. It is clear this holds if a = 0, so assume otherwise. Since
sp(a) C [0, 00) there is a function f € Cy(sp(a)), f > 0 that satisfies f(t)? = ¢ for
every t € sp(a). Since a is normal, we can set a'/? := f(a), which is a positive
square root for a € A. Suppose there is another b € A, with b?> = a. Since b # 0
and b commutes with a, so does b, and by approximating by polynomials, b also
commutes with a'/? (Exercise . Thus the C*-algebra B generated by a and
b is commutative, and moreover sp(a) C €2(B). Thus by uniqueness of the square
root in C(Q(B)), b= a'/?. |

lall

1/2

0 sp(a)

3.1.6 Proposition: A unital C*-algebra is linearly spanned by its unitaries.

Proof. We saw that every element can be written as a linear combination of
self-adjoint elements, so we need only show that the self-adjoints are spanned by
unitaries. Let a € Ag,. By scaling if necessary, we may assume that |ja|| < 1. In
this case, 14 —a? > 0 (Exercise and so has a positive square root, /14 — a?.
Let uy = a —iv1  —a? and us = a +iv/14 — a?. It is easily checked that these

are unitaries and that a = uy /2 + ug/2. |

3.1.7 A convexr cone is a subset of a vector space that is closed under linear
combinations with positive coefficients.
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Theorem: Let A be a C*-algebra. Then Ay is closed convexr cone.

Proof. Without loss of generality, we may assume that A is unital. Let a € A,
and A > 0. Then clearly A\a > 0 so we only need to check that the sum of two
positive elements is again positive.

First, we claim that if f € C(X) where X is a compact subset of R that f is
positive if there is r € R such that || f — | < r. If r = 0 we must have f = 0,
which is positive. Suppose that » > 0 but f is not positive. Then there is some
t € X such that f(t) < 0. Then |f(t) —7| > 7 so ||f —r| = sup,ex |f(t) —7] > 7, a
contradiction. This proves the claim. Note that furthermore, if f is positive then
Lf =7l <rifr <|[£].

Let a,b € A,. Since a + b is self-adjoint, we may identify C*(a + b,14) =
C(sp(a + b)) and a + b with f(¢) = ¢t. Thus we need only find an r satisfying

la+b—r| < r. Letr := |a] + |[b]]. We have that |ja — ||al||| < |la| and
16— 1|0]|]] < ||b]| by the above. Thus
la+b—rl = lla+bo—lall = o[l = [l — ol + b — {b]]

< la—Tlallll + 1o = {1l < llall + llo]].
Hence a + b is positive.
To show that it is closed, first note that by the above
B:={ae Ay |llal <1} ={a|lla = 14| <1} N Asa.
Both {a | ||a — 14]| <1} and Ay, are closed, thus RB = RA; = A, is closed. |
3.1.8 We say that two positive elements a,b € A are orthogonal if ab = ba = 0.
Let a € Agq. Let aq,a_ € Cy(sp(a)) be the functions

otherwise, 0 otherwise.

Then ay,a_ € A, and a = ay —a_. Note also that a,a_ = a_a, = 0. The above
observation also means that a;, —a =a_ € A, and a < a,. Thus we have proved
the following proposition.

Jal , Jal o Jal
spla spla spla
p(a) 5 p(a) 0 p(a)
= |lall
Proposition: Any a € Ay, has a unique decomposition a = ay — a_ into

orthogonal positive elements a,,a_ € A.
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3.1.9 A partially ordered set (S, <) is called upwards directed if, for every a,b € S,
there exists ¢ € S such that a < cand b < ¢. The previous proposition and theorem
thus gives us the next corollary.

Corollary: (As,, <) is upwards directed.
3.1.10 Theorem: For every a € A, the element a*a is positive.

Proof. Clearly a*a € Ag,. Suppose that —a*a € A;. Then by [[.2.2] so is —aa*.
We have a = b + ic for some b,c € A,,, so a*a = b* + ibc — icb + ¢ and aa* =
b? — ibc + icb + . Hence a*a = 2b* + 2¢* — aa* is the sum of positive elements
and must also be positive. Thus |la*a|| = 0, hence ||a||* = 0 and therefore a = 0.

Suppose that a # 0. Then by the above, —a*a is not positive. As we saw in|3.1.8|
we can write a*a = b—c where b, ¢ € A, and bc = 0. We will use the above to show
that ¢ = 0. Consider ac. We have —(ac)*(ac) = —ca*ac = —c(b—c)c = ¢* € A,
hence ac = 0. Since a is nonzero, this implies ¢ = 0. |

Observe that if a > 0 then a has a positive square root by Theorem Hence
a = a'?a'? = (a'/?)*a!/?, which is to say that the result above implies

A, ={a*a|ac€ A}.

3.1.11 Proposition: Let A be a C*-algebra. Let a,b € Ay, with a < b. Then the
following hold:

(i) for any c € A, we have c*ac < c*be;
(i) [|al| < [lol];
(iii) if A is unital and a,b € Inv(A) then b= < a1t

Proof. For (i), since a < b, the element b —a € A and therefore has a positive
square root. Then c*bc — c*ac = ¢*(b — a)c = ((a — b)*/%c)*((a — b)'/?c), which is

positive by Proposition [3.1.10, Hence c*ac < c*be.

For (ii), without loss of generality, we may assume that A is unital. Then, using
the functional calculus, we have b < [|b]|, so also a < ||b||. Since C*(a,14) —
C(sp(a)) is isometric, we have that ||a|| < ||b].

Finally, we show (iii). For any a € A, if ¢ € Inv(A) then A € sp(c) if and only
if A\™' € sp(c) so a™',b7' € A,,. By (i), b=2ab™/2 < b~/2pb1/2 = 1. So, using
(ii), ||b~Y2a?||?2 < 1. Thus [a/?b7'a'/?|] < 14 and a'/?b"'a'/? < 14. By (i)
again, multiplying a=/? on either side gives b=* < a™ . I

We also have the next theorem, which we include separately because the proof
is a little trickier.

3.1.12 Theorem: Let A be a C*-algebra and let a,b € A, with a < b. Then
a” < b" for all0 <n < 1.
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Proof. Let a,b € Ay with a <b. Let € > 0 and put c = b+ €l;. Then a < c and
c is invertible in A since 0 ¢ sp(c). Set

S:={ne€(0,00) | a™ <"}
Note that 1 € S. Suppose that (¢,)nen is a sequence in S converging to t € (0, 00).
Then lim,,_,o, a’» — " = a’ — ¢ > 0 since A, is closed.

Since ¢ > 0, we also have ¢! > 0, and thus ¢! has a positive square root.
By Proposition (i), this implies that ¢ /2ac™'/2 < 14, and using the
C*-equality, that [la'/2¢7/2|| < 1. We saw earlier that for any z,y € A we
have sp(zy) \ {0} = sp(yx) \ {0}. Thus

||c_1/4a1/20_1/4|| — T(C_1/4a1/26_1/4) — T(a1/26—1/2) < 1’
so ¢ Y4a/2c71/4 < 1; and a'/? < 2. Thus 1/2 € S.
One shows similarly that if s,¢ € S then (s +1¢)/2 =z € S. Then,
Hcfz/Qachz/QH _ r(cfz/Qazcz/2> _ T(Cfs/2as/2at/2cft/2)

[(e*/2a/2) (@2 2)| < fle a2 a2 2| < 1.

Thus (0,1] C S. Since € > 0 was arbitrary, we have shown that a™ < b" for every
n € (0,1]. I
3.1.13 What happens for n > 17 If A = Cy(X) is commutative and f,g > 0 with
f < g, then certainly f? < ¢?. In this case, however, an attempt to look to the
commutative algebras leads us astray. Let us consider things from the other side,
then, in spirit of [2.4.3] In fact, we need only consider M, to see that things can
go wrong. The conclusion of the last theorem no longer necessarily holds. Let

= (30 mo- (12 12)

Then a < a+ b but
(a+b)?—a*=ab+ba+0*=a+2ab+b= < 3{2 1}2>

is not positive.
By the way, this above example is also a good illustration of the following: It is

often very useful to look to the 2 x 2 matrices as a test case when deciding whether
or not something holds in a C*-algebra.

3.1.14 We end this section with a proposition about the order structure applied to
projections. By Exercise [2.5.3] every projection is positive. This is also immediate
from Theorem B.1.10.

Proposition: Let A be a C*-algebra and p,q € A projections. Then p < q if and
only if pg = qp = p.
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Proof. Suppose that p < ¢. Then 0 < ¢ —p and ¢ —p < 1; — p, so by Proposi-

tion (i),
0=p0p<plg—pp<plz—pp=p-p=0.
Thus p(q¢ — p)p = pgp — p = 0, hence, using the C*-equality,
lap = plI* = l|(ap — p)"(ap = p)|| = llpap — pap — pap + p|| = [lp — pap|| = 0,

so gp —p =0, and also p¢g —p = (¢gp — p)* = 0.
Conversely, suppose that pg = gp = p. Then

(g—p)g—p)=¢—aqp—pg+p*=q—p—p+p=(q-Dp),

and also (¢—p)* = ¢*—p* = ¢—p. So ¢—pis a projection. In particular, g—p > 0,
S0 p < ¢ I

3.2. Approximate units and hereditary C*-subalgebras. We have al-
ready seen that it is always possible to adjoin a unit to a nonunital C*-algebra. In
many cases, however, this is not necessarily useful. For example, if one is inves-
tigating simple C*-algebras (no nontrivial ideals), then attaching a unit destroys
simplicity. We can, however, always find an approzimate unit. Let’s consider con-
tinuous functions on some open interval I in R, for example. Then the C*-algebra
Co(I) is of course nonunital. However, for any finite subset of functions F' C Cy(I)
and any € > 0, we can always find another function, g such that ||gf — f|| < e for
every f € F. Since Cy(I) is separable, one can find a nested increasing sequence
of these finite subsets Fy C F} C --- that exhausts the algebra. Then, for every
n € N find g, such that fg, = f for every f € F,,. This gives us a sequence
(gn)nen C Co(I) which itself will not converge, but which still satisfies

lim g,f = f for every f € Cy(I).
n—oo

In the completely noncommutative case, consider the C*-algebra of compact
operators K := K(H) on a separable Hilbert space H with orthonormal basis
(€;)ien. This is again a nonunital C*-algebra. Let p, be the projection onto
the subspace spanned by the first n basis elements. Then each p,, is a compact
operator. As in the previous example, the sequence (p;,)neny Which will not converge
in /C, but, for any a € K we have

lim p,a = lim ap, = a.

n—oo n—oo
3.2.1 Definition: Let A be a C*-algebra An approximate unit for A is an
increasing net (uy)aea of positive elements such that

limuya = limauy, = a,
X )

for every a € A.
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3.2.2 Lemma: Let A be a C*-algebraand let AL :={a € A|a€ Ay, |al <1}.
Then the set of (AL, <) is upwards-directed, that is, for every a,b € Al there exists
ce Al such that a < c and b < c.

Proof. First, let a,b € Ay. Then (1;+a), (15 +b) € Inv(A). Suppose that a < b.
Then 1;+a<13+bso(13+b0) ' <(1;+a)" and

a(lj+a) " =1;—(i+a) " <l;—(1i+0) 7 =b1z+0)"
Note that a(1; +a)~! and b(1 4+ b)~* are both in Al .

Now suppose that a,b € A}. Let x = a(l; —a)™' and y = b(15 — b)~" and set
c=(z+y)(1;+z+y)~". Since z < x4y we have a = z(x+1;)" < c. Similarly,
b<ec. |

=

3.2.3 Theorem: Fvery C*-algebra A has an approximate unit. If A is separable,
then A has a countable approximate unit.

Proof. Let A be the upwards directed set (A}, <) and put uy = A for each A € A.
Then (uy), is an increasing net of positive elements with norm less than 1. We
must show that limy uya = limy auy = a for every a € A. It is enough to show
that this holds when a € Ay. Let 0 < e < 1. Let I' : C*(a) — Cy(sp(a)) be the
Gelfand transform. Let f =T'(a) and let K ={z € X | |f(z)| > €}.

Let 6 > 0 such that § < 1 and 1 —§ < e. Let gs(z) = 0 if 2 € K and
vanishing outside K (this is possible since K is compact). Then g5 € Co(X)L
and ||lgsf — f|| < e. Since T' is isometric, I'"*(gs) = p for some p € A and
Jipa — all = llaw, — all < e

Suppose that A € A satisfies p < A. Then 15 —uy > 15 — u, so
a1/2(1[1 . u)\)al/Q < a1/2(1A~ . u'u)al/Q,
and hence
la'?(15 — un)a'?|| < [la"?(15 = u,)a']].

Applying the C*-equality, ||a —au,|| < ||a —au,|| < e. Hence limy auy = limy uy =
a.

The proof that if A is separable then A admits a countable approximate unit is
left as an exercise. |

The following is a very useful theorem. We omit the proof for now because it
uses some techniques that have not yet been described, but we will return to it in

Chapter 5| (see |5.2.15]).

3.2.4 Let A be a C*-algebra and I an ideal in A. If I has an approximate unit
(ux)ren satisfying

li/r\n |luxa — auy|| =0, for every a € A,

then we say (uy)xea 1S an approximate unit quasicentral for A.
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Theorem: Let A be a C*-algebra and I an ideal in A. Then I has an approzimate
unit (uy)xen quasicentral for A.

3.2.5 We have already defined C*-subalgebras as well as ideals. There is another
important substructure in C*-algebras we can define now that we have an order
structure.

Definition: A C*-subalgebra B C A is called hereditary if, whenever b € B and
a < b, then a € B.

3.2.6 Let A be a C*-algebra and p € A a projection. Then pAp, introduced in
the theorem below, is called a corner and is the first example of a hereditary
C*-subalgebra.

Theorem: Letp € A be a projection. Then pAp = {pap | a € A} is a hereditary
C*-subalgebra of A.

Proof. Since p is a projection, it is easy to check that pAp is C*-subalgebra. We
will show that if a € pAp is self-adjoint and b € A satisfies b < a, then b € pAp.
First, observe that we may assume that a € pAp is positive since if b < a then
b < a,. Suppose first b < a with b also positive or b = —c where ¢ is positive.
Then
(i —pb(lz—p) < (1z—pla(lz —p) =0.

So [[(15 —p)b(1; —p)|| = |[(15 — p)b*/?||> = 0, and we see that pb = pb*/2p'/2 =
b1/2p1/2 = p. Similarly, bp = b, hence b € pAp. Now suppose b is self-adjoint. Let
b=0b, —b_ with b, ,b_ positive and by b_ =b_by =0 . Since b < a we have
b2 < b} ab)? and

18] 726% < (B3] 7Y2)a(v? (0] 7V?) < a.

We have b2 /||b|| € pAp, which follows from above, since b7 /||b]| is positive. Hence
b, € pAp. Then since —b_ < b < a € pAp, we also have b_ € pAp and so b € pAp,
as required. |

For a positive element, we have the following generalisation:

3.2.7 Theorem: Let A be a C*-algebra and a € Ay a positive element. Then
a € aAa and aAa is the hereditary C*-subalgebra generated by a. If B is a separable
hereditary C*-subalgebra, then B = aAa for some a € A, .

Proof. 1t is clear that aAa is a C*-subalgebra. Let (uy)s be an approximate unit
for A. Then lim, auya = a? so a® € aAa. Thus C*(a?) C aAa and by uniqueness
of the positive square root, also a € aAa.

The proof that aAa is hereditary is similar to the case for a corner, so is left as
an exercise.

Now suppose that B C A is hereditary and separable. Since B is separable, it
contains a countable approximate unit, say (u,)nen. Let a = > 07 27"u,. Then
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a € B and a > 0. Thus aAa C B. For each N\ {0} we have that 27"u,, < a so
U, € aAa. Thus, if b € B we have b = lim,,_,, u,,bu,, where each u,bu, € aAa
hence b € aAa and so we have shown that B = aAa. |

3.2.8 Lemma: Let I be a closed left ideal of A. Then I has a left approrimate
unit, that is, (ux)xea C I with

limauy = a,
A

for every a € A.

Proof. Observe that I NI* is a C*-subalgebra of A and thus by Theorem has
an approximate unit (uy)yea. Let a € I. Then a*a € I N I*. Since

la — auy||? = [|a*a — a*auy — ura*a + ura*auy ||,
we have
|la — liin auy||* = 0.
Thus a = limy au,. |

3.2.9 Theorem: Let A be a C*-algebra. There is a one-to-one correspondence
between closed left ideals of A and hereditary C*-subalgebras of A given by

I'—I"N1, Bw—{a€ A|a'a € B}.

Proof. Let I be a closed left ideal in A and suppose b € (I N I*),. Since [ is
a closed left ideal, it contains a left approximate unit (uy)s. If @ € A, satisfies
a <b,then (1; —uy)a(lz—uy) < (1z—uxr)b(lz —uy). Then
la'2(1z =)l = 1z —un)a(lz —w)]|
< (14 = ua)b(1z — w)]
_ ||b1/2 i b1/2U>\||2
— 0.

Thus [la'/?(1 5 — uy)||> — 0 and so a'/? is a limit of elements in I. It follows that

a'/?, and hence a, are both contained in I. Thus I*NI is a hereditary C*-subalgebra
of A.

Now suppose that B is a hereditary C*-subalgebra. Let I = {a € A | a*a € B}.
Let a € I, b € A and without loss of generality, assume ||b]] < 1. Then

(ab)*(ab) = b*a*ab < a*a,

so ab € I since B is hereditary. It is clear that I is closed since B is; thus [ is a
closed left ideal.

Finally, it is easy to check that the maps are mutual inverses. |

3.2.10 Corollary: Fuvery closed ideal is hereditary.
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Proof. Let I C A be a closed ideal. Then in particular [ is a closed left ideal and
we have I = I N I* since if a € I and (uy)a is a left approximate unit for I then
a* = limy (auy)* = limy uya* € 1. |

A hereditary C*-subalgebra often inherits properties of the C*-algebra itself. We
will see more examples later, but for now we show the following

3.2.11 Theorem: If A is a simple C*-algebra, then so is every hereditary
C*-subalgebra B C A.

Proof. We claim that every ideal J C B is of the form I N B for some ideal I C A.
Suppose that [ is an ideal in A and let b € I N B. Clearly I N B is closed under
addition and scalar multiplication and is norm-closed. Let ¢ € B. Then cb,bc € B
and since [ is an ideal we also have that cb,bc € I. Thus ¢b,bc € I N B.

Now suppose that J C B is an ideal. Let (uy)a be a quasicentral approximate
unit for J. Set I = {auy | a € A, \ € A}. Then J = I N B; the details are easy to
check. |

3.3. Some factorisation results. We have already seen that in a C*-algebra
any element can be decomposed into a linear combination of self-adjoint elements,
or that in a unital C*-algebra, a linear combination of unitaries. There are other
ways in which one may also want to decompose elements. For example, any nonzero
complex number A can be written A\ = €| \| for some ¢ € R, and any n x n matrix
can be decomposed into the product of a unitary matrix and a positive matrix.

3.3.1 For an element a in a C*-algebra A, we define its absolute value to be the
positive element |a| := (a*a)/2. A partial isometry in a C*-algebra is an element
satisfying v = vv*v (and hence also v* = v*vv*).
3.3.2 Extending the case of n X n matrices, any a € B(H) also admits a polar
decomposition a = v|a| for some partial isometry v € B(H).
Proposition: For any a € B(H) there exists a unique partial isometry v € B(H)
such that a = v|a|, ker(v) = ker(a), and v*a = |a].
Proof. Define a map

la|(H) — H, |a|(§) — a(&).
Then, for any £ € H we have

llal @I = {lal(&),lal(€)) = (lal*(£), &)
= (a"a(€),€) = (a(§), a(€)) = [a()I7,
so the map above is a well-defined isometric map, which is easily seen to be linear.

Thus it extends to an isometric linear map vy : |a|(H) — H. We now define an
operator on all of H

v(€) =

}7

{Uo, € € la|(H)
0, &€ lal(H) .
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Then v|a| = a. Since ker(v) = |a](H)l, the restriction v|yey(y)+ is isometric. Thus,
if £ € ker(v)t we have
(v™0(£),€) = (v(§), v(§)) = (&, €),

while for ¢ € ker(v) we obviously have v*v(§) = 0. It follows that v*v is the
projection onto ker(v)t. Then

<UU*U(€1)7 §2> - <U(§1>’ §2>

for every &,& € H. So v = vv*v, which is to say, v is a partial isometry. Observe
that ker(v) = ker(|a|). Let &;,& € H. Then

(v*a(&1),]al(&)) = (a(&1),v]al(&2)) = (a(&), a(&2))
(a*a(61), &) = (lal(&1), lal(§2)),

so that v*a = |a|, from which it also follows that ker(|a|) = ker(a) and hence
ker(v) = ker(a).

Finally, we show uniqueness. Suppose that w is another partial isometry sat-

isfying a = wla|, ker(w) = ker(a) and w*a = la|. Then wlgzy = vlgEy and
since \a](H)L = ker(w) = ker(a) = ker(v), we also have w\WL = ’UlmL. Thus
w=".

3.3.3 In an arbitrary C*-algebra A polar decompositions need not exist: it may be
the case that the partial isometry v is not itself contained in A. Proposition
below, however, gives us something close. First, a lemma.

Lemma: Let A be a C*-algebra and suppose there are x,y € A and a > 0
satisfying x*x < a'' and yy* < a'? where t; +ty > 1. Put

Uy = x(n~' 5 4 a) V2.

Then the sequence (up)nen converges to some u € A with ||Ju| < [|a®tF2=D/2||,
Proof. Define f, € Cy(0, ||la]|) by fu(t) = (n711; +¢)"1/2t1+82)/2 Then the se-
quence ( f,)nen is increasing and converges pointwise to f(t) = ¢t®17%2=1/2_ Hence,
by Dini’s Theorem, the convergence is uniform, and by the functional calculus we
have f,(a) = f(a)in A asn — co. Let dyy, = (n"'15+a) Y2 —(m™ 1 ;4+a)" V2
Note that d,,,,, commutes with a. Now
[tn = Ul = [|2dnmy|* = |y dnma™ dnmyll < |y dpma" dumy||
= Iy duma®?|* = [la" Pdumyy” duma” |
S ||at1/2dnmat2dnmat2/2” — ||dnma(t1+t2)/2||2,

so by the observation above, ||u, — || = 0, and therefore u,, converges in norm
to some u € A. We also have

lunll = llz(n ™15 + @) 2y|| < [la"/?(n7"1 5 + a)"2a"/2|| < [l =702,
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s0 [Jul < [lat+t072). 1

3.3.4 Proposition: Let A be a C*-algebra. If x,a € A with a > 0 and z*x < a,
then for every 0 <t < 1/2 there is u € A with ||ul| < ||a*/?>7|| such that x = ua’.

In particular, for any 0 < t < 1 there is some u € A such that we can decompose
x as v = ulz|".

Proof. For n € N\ {0}, let u,, := x(n"*1 54+ a) /2?7 Let t; =1, ty = 1 — 2t
and y = a2, Then t; +t, > 1, 2"z < a® and yy* = a'~? < a’2. Applying
Lemma [3.3.3] the sequence (u,)nen converges to some u € A and u satisfies

||u|| < ||a(t1+t2—1)/2|| _ ||a(1+1—2t—1)/2|| _ ||a1/2—t||‘

Also,

l2(Ls = (15 +a)"%a?)|?

I(Li = (0115 +a) a2y 2 a(l; — (0115 +a) " 2al )
< (s = (015 + @) a2 Pl

< n?la"?Plal =n7'15 =0

lz = wna|*

as n — oo. It follows that x = ual.

For the second statement, let a = z*x. Then trivially z*x < a, so for any
0 <t < 1 there is u € A such that x = ua'/? = u(z*x)"/? = ulz|". |

3.3.5 When considering a partially ordered structure on a monoid, we would like
to know how the order structure interacts with addition. Consider, for example,
the natural numbers with their usual order structure. If n < my + msy then we can
always find n; < my and ny < msy such that n = ny + no. This is also possible in
any lattice-ordered monoid (by lattice-ordered we mean that every pair of elements
have a least upper bound and greatest lower bound). If F is a partially ordered
Banach space, then the property that whenever x < y + z there are v < x and
w < y such that * = v 4+ w is called the Riesz decomposition property. This
will not hold in an arbitrary C*-algebra A, however we do have a very useful
noncommutative version of the Riesz decomposition property for As,.

Proposition: Let A be a C*-algebra and for n > 2 suppose x,ws,...,w,, € A
are elements satisfying x*x < Y "' wywi. Then there are uy,. .., u, € A such
that ujug < wiwy for every 1 <k <m and za* =Y ;" | upu;.

Proof. Let a == 2" ww} and let u(™ = z(n~1; + a) 2wy, 1 < k < m,
n € N. By Lemma |3.3.3] the sequences (u,(g”))neN are norm-convergent. For each
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1 <k<m,set u,:= lim,_, u,(gn). Then, for 1 < k < m we have

(u;"))*(u;”)) = wi(n "5+ a)_l/zac*:z:(n_l11;1 + a)_l/gw
< wi(n M +a)"a(n M5 4+ )V w

Since wi(n~'1; + a)"Y2a(n"'1 5 + a)"Y?w, — wiwy, as n — co and A, is closed
(Theorem [3.1.7)), we have uju;, < wiwy. Also, for every n € N we have

> () —
k=1

m

Z 11 _'_a l/kaw ( 11 +a) 1/2.T* . xx*

= llan'1; +a)2a(n 15 +a) 2" — 22
i i

= Jlz((n™'114a) " 'a—15)"|

< Jal[/n —0

as n — oo. Thus za* =Y ;" u,uj, as desired. |

3.4. Exercises.

3.4.1 Let A be a unital C*-algebra and let a € Ay,. Suppose that |la|| < 1. Show
that 1 —a? > 0.

3.4.2 Let A be a C*-algebra. Show that any element in a C*-algebra can be written
as the linear combination of four positive elements.

3.4.3 Let v € A be a partial isometry (see [3.3.1)).

(i) Show that if v is a partial isometry then v*v and vv* are projections.

(ii) Suppose that v € A and v*v is a projection. Show that vv* is also a
projection and that v is a partial isometry.

(iii) Let A = M, and let p, ¢ be projections. If tr,(p) < tr,(¢q) show that there
is a partial isometry v € M,, such that v*v = p and vv* < ¢q. (Here tr,
denotes the normalised trace on M,, that is, tr,((a;);) = £ >0 ai.)

(iv) Projections p and ¢ are Murray—von Neumann equivalent if there is a
partial isometry v € A with v*v = p and vv* = ¢. Check that this is an
equivalence relation. If A = M,, describe the equivalence classes.

3.4.4 Let A be a separable C*-algebra. For two positive elements a,b in A we say
that a is Cuntz subequivalent to b and write a =X b if there are (v,),eny C A such
that lim,,_,« ||v,bv) —al| = 0. We write a ~ b and say a and b are Cuntz equivalent
ifa 2band b = a.

(i) Show that if @ < b and b 3 ¢ then a 3 c.
(ii) Show that ~ is an equivalence relation on the positive elements.
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(iii) Let f,g € Co(X)+ where X is a locally compact metric space. Show
that if supp(f) C supp(g) then for any e > 0 there is a positive function
e € C(X) such that ||f — ege|| < e. Now show that f = ¢ if and only if
supp(f) C supp(g)-

(iv) Let a € A, where a is a separable C*-algebra. Show that a 3 a" for
every n € N.

3.4.5 Let A and B be concrete C*-algebras. We saw in Exercise[2.5.16|that M,,(A)
is a C*-algebra. A linear map ¢ : A — B is positive if p(A,) C By. For any
map ¢ : A — B and n € N we can define o™ : M, (A) — M,(B) by applying ¢
entry-wise. If o™ : M, (A) — M, (B) is positive for every n € N then we say ¢ is
completely positive.

(i) Show that a *-homomorphism ¢ : A — B is completely positive.
(ii) Let A = B = M, and let 7 : My — M, be the map taking a matrix to
its transpose. Show that 7 is positive but not completely positive.
(iii) Let ¢ : A — B be a *~homomorphism and let v € B. Show that the map

v'pv: A — B, a— vip(a)v

is completely positive.

Remark: In fact, everything in this exercise makes sense when A and B are
abstract C*-algebras. However, we haven’t yet shown that M, (A) is actually a
C*-algebra when A is abstract. That M,(A) is a C*-algebra will follow from
results in the next chapter.

3.4.6 Let A be a separable unital C*-algebra and a € A,. Let B := C*(a, 14).
Show that for any finite subset & C B and any € > 0 there are a finite-dimensional
C*-algebra F', a *-homomorphism v : B — F', and a completely positive contrac-
tive map ¢ : F' — B such that || o ¥(f) — f|| < € for every f € F.

lall

Aq

Aoy -5 ds) € P, C

0 m T T T o)
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lal]

A4

1
M ) e Do h) €D, T

0 nE s o)

(Hint: Use the Gelfand—Naimark Theorem to identify B with C'(X) for some
compact metric space X and use a partition of unity argument. See the picture
above, where we approximate a finite subset F consisting of a single element by a
relatively large €.)

3.4.7 Prove that every separable C*-algebra admits a countable approximate unit.

3.4.8 Let A be a C*-algebra. Show that if a € A, then aAa is a hereditary
C*-subalgebra.

3.4.9 Let A be a unital C*-algebra, a € Inv(A) and p € A a projection. Show that
if @ commutes with p then a is invertible in the corner pAp. If a € A is invertible
in pAp, is a € Inv(A)?

3.4.10 A Cr-algebra A is called elementary if there is a Hilbert space H such
that A is isomorphic to K(H), the compact of operators on H.

(i) Show that if A is elementary, then A contains hereditary C*-subalgebras
in which every element has finite spectrum.

(ii) Let A be a simple, nonelementary C*-algebra. Show that every hereditary
C*-subalgebra B C A contains a positive element b such that ||b]| = 1
and sp(b) contains infinitely many points.

3.4.11 Let A be a C*-algebra and I C A an ideal. Then A/I is a Banach algebra
(1.3.1)). In this exercise we will show it is moreover a C*-algebra.

(i) Let (uy)aea be an approximate unit for / (not necessarily quasidiagonal).
Show that for every a € A we have

lla+1I|| = lixr\n |la — uyal| = 1i/r\n la — auyl|.

(ii) Show that the quotient norm is a C*-norm on A/I, and that A/I is
complete, so A/ is a C*-algebra.

(iii) Let B be another C*-algebra and ¢ : A — B be a *-homomorphism.
Show that ¢(A) is a C*-subalgebra of B.
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(iv) Suppose C' is a C*-subalgebra of A. Show that B + I is also a C*-
subalgebra of A.

3.4.12 Let A be a C*-algebra and I C A an ideal. Suppose that J is an ideal in
I. Show that J is also an ideal of A. (Hint: Use Exercise [3.4.2])
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4. Positive linear functionals and representations

In this section we will see that every abstract C*-algebra is *-isomorphic to a
self-adjoint closed subalgebra of B(H), for some Hilbert space H. That is to say,
the class of abstract C*-algebras and the class of concrete C*-algebras coincide.
We say that a C*-algebra A can be represented on a Hilbert space H if there is
a *-homomorphism from A to B(H). C*-algebra representations are intimately
connected to linear functionals. Every linear functional on a C*-algebra A leads
to a representation of A, and because we have “enough” functionals, we are able
to add all these representations together to arrive at a *-isomorphism mapping A
to a concrete C*-algebra (Theorem 4.2.6)).

Knowing that an abstract C*-algebra can be replaced with a *-isomorphic copy
acting on some Hilbert space gives us many more tools with which to work. For
example, as we will see in the next chapter, we can always put a C*-algebra A
into a von Neumann algebra. This often allows us to use von Neumann algebra
methods to determine structural properties of A. We’ll return to this later.

In this chapter, we begin by defining positive linear functionals, states, and tra-
cial states. In Section we use positive linear functionals to construct represen-
tations of C*-algebras, and most importantly, show that every abstract C*-algebra
is *-isomorphic to a concrete algebra by constructing a faithful representation. In
the final section, we consider cyclic representations and show that they are the
building blocks of any nondegenerate representation in the sense that any nonde-
generate representation is the direct sum of cyclic representations.

4.1. Functionals. A linear map ¢ : A — B between C*-algebras is called
positive if p(Ay) C By. A *-homomorphism is always positive. If ¢ : A — C is
positive, it is called a positive linear functional. Any positive linear functional ¢

also satisfies ¢(A,,) C R and hence ¢(a*) = ¢(a) for every a € A (Exercise |4.4.2).

4.1.1 If ¢ is a positive linear functional with ||¢]| = 1, then ¢ is called a state. If
in addition it satisfies ¢(ab) = ¢(ba) for every a,b € A then it is called a tracial
state. The set of states, respectively tracial states, on A will be denoted by S(A),
respectively T'(A). A state ¢ is faithful if ¢(a*a) = 0 implies a = 0.

4.1.2 Example: Let A= M, and let a = (a;;);j € A be an n x n matrix. Then
the usual normalised trace, tr,, : A — C given by

is a faithful tracial state.

4.1.3 Example: Let A = C(X) be a commutative C*-algebra. Then any
character is a tracial state, but not every tracial state is of this form. Suppose
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that p is a Borel probability measure on X. Then the map 7 : A — C given by

() = [ i

is a tracial state. One often thinks of a tracial state as a noncommutative proba-
bility measure.

4.1.4 Example: Let H be a Hilbert space and £ € H a nonzero vector. Then
¢(a) = (ag, §)

is a postive linear functional on B(H ), but is not tracial unless H = C.

The next theorem is another example of how C*-algebras are in general better
behaved than arbitrary Banach algebras.

4.1.5 Theorem: Any positive linear functional on a C*-algebra is bounded.

Proof. Suppose not. Let A be a C*-algebra admitting an unbounded linear func-
tional ¢ : A — C. Since ¢ is unbounded, we can find a sequence (a,)nen of
elements in the unit ball of A such that |¢(a,)| — oo as n — oco. Without loss
of generality, we may assume that each a, € A,, for if ¢ was bounded on every
a, € A, then ¢ would be bounded everywhere. Passing to a subsequence if nec-
essary, we may further assume that for every n € N we have ¢(a,) > 2". Let
a:=7 2 "a, € A;. Then, for every N € N,

oa) =) 27"¢(a,) = ) 1> N,
neN neN
which is impossible. |
Positive linear functionals admit the following Cauchy—Schwarz inequality.

4.1.6 Proposition:  Let A be a C*-algebra and suppose that ¢ : A — C is a
positive linear functional. Then

|6(a”D)* < ¢(a”a)p(bD)

for every a,b € A.

Proof. We may assume that ¢(a*b) # 0. Since ¢ is positive, for any A\ € C we have
o((Aa + b)*(Aa + b)) > 0. In particular, this holds for

N

¢(bva) ’
for any t € R, giving
t2p(a*a) — 2t|p(a*b)| + ¢(b*b) > 0.
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If we have ¢(a*a) = 0 then ¢(b*b) > 2t|p(a*b)| for every t € R, which is impossible
unless |¢(a*b)| is also zero; in this case the inequality holds. If ¢(a*a) # 0 then let

ot
¢(a*a)
Hhen 6@ |$ab)P
a a £
o) L pa) TAVZ0
from which the result follows. |

4.1.7 Proposition: Let A be a C*-algebra and let (uy)repn be an approrimate
unit. Let ¢ € A*. Then ¢ is positive if and only if limy ¢(uy) = ||¢||. In particular
if A is unital then ¢(14) = |||

Proof. Suppose that ¢ is positive. Then, since (uy,), is an increasing net of positive
elements, (¢(uy))a is increasing in Ry. It is moreover bounded, so converges to
some r € R,. Since each u, has norm less than one, r < ||¢||. Now if @ > 0 with
|la]] <1, then, using the Cauchy—Schwarz inequality,

|p(aun)* < d(aa)d(u3) < da"a)(un) < ré(a’a).
Since ¢ is continuous and auy — a, it follows that
6(a)* < ré(a”a) < rld],
hence ||¢]|*> < r||¢||, which is to say limy ¢(uy) = ||¢]|.

For the converse, first let a € Ay,. We will show that ¢(a) € R. Let a and
be real numbers such that ¢(a) = a+if8. Without loss of generality, assume that
f > 0. For n € N let A be sufficiently large that ||uya — au,|| < 1/n. Then

|nuy — iaH2 = |[(nuy + ia)(nuy — ia)l|

= ||n2u§\ +a®— in(uya — auy)||

< n?4+2
We also have

lim | (nuy — i) = (n||o]l + 8 —ia)(n|¢l + B + ia)
= (nlloll + 8)* + .
Thus
(nlloll + B8)* + o = lim |¢(nuy — ia)? < ||o[]*lnux — ial?
< él*(n* +2),
and then
n*||9||* + 2n||¢||8 + 8% + o < n?||8]* + 2,

for every n € N. Since 5% + o? > 0 and we assumed that 3 > 0, for large enough
n this can only hold with 8 = 0. Thus ¢(a) € R.
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Now if a € A, and ||a|| < 1, then uy —a € Ay, and uy — a < uy, so

ln ¢(ur — a) < 9]

Thus ¢(a) > 0. |
4.1.8 Corollary:  Let A be a nonunital C*-algebra. Then any positive linear
functional ¢ : A — C admits a unique extension ¢ : A — C with ||¢|| = ||¢]|.

Proof. Exercise. |

4.1.9 Proposition: Let A be a C*-algebra and let B C A be a C*-subalgebra.
Every positive linear functional ¢ : B — C admits an extension ¢ : A — C. If
B C A is a hereditary C*-subalgebra then the extension is unique and, in that case,
if (ux)a s an approzimate unit for B then

B(a) = lim dlurauy)

for any a € A.

Proof. By the previous corollary, we may suppose that A is unital and 14 € B.
Then, applying the Hahn-Banach Theorem, there is an extension ¢ € A* such
that ||| = ||¢||. Since ||¢|| = ¢(14) = ¢(14), it follows from Proposition
that ¢ is also positive.

If B is hereditary, then limy ¢(uy) = ||¢|| = ||| = ¢(14). Thus limy ¢(uy—14) =
0. For any a € A,

|6(a) — p(uraur)| < |dla — auy)| + |$(auy — urau,)|
< ¢(aa)Po((1a — un)®)'? + pura*aun) 2o((1a — ur)?)'?
< @((1a —un)*)?(g(a"a)'? + p(ura*auy)'/?)

which goes to zero in the limit. So ¢(a) = limy ¢(urauy), as required. |

4.1.10 Proposition: Let A be a nonzero C*-algebra and let a € A be a normal
element. Then there is a state ¢ € S(A) such that ¢(a) = ||al|.

Proof. Let B C A be the C*-subalgebra generated by a and 14. Since B is
commutative, we have a € C(€2(B)) and ¢ € Q(B) such that ¢(a) = a(¢) = [|al|.

Since ¢(14) = 1, there is a positive extension to A. Then the restriction ¢ to A
satisfies the requirements, since ||¢|| = ¢(14) = 1. |

4.2. The Gelfand—Naimark—Segal construction. What we now call the
Gelfand-Naimark-Segal (GNS) construction of a representation from a positive
linear functional, Definition below, was arrived at independently by Gelfand
and Naimark in [49] and Segal in [111].
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A *-representation, or simply representation, of a C*-algebra A is a pair (H, )
consisting of a Hilbert space H and a *-homomorphism 7 : A — B(H). If 7 is
injective then we say (H,n) is faithful. If A has a faithful representation, then
it is *-isomorphic to a closed self-adjoint subalgebra of B(H), that is, a concrete
C*-algebra.

4.2.1 We begin by establishing that every C*-algebra has many representations.
Let A be a C*-algebra. Given a positive linear functional ¢, let

Ny :={a € A|¢(a"a) =0},
which is a closed left ideal in A. Define a map
(-, A/Ny x A/Ny — C, (a+ Ny, b+ Ny) — ¢(ba).
We leave it as an exercise to show that (-,-), defines an inner product on A/Ny.

4.2.2 Let H, denote the Hilbert space obtained by completing A/N,; with respect
to the inner product described above. For any a € A, we can define a linear
operator mg(a) : A/Ny — A/Ny by ms(a)(b+ Ng) = ab+ Ny. Let b+ Ny € A/N,
be an element with norm at most one so that (b+ Ny, b+ Ng) = ¢(b*b) < 1. Then
Ime(a) ()] = (ab + Ny, ab + Ny) = ¢(b*a"ab).
By Proposition [3.1.11] we have b*a*ab < b*||a||b , so positivity of ¢ implies
p(b*a*ab) < ||la||?¢(b*b) < ||a||*. Hence 74(a) is bounded and extends to an opera-
tor on Hy.
Now define
7T¢IA—)B(H¢)7 a'—>7T¢(CL).

Observe that 7y is a *~homomorphism. In particular, (Hy, 7y) is a representation
of A.

4.2.3 Definition: Let ¢ be a positive linear functional on a C*-algebra A.
The representation (Hy,7,) is called the Gelfand-Naimark-Segal representation
associated to ¢, or more commonly, the GNS representation associated to ¢.

4.2.4 Let (Hy, m\)aea be a family of representations of a C*-algebra A. Define
Oreamr: A — @H,\
AEA

to be the map taking a € A to the element with 7y(a) in the A*™ coordinate. Then
(B,cp Hr, Dreams) is a representation of A. It is faithful as long as, for each
a € A\ {0}, there is some A such that my(a) # 0.

4.2.5 Definition: Let A be a C*-algebra. The representation

P Hi Soesams
$ES(A)
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is called the universal representation of A.

4.2.6 From the GNS construction above, we arrive at the following, usually called
the Gelfand—Naimark Theorem.

Theorem: [Gelfand-Naimark] Let A be a C*-algebra. Then its universal repre-
sentation s faithful.

Proof. Exercise. |

4.3. More about representations. The previous section showed that every
C*-algebra not only has at least as many representations as it has states, but
that we can always find a faithful representation. This means that every abstract
C*-algebra is *-isomorphic to a concrete C*-algebra. It is often useful to think of a
particular C*-algebra as acting on some Hilbert space. In this section we will look
more closely at representations to establish results we will require in the sequel.

4.3.1 Let (H, ) be a representation of a C*-algebra A. A vector £ € H is called
cyclic if the linear span of {m(a)¢ € H | a € A}, which we will denote by 7(A)¢
(that is to say, the orbit of £ under 7(A)), is dense in H. If such a £ exists, then
(H, ) is called a cyclic representation.

Theorem: Let ¢ : A — C be a positive linear functional. The GNS represen-
tation associated to ¢ is cyclic with cyclic vector &, where 4 € Hy is the unique
vector satisfying

d(a) = (mg(a)s, Eo)o
for every a € A. If ¢ is a state, then ||&|| = 1.
Proof. For a € A, we will denote the vector a + N, € Hy by &,. Let (uy) be an
approximate unit for A. Then for A < u we have
1€, = &unll? = S((wu — w)?) < Blu — w).

By Proposition the net (¢(uy))a converges to [|¢, thus (&,,)a is Cauchy
and hence converges to some {4 € Hy. If a € A then, by continuity of the map

A — Hg,x &, we have
mo(a)s = limm(a)éy, = lim&o, = &.
Thus &, is a cyclic vector. Furthermore,

(mo(a"a)8s, Es)p = (Tg(@)Ss, To(a)ép)s = (Sa, Ea)o = P(a"a),
for any a € A.

For the final statement, by Corollary we may assume that A is unital. In
that case, ¢(1a) = 1 and 74(14)(b) = b+ Ny for every b € A, so by continuity

Tg(1a) = id. Thus [|E]1* = (§4, &) = (m6(14)Ep, Es) = ¢(14) = 1, and the result
follows. |
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4.3.2 By a unitary between two Hilbert spaces H; and Hy we mean a bounded
surjective linear map w : Hy — Hy such that (u(&1), u(&2))m, = (§1,&2) 5, for every
&1,& € Hy. If Hy = Hy then w is a unitary in B(H) in the sense of 2.1.1] (exercise).

Two representations (Hy, ) and (Ha, m) of a C*-algebra A are unitarily equiv-
alent if there is a unitary operator u : Hy — Hjy such that my(a) = um(a)u*
for every a € A. As the name suggests, this is an equivalence relation on the
representations of A.

4.3.3 Proposition: Let (Hy,m) be a cyclic representation of A with cyclic vector
¢ and let (Hy,ma) be a cyclic representation of A with cyclic vector . Then the
following are equivalent:

(i) (Hy,m1) and (Hs,m) are unitarily equivalent with unitary v : Hy — Hy
satisfying uE = pu,
(i) (ma(a)€,€) = (mo(a)yu, ) for every a € A,

Proof. That (i) implies (ii) is clear. Conversely, let us suppose that (m(a), &) =
(mo(a)p, p) for every a € A. Define a linear map

u:m (A — m(A)py, m(2)€ — mo(x)p.
Then

lumy(2)€])* = l[ma(@)ull* = (ma(z @), p) = (mi(2"2)€, ) = ||Ima(2)pl?,

so, since ¢ and p are cyclic, we get that u extends to an isometry H; — Hs.
Moreover,

um (2)m1(y)€ = ma(2y)p = ma(2)umi (y)E,
for every x,y € A. Since £ and p are cyclic, we have um(x) = ma(x)u on the dense

subset {m(y)¢ | y € A} and hence on all of Hy. Thus H; and H, are unitarily
equivalent and ué = u, as required. |

4.3.4 A representation (H,7) of A is called nondegenerate if the linear span of
{m(a)¢ | a € A, & € H}, denoted by m(A)H, is dense in H, or, equivalently, for each
¢ € H\ {0} there is a € A such that w(a)¢ # 0. Clearly a cyclic representation is
nondegenerate, but a nondegenerate representation need not be cyclic. However,
it is always the direct sum of cyclic representations.

4.3.5 Theorem: Let A be a C*-algebra. Any nondegenerate representation (H, )
1s the direct sum of cyclic representations.

Proof. Let £ € H be nonzero and let H = w(A)¢. By the Kuratowski-Zorn
Lemma, there is a maximal set S C H \ {0} such that He, £ € S are pairwise
orthogonal. Let 7¢ := |y,. Since each H is m-invariant, we see that each (He, ¢)
is a cyclic representation. Moreover, since the H are pairwise orthogonal, their
direct sum @ge g H is contained in H, and thus the direct sum of the representa-
tions (He, me), € € S, is a representation on H. We will show that EB&ES H;=H.
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Let n € (Decs H¢)*. Then it is easy to check that H, := w(A)n is orthogonal to
each He. We have 7(a)n € H, for every a € A and hence by maximality of S,

we must have that 7(a)n = 0 for every a € A. Since (H, ) is nondegenerate this
means 7 = 0. Hence P, .g He = H. I

4.4. Exercises.

4.4.1 Show that the maps in Examples 4.1.4] give states. Show that the
maps in Examples and are tracial, but that of Example is not
unless H = C.

4.4.2 Let A and B be C*-algebras and a € A.

(i) If ¢ : A — C is a positive linear functional, show that ¢(a*) = ¢(a).
(ii) More generally, if ¢» : A — B is any positive linear map, show that

P(a”) = ()"

4.4.3 Let A be a unital C*-algebra and ¢ € A* a positive linear functional. With-
out using approximate units or Proposition [4.1.7, show that ¢(14) = ||]|-

4.4.4 Show that any positive linear functional ¢ : A — C admits a unique exten-
sion ¢ : A — C such that ||¢|| = |||

4.4.5 Let A be a C*-algebra and ¢ : A — C a positive linear functional. Let
Ny :={a € A| ¢(a*a) = 0}.

(i) Show that N, is a closed left ideal in A.
(i) Show that A/N, is a vector space.
(iii) Show that (-,-) : A/Nyx A/N, — C defined by (a+Ny, b+Ny)y = ¢(b*a)
is an inner product on A/Ny.

4.4.6 Recall that a unitary operator between two Hilbert spaces H; and Hy we
mean a bounded surjective linear map u : H; — Hy such that (u(&), u(&))m, =
(€1,&) m, for every &,& € Hy. Show that if H; = Hj then u is a unitary in B(H)
in the sense of .11l

4.4.7 Let A = M,, and H = C™ for n,m € N. For what values of m does A admit
a faithful representation on H? Show that if 7y, : M,, — M, are both faithful
representations on H = C™, then they are unitarily equivalent.

4.4.8 Let A be a C*-algebra, ¢ : A — C a positive linear functional and let
(Hy, my) the GNS representation associated to ¢. Suppose that [ C A is an ideal.
Show that ker(¢) C I if and only if I C ker(my).

4.4.9 Let A be a C*-algebra, ¢ : A — C a positive linear functional. Suppose that
¢ is faithful. Show that (Hy, ms) is a faithful representation.
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4.4.10 Prove that the universal representation of a C*-algebra A is always faith-
ful. Thus abstract C*-algebras and concrete C*-algebras coincide. (Hint: use the
characterisation of faithfulness given in[1.2.4])

4.4.11 Let A be a finite-dimensional C*-algebra. Show that there exists a faithful
representation of A on a finite-dimensional Hilbert space.

4.4.12 Let A be a C*-algebra and a : A — A a *-automorphism. Suppose that
¢ : A — Cis a positive linear functional that is a-invariant, that is, ¢(a(a)) = ¢(a)
for every a € A.

(i) Show that the map u(a+ Ny) = a(a) + N, extends to a unitary operator
u H¢ — H¢.
(ii) Show that my(a(a)) = umy(a)u* for every a € A.
4.4.13 Let A be a C*-algebra and n € N\ {0}. Show that for any C*-algebra A,
M, (A) is also a C*-algebra.
4.4.14 Let A be a C*-algebra. Let a,b € A. Then

:1:::(8 g)GMQ(A).

Determine sp(z) in terms of sp(a) and sp(b).

4.4.15 Show that M, ® A = M, (A), as vector spaces where ® denotes the tensor
product of vector spaces.

(i) Show that (a®b)(c®d) = (ac)® (bd) and (a®b)* = a*®b*, for a,c € M,
and b, d € A extends to multiplication and involution on M, ® A, making
it into a *-algebra.

(ii) By showing M,,® A = M,,(A) preserves the multiplication and involution,
show that M,, ® A can be made into a C*-algebra.

4.4.16 Let A be a simple C*-algebra. Show that A has a nonzero finite-dimensional
representation if and only if A 2 M, for some n € N\ {0}.
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5. Von Neumann algebras and irreducible representations

For any Hilbert space H, the bounded operators B(H) admit topologies distinct
the norm topology. We will be interested in the weak operator and the strong
operator topologies. A C*-algebra is closed in the norm topology, but if we instead
close in either the weak operator or strong operator topology, we end up with a
von Neumann algebra. Since a von Neumann algebra is still closed in the norm
topology, it is an example of a C*-algebra. However, the study of von Neumann
algebras and the study of C*-algebras tend to use different techniques, and thus
are often studied separately. Nevertheless, the von Neumann algebra techniques
in this chapter will prove useful in the sequel.

In this chapter we start by introducing the weak and strong operator topologies.
In Section we prove some of the basic facts about von Neumann algebras,
such as von Neumann’s Double Commutant Theorem, that von Neumann algebras
contain lots of projections, and prove the result from Chapter |3| that an ideal [
in a C*-algebra A has an approximate unit quasicentral for A. In Section we
return to the topic of representations and states. We show that a state is pure if
and only if its GNS representation is irreducible.

5.1. Topologies on B(H). We begin by defining two topologies on B(H ), the
weak and strong operator topologies, and looking at some of their properties.

5.1.1 Definition: The weak operator topology on B(H) is the weakest topology
in which the sets W(a,&, pu) = {b € B(H) | |{(a — b)&, )| < 1} are open.

The strong operator topology on B(H) is the weakest topology in which the sets
S(a,€) = {b € B(H) | |[(a — b)&] < 1} are open.

The sets W(a;, &, i | 1 < i < n) = (i, W(a;, &, i) form a base for the
weak operator topology and similarly, sets of the form W(a;,& | 1 < i < n) =
Ni; S(a;, &) are a base for the strong operator topology.

5.1.2 Proposition: Let (ay)xen be a net in B(H) and let a € B(H). Then

(i) (ax)a converges to a in the weak operator topology, written ay wor, a, if
and only if imy{axE,m) = (a&, ) for all €, € H;

(i) (ax)a converges to a in the strong operator topology, written ay L,
if and only iof limy ax§ = a& for all & € H.

Proof. Exercise. |

5.1.3 Convergence in the norm operator topology implies convergence in the strong
topology implies convergence in the weak topology. The reverse implications do
not hold unless H is finite-dimensional. (Exercise.)
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5.1.4 Proposition: Let a € B(H). Left and right multiplication by a is both
SOT- and WOT-continuous.

Proof. Suppose that (by)xea is a net in B(H) that wor-converges to b. Then, for
& € H, we have

lim{aby&; ) = lm(brg, a’p)

= (b, a" )

= (ab¢, ),
showing ab, WOT, b, Thus multiplication on the left is woT-continuous. The
other calculations are similar and are left as exercises. |

5.1.5 If A C B(H) is a subset of operators, then its commutant is defined as
A":={be B(H) | ab = ba for every a € A}.

Proposition: Let S be a subset of B(H). Then the commutant
S"'={beB(H)|bx=ab for alla € S}
15 closed in the weak operator topology.

Proof. Suppose that (a))aea C S’ and that ay — a in the weak operator topology.
Then, using the fact that left and right multiplication is wor-continuous, for every
x € S we have

ra = WOT—li/{n Ty = WOT—li/l\rn anT = ax.

Soae€s. |

5.2. Brief interlude on von Neumann algebras. Even though we will not
say too much about von Neumann algebras in this book, we will require some von
Neumann algebra techniques. Every C*-algebra sits inside a von Neumann algebra,
and it is often useful to take advantage of the extra space in a von Neumann algebra
to deduce results about C*-algebras.

5.2.1 Definition: Let H be a Hilbert space and A C B(H) a C*-algebra. Then
A is called a von Neumann algebra if A is equal to its double commutant, A = A”.

Observe that lgpy € A” so a von Neumann algebra, unlike an arbitrary
C*-algebra, is always unital. Since (A”)” = A” for any C*-algebra A C B(H),
A" is itself a von Neumann algebra. The double commutant of A is often called
the enveloping von Neumann algebra of A in B(H). For an abstract C*-algebra
A, its enveloping von Neumann algebra is defined to be the envelopng von Neu-

mann algebra of 7,(A) C B(H,), where (H,,m,) is the universal representation of
Definition [£.2.5]

5.2.2 Since every C*-algebra A is contained in a von Neumann algebra A”, we may
think of von Neumann algebras as “bigger” objects than C*-algebras in a certain
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sense. With more space, it can be easier to work in the enveloping von Neumann
algebra, however often at the loss of finer C*-algebraic information. The analogue
in the commutative setting is enclosing a topological space in a measure space. It
is straightforward to see algebraically that A C A”, but, perhaps surprisingly, it
can also be shown topologically. This is the essence of Theorem but to prove
it we require some preliminaries.

5.2.3 Recall that a sesquilinear form on a vector space V is a map
(,):VxV-=C
which is linear in the first variable and conjugate-linear in the second. A sesquilin-

ear form satisfies the polarisation identity

3

D i€+ i, &+ i)

n=0

(&n) =

A

We say that a sesquilinear form is bounded if there exists C' > 0 such that |(£, )] <
CllEN Il

5.2.4 An inner product is of course an example of a sesquilinear form. If a sesquilin-
ear form is on a Hilbert space, then we can relate it directly to the Hilbert space
inner product, as the next lemma shows.

Lemma: Let H be a Hilbert space and (-,-) : H x H — C a bounded sesquilinear
form. There exists a unique operator a € B(H) such that

(&m) =(a&nu, for every &,m € H.

Proof. First of all, observe that if such an operator exists, it must be unique.
To show existence, let n € H. The map ¢ : H — C given by ¢(&) = (&, 1)
is a bounded, hence continuous, linear functional. By the Riesz Representation
Theorem, there is a unique element ¢, € H such that

¢(€) = <§7C77>a

for every ¢ € H. Define a : H — H to be the adjoint of the linear operator
H—H, n—(,.

Then a is a linear operator satisfying the requirements of the lemma; the remaining

details are left as an exercise for the reader. |

5.2.5 An advantage of the strong operator topology is that it is closed under the
ordering of self-adjoint elements in the following sense.

Proposition: Let (ay)xen C B(H) be an increasing net of self-adjoint elements
that is bounded above. Then (ay)xea converges in the strong operator topology.
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Proof. We can find some \g € A such that, for every A > Ay, we have ay > b
for some self-adjoint operator b. Let by = ay — b for A > A\g. Then b > 0 and
(bx)a>x, 18 @ net of positive elements which is bounded above. Observe that if
(bx)a>a, converges in the strong operator topology, then so does the original net
(ax)rea- Thus we may assume we have an increasing net of positive elements which
is bounded. In particular, there is some C' > 0 such that [|by|| < C for every A,
and so (by¢, &) < C||¢||? for every & € H. In particular,

(brgm) = 1/4> i (ba(& + ™), € + i)

n=0

is bounded and hence converges, for every £, € H. Let
(& n) = lim(br&, m).

A straightforward calculation shows that (-,-) : H x H — C is a sesquilinear form
which is moreover bounded. Then, by Lemma [5.2.4] there is an operator ¢ € B(H)
such that

(&,m) = (c&n)  for every £, € H.

Now, since (c&, &) = limy (b, &) > 0 for any n € H, we see that ¢ is a positive
operator, and therefore by — ¢ is self-adjoint. Then

1(0x = )&]I* = ((bx — )8, (ba — €)&) = ((bx — €)%, &) < [Ibx — cl[{(bx — )¢, €),

and since ((by — ¢)&, &) = (br&, &) — (€, &) — 0, we have |[(by — ¢)&]| — 0, which is
to say that b, soT-converges to c. |

5.2.6 Definition: If A C B(H) then we say that A acts nondegenerately on H
if its null space

Ny:={{ € H|a& =0 for every a € A}
is trivial.

5.2.7 Now we can prove von Neumann’s Double Commutant Theorem. Often one
of the equivalent conditions below is taken as the definition of a von Neumann
algebra.

Theorem: Let A be a C*-algebra acting nondegenerately on a Hilbert space H.
The following are equivalent.

(i) A is a von Neumann algebra;
(i) AT = A;
(iif) A7 = A.

Proof. We have 2%°T < AT since the strong operator topology is stronger than

the weak topology. Since A € A” and A” is wor-closed, we furthermore have
AT a1 only remains to show that A” C AT Letae A" It is enough
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to show that for any n € N\ {0} and &,...,§, € H there is some b € A such
that b is contained in S(a,&; | 1 <7 < n). Notice that this is equivalent to finding
be Awith Y0 ||(b—a)&|? < 1.

Consider n = 1. Let p be the orthogonal projection onto A& . Then if ¢ € A we
have pcp& = cp&y and if p # & then pepu = cpp = 0. Thus pep = cp for every
c € A, and we calculate

pe = (c'p)" = (pc"p)" = pep = cp,
hence p € A’. This means p~ € A’, too.

If 1 = pt& then Ap = Apt& = pt A& = 0. Since A acts nondegenerately, we
must therefore have p = 0. It follows that §; € A&;. Since a € A” we have pa = ap
and a&; € A& . Thus we can find b € A satisfying ||(a — )& < 1.

Now suppose n > 2. Let H™ := H @ --- @ H be the direct sum of n copies of
H. An arbitrary operator in B(H™) then looks like an n x n matrix (z;;);; with
each entry x;; € B(H). For ¢ € A, let ™ € B(H™) be defined as

C(n)(fla s 7571) = (0617 s 7C§n)7
and then set A™ := {c™ | c € A}.

We claim (A™)” = (A”)™ where (A”)™ is defined analogously to the above.
It is easy to see that ¢ = (c;;)i; € (A™)" if and only if each ¢;; € A’. Thus A™
contains all the matrix units e;; where e;; is the matrix with 1 in the (i, j)™-entry
and zero elsewhere. It follows that any ¢ € (A™)” must commute with every e;;.
The only way this is possible is if all the diagonal entries of ¢ are the same and
the off-diagonal entries are zero, that is ¢ = c&?) where ¢1; € A”. It is clear that
c commutes with each b where b € A’. Thus ¢;; € A” and ¢ € (A”)™), proving
the claim.

Now we apply the case for n = 1 to a™ € (A™)” and & = (£1,...,&,) to find
b € A with

L>[l(@™ =b")glP =D Nl —b)&lI*.
i=1

Thus b is in S(a,& |1 <7 <n)and so A” C ZSOT, which proves the theorem. |

5.2.8 Proposition: The weak operator continuous linear functionals and the
strong operator continuous linear functionals ¢ : B(H) — C coincide and are
always of the form

n

$la) =Y (a&,m;)

i=1
for somen € N and &,m; € H, 1 <1< n.
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Proof. Tt is easy to see that anything of the form ¢(a) = > 7 (a&;, ;) will be a
woT-, and hence soT-, continuous linear functional. Suppose now that ¢ is a soT-
continuous positive linear functional. Then the set U := {a € B(H) | |¢(a)| < 1}
is open in the strong operator topology and contains zero. Thus we can find a
basic set as given in Definition [5.1.1| containing zero that is completely contained
in U. That is to say, there are &;,...,&, € H such that

Vi={acBH)||la&| <1,1<i<n}c {aeBH)]||sa)<1}).

If a € B(H) satisfies >N | ||a&]|| < 1 then clearly @ € V. As in the proof of
Theorem [5.2.7] let H™ := H @& --- @ H be the Hilbert space given by the direct
sum of n copies of H. Set & := (&, ...,&,) and let ¢ : B(H) — H™ be the map
given by
¢§(a) = (agla cee 7a§n)'
Now define
F o ge(BUH) = €, ela) = é(a).
Note that if n € ¢(B(H)), then n = (a&y,...,a&,) for some a € A and thus if
7]l < 1 we have Y @ ||a&l] < 1. In that case ¢(a) < 1. Thus ||F|| < 1 and,
by applying the Hahn-Banach Theorem, there is an extension to a continuous
linear functional ' : H™ — C. By the Riesz Representation Theorem, there is
n=(n,...,n,) € H™ such that
F(V) = (v, M) o0 = Z<Vi777i>H7
i=1

and so
n

(b(CL) = F(djg(a’>> = Z<a5i777i>7
i=1
and the result follows since this is also wor-continuous by Proposition [5.1.2 |

5.2.9 Unlike C*-algebras, which may have no nontrivial projections, von Neumann
algebras are strong operator closed which implies they always contain many projec-
tions. In particular, if M is a von Neumann algebra and a € M, then M contains
the right and left support projections of a. By smallest projection satisfying a
particular property we mean a projection p which satisfies that property and such
that, given any other projection ¢ also satisfying that property, p < g.

5.2.10 Definition: Let H be a Hilbert space and let a € B(H) be an operator.
The left support projection of a is the smallest projection p € B(H) such that
pa = a. The right support projection of a is the smallest projection ¢ € M such
that ag = a. Equivalently, the left support projection is the projection p € H
onto m and is sometimes called the range projection while the right support

projection is the projection ¢ € H onto a*(H) and is sometimes called the support
projection of a.
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5.2.11 Proposition: Let M C B(H) be a von Neumann algebra, and let a € M.
Let p denote the left support projection of a, and q the right support projection of
a. Then p,q € M.

Proof. If a is not positive, let a = u|a] = u(a*a)'/? be the polar decomposition
of a € B(H). By the functional calculus (a*a)'/? € M. Furthermore, we have
L L
ker(a*) = ker((aa*)"/?), so a(H) = (a*a)/2(H) . Thus it is enough to show that

support projections exist for positive elements.

Let a be positive and, without loss of generality, assume |ja| < 1. By the
functional calculus, a'/?" € M for every n € N. The sequence (a,)nen, with
an, = a'/?", is increasing and bounded and hence converges in the strong operator

topology to some positive element in the von Neumann algebra generated by a in
M. Then, for £ € H we have

1(p* — an )€ 1(p* = anp)€ll + ll(anp — az)éll

<

< I = an)pS|l + llanlll(p — an)€]]

and ||(p — an)p€| + |lanl|||(p — @)l = 0 as n — oo. Thus p? — a? strongly. But
a? = a,_, for every n > 0. Thus p = p?, so p is a projection.

Let us now check that p is the support projection of a. Define functions
fn € Co(sp(a)) by fu(t) = t'71/2" n € N. The sequence (f,)nen is increasing
and converges pointwise to the identity function on sp(a). Thus by Dini’s Theo-
rem, the sequence also converges uniformly. Applying the functional calculus we
see that

a= lim f,(a) = lim a,a = pa,

which shows that a(H) C p(H). Finally, since p € C*(a) we have p(H) C a(H). 1

5.2.12 Proposition: Let A C B(H) be a C*-algebra. Suppose that K C H is an
A-invariant subspace, that is, AK = {af|a € A,{ € K} C K. Let p € B(H) be
the orthogonal projection onto K. Then p € A’.

Proof. Since K is invariant apé € K for every a € A and every & € H. Thus
papé = apé for every a € A and £ € H. Hence

pa = (a’p)" = (pa’p)" = pap = ap,
so we have p € A'. |

5.2.13 Lemma: Let A C B(H) be a C*-algebra and I C A an ideal. Then the
projection p € B(H) onto the closed subspace I[H is in A’

Proof. Since A(IH) = (AI)H = AH, the subspace IH is invariant. The rest
follows from the previous proposition. |

The following is a reformulation of the Hahn-Banach Separation Theorem which
is required in the proof of Theorem [3.2.4]
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5.2.14 Lemma: LetV be a locally compact topological vector space and let S C 'V
be a closed convex subset. Then if x ¢ S the sets {x} and S are strictly separated,
that 1s, there is a continuous linear functional ¢ € V*, r € R and € > 0 such that

R(p(z)) <r <r+e<R(p(s)) for every s € S,

where R(N) denotes the real part of the complex number A.

5.2.15 At last we are able to prove Theorem [3.2.4; that every ideal I in a
C*-algebra A has an approximate unit that is quasicentral for A.

Proof of Theorem [3.2.4). Let A be a C*-algebra, I C A an ideal and let 7 : A —
B(H) be the universal representation of A. Since (H, ) is faithful, it is enough to
show the theorem holds for m(A) and 7(I).

Let (uy)a be an approximate unit for 7(I) C w(A). Let £ denote the convex hull
of {uy | A € A}, that is,

E={>"" i | > i =1 and z; = u, for some A € A}.

If Z?Zl wix; € &€ then there is some uy such that x; < uy for every 1 < ¢ < n.
Thus Z?:l wi; < Z?:l piun = uy, which shows that £ is upwards directed. For
e € &, let x, := e. Then we also have limg z.a = a = limaz,. Thus (z.)ece is an
approximate unit for I.

We will show that for every Ag € A and finite set of elements a4, ..., a, € 7(A)
thereis e € £, e > u,, with

la;e — ea;]| < 1/n for every 1 <i <mn.

Let ai,...,a, and uy, be given. Let H™ denote the Hilbert space given by the
direct sum of n copies of H and for an element a € 7(A), let ™ € M, (7(A))

denote the element with a copied n times down the diagonal. Notice that (u&")) A
is an approximate unit for M, (7 ([)).

Let Ex>), denote the convex hull of {uy | A > Ao}, and set ¢ := a1 & -+ D ap.
Put

S = {ce™ —eMc|ec Esn}-

We claim that 0 € S. To show this, suppose it is not. Since Ex>), 1s convex, it
is easy to see that & is convex. Then by the Lemma there is a continuous
linear functional ¢ € (B(H))*, r € R and € > 0 such that

0=R(p(0)) <r<r+e<R(P(s))

for every s € S§. Rescaling if necessary, we may assume that 1 < R(¢(s)) for every
s € 8. Thus, by Proposition m, there is &, € H™ such that ¢(a) = (a&,n).
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We have wu) sot, p where p is the projection onto w(I)H. Since p € w(A)/,

dleul” —ue) = ((eul” —ufe)E,n)
= {((ep™ = pMe)e,n)
= 0,

contradicting the fact that R(¢(s)) > 1 for every s € S. Thus 0 € S, which proves
the claim.

It follows that for any n € N\ {0}, any finite subset F = {a4,...,a,} and any
Ao € A there is fr .y, € Ex>», such that

(ar @ -+ @ an) £, = F3, (a1 @ - @ ay)]| < 1/n.

Thus
laifrao — fracaill < max ||a;fra, — fraoaill
1<j<n
= e - ®a)fi, - 0o o)
< 1/n.
It follows that (fz )z, where F runs over all finite subsets of 7(A) and A € A,
is a quasicentral approximate unit. |

5.3. Pure states and irreducible representations. With some von Neu-
mann algebra theory in hand, we now return briefly to representations of
C*-algebras. Recall for a C*-algebra A and positive linear functional ¢ : A — C,
we have the associated GNS representation of Definition When one looks
at representations associated to pure states, defined below, we see that the associ-
ated representations have no nontrivial closed vector subspaces, that is, they are

irreducible (Definition [5.3.5]).

5.3.1 Definition: A state ¢ : A — C on a C*-algebra is called a pure state if,
for any positive linear function ¢ : A — C with ¥ < ¢ (which is to say that the
functional ¢ — v is positive), there exists ¢ € [0, 1] such that ¢ = t¢.

5.3.2 Let X be a convex compact set in a vector space V. A point x € X is
called an extreme point if, whenever x = ty 4+ (1 — t)z for some t € (0,1), we
have x = y = 2. A subset F' C X is called a face of X if, whenever x € F and
x =ty + (1 —1t)z for some t € (0,1), we have y, z € F. If x is an extreme point of
F' then z is also an extreme point of X.

Let A be a C*-algebra and let S denote the set of norm-decreasing positive linear
functionals. Then S is a weak-* closed subset of the unit ball of A*. Thus by the
Banach—Alaoglu Theorem, S is weak-* compact. It is easy to see that S is a convex
set. We will see that the pure states are extreme points in S.

The space S is often called the quasi-state space of A.
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5.3.3 Proposition: Let A be a C*-algebra and let S denote the weak-* compact
convex set of norm-decreasing linear functionals on A. Then the extreme points of
S are the zero functional and the pure states of A.

Proof. Suppose that ¢,1 € S and there is ¢ € (0, 1) such that 0 = t¢ + (1 — t)e.
Then 0 < (1 —t)y(a*a) = —tgp(a*a) < 0 for every a € A. So ¥(a*a) = ¢(a*a) =0
for every a € A, from which it follows that ¢ and 1 are both the zero functional.
Thus the zero functional is an extreme point.

Now suppose that ¢ is a pure state and ¢ = t1p + (1 — t)p for ¥, p € S and
t € (0,1). Then ti) < ¢ so there is t' € [0, 1] such that i) = t'¢. Since 1 = ||¢]| =
t||o] + (1 — t)||p|| we must have ||| = ||p]] = 1. Thus t = ¢/, so ) = ¢ whence
also p = ¢. So ¢ is an extreme point of S.

Finally, suppose that ¢ is a nonzero extreme point of S. Since ¢/||¢]|,0 € S and
6 = 18](6/I6l) + (1 — 6])0, we must have |6 = 1. Suppose that ¥ € S and
b < 6. Let t = ||yl € [0,1). Then 6 = t(u/]) + (1 — )(6 — )/}¢ — 6] and
since ¢ is an extreme point, we must have ¢ = ¢/||¢||. Thus ¥ = t¢, so ¢ is a
pure state. |

5.3.4 Let A be a C*-algebra. Recall that S(A) denotes the states on A. It is easy
to see that S(A) is a face in the set S of all norm-decreasing linear functionals
on A. The state space S(A) is nonempty, convex, and, when A is unital, it is
moreover weak-* compact. It follows from the Krein-Milman Theorem (see [71]
or any functional analysis textbook) that for a unital C*-algebra A, the state space
S(A) is the weak-* closed convex hull of its extreme points, which, since S(A) is a
face, are exactly the pure states.

5.3.5 Definition: A representation 7 : A — B(H) is irreducible it K C H is a
closed vector subspace with 7(a)K C K, then K € {0, H}.

In fact what we have defined above should rightfully be called a topologically
irreducible representation. A representation (H,m) of A is algebraically irreducible
if H has no nontrivial m(A)-invariant subspaces, closed or not. It is clear that any
algebraically irreducible representation is topologically irreducible. A deep, and
far from obvious result, says that any topologically irreducible representation is
also algebraically irreducible, and in light of this, we are justified in using simply
the term irreducible. The main ingredient in the proof of the fact that topolog-
ically irreducible implies algebraically irreducible is called Kadison’s Transitivity
Theorem [63], which we will not prove here. The interested reader can find a good
exposition of Kadison’s Transitivity Theorem in [83], Section 5.2].

5.3.6 This theorem is often called Schur’s Lemma.

Theorem:  Let (H,m) be a nonzero representation of a C*-algebra A. Then 7
is irreducible if and only if m(A) = C -idy.
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Proof. Let m be a irreducible representation of A. Since 7 is nonzero, there is
a nonzero positive a € m(A)". Since w(A)" = (w(A)")", 7(A)" is a von Neumann
algebra and therefore the support projection p of a is contained in w(A). But
then 7(a)pé = pr(a) for every £ € H, so p(H) is a nonzero m(A)-invariant vector
subspace. Hence p(H) = H, that is, p = idy. Suppose that sp(a) contains more
than one element. Then we can define a continuous function f € Cy(sp(a)) such
that f|g = 0 for some proper subset E C sp(a). But then the support projection
of the positive nonzero element f(a) is strictly smaller than p = id, which is
impossible since a was arbitrary. So the spectrum of every nonzero positive element
consists of a single nonzero positive number, meaning that every positive element
in w(A)" is invertible. Thus by Theorem [1.2.9] 7(A) = C - idy.

Conversely, suppose that 7(A)" = C -idy and that K C H is a nonzero closed
m(A)-invariant vector subspace. Let p be the orthogonal projection onto K. Then
the p € m(A) = C - idy, so we must have p = idy and K = H. |

5.3.7 Given a positive linear function ¢ on a C*-algebra A, let (Hy, m,) denote the
associated GNS representation of A (Definition 4.2.3)). We will denote by &, the
cyclic vector given by Theorem 4.3.1]

Proposition: Let A be a C*-algebra and ¢ : A — C a state. Suppose that
¢ A — C is a positive linear functional with 1 < ¢. Then there exists x € ms(A)
such that 0 < x <1 and

U(a) = (mo(a)zs, &s),
for every a € A.

Proof. As in{4.2.1] let Ny := {a € A | ¢(a*a)}. Since ¢(a*a) < ¢(a*a) for every
a € A, we can define a sesquilinear form (-,-) : A/N, x A/N, — C by

(a4 Ng,b+ Ny) = (b*a).

Using the Cauchy—Schwarz inequality of Proposition [4.1.6] we have
(a+Ng,b+ No)[* = (b a)|* < o (b"D)o(a"a)
< $(b"b)g(a"a) = b+ Ny|[*lla + Ny||*

for every a,b € A. Thus [|(+,-)|| < 1 on A/N4 and so we can extend it to a sesquilin-
ear form (-,-) : Hy; — C which also has norm at most one. By Lemma , there
exists a unique = € B(Hy) such that

(&) = (@&m), & n € Hy.
Thus

(b a) = (a + Ny, b+ Ny) = (z(mg(a)€s), mo(0)€s),

so in particular (x(7my(a)és), me(a)és) > 0 for every a € A, showing that z is
positive. The norm bound on (-, -) then gives us 0 < z < 1.
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Now let us show that x € m,(A)". For a,b,c € A we have
(mp(a)x(b+ Ny),c+ Ny) = (x(b+ Ny),a"c+ Ny) = p(c*ab)
= (z(ab+ Ny),c+ Ny) = (xm(a)(b+ Ny), c+ Ny),
so zm(a) = w(a)x for every a € A, as required.
For any a,b € A we have
(b a) = (z(ms(a)és), ™o (b)Ss) = (wme(b"a)Ss, &5),

so for (ux)a an approximate unit for A, we have ¥ (uya) = (rmy(ura)éy, §) from
which we obtain

b(a) = (ms(a)x8s, o),
for every a € A.

It remains to show that = is unique. Suppose y € m,(A)" and ¥(a) =
(mg(a)yés, Ep). Then, for every a,b € A,

(Y(b+ Ny),a+ Ng) = (ymy(b*a)y, &) = (m4(b"a)yéy, &y) = (b a),
and

P(ba) = (my(b"a)xly, &) = (amy(b"a)8s, &) = (2(b+ Ny),a + Ny),
so x =y since A/Ny is dense in H,. |
5.3.8 Theorem: Let ¢ be a state on a C*-algebra A. Then ¢ is pure if and only
if the GNS representation (Hy, ms) is irreducible.

Proof. Suppose that ¢ is a pure state on A and let x € ¢(A) be an element
satisfying 0 < x < 1. Define

1/} A — C, a — <7T¢(G).Z‘£¢,f¢>.

Then ¢ is a positive linear functional on A and ¢ < ¢ so there is a ¢t € [0, 1]

satisfying 1) = t¢. Then (ms(a)zs,Ey) = tPp(a) = (tmy(a)és, &y) for every a € A.
It follows that

((a+ Ng),b+ Ny) = (zmy(a)y, mp(b)y) = (xm(b"a)y, &y)
= (tmp(b"a)és,&g) = (ta+ Ny), b+ Ny),

for every a,b in A. Hence x = ¢ - 1. Since x was an arbitrary element of m4(A)’,
we have my(A)' = C-idg. Thus (Hy,my) is irreducible by Theorem [5.3.6]

Conversely, suppose that (Hy,m,) is irreducible. Let 1 be a positive lin-
ear functional with 1» < ¢. By Proposition there exists x € my(A),
0 < z < 1 such that ¢¥(a) = (my(a)zéy, &) for every a € A. Since (Hy, my) is
irreducible, we have that m4(A)’ = C-idy so x = ¢ for some ¢ € [0,1]. Then
P(a) = (try(a)ly, £y) = tP(a) for every a € A. So ¢ is a pure state. I

5.3.9 A proof of the next lemma should be available in any functional analysis
book. One can also be found in the Appendix of [83].
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Lemma: Let X be a nonempty convex set in a vector space V. Suppose that
¢ : X — C is a continuous linear functional. Let M := sup{R(¢(x)) | z € X}.
Then F = {x € X | R(¢(x)) = M} is a compact face in X.

5.3.10 The next theorem tells us that for every nonzero C*-algebra, there is a
plentiful supply of pure states.

Theorem: Let A # 0 be a C*-algebra and a € Ay. Then there exists a pure state
¢ such that ¢p(a) = ||al|.

Proof. Obviously if a = 0 then ¢(a) = 0 = ||a|| for any pure state ¢. So assume
that @ # 0. Let a : A* — C be the function a(y)) = t¥(a). Then a is both
weak-* continuous and linear and thus it follows from Proposition that
|la|| = sup{¢(a) | ¥ € S}. By the previous lemma, F = {¢p € S | ¥(a) = ||a]|} is a
weak-* compact face in .S. By the Krein—-Milman Theorem, F' has an extreme point
¢. Since F is a face of S, ¢ is an extreme point of S as well. Since ¢(a) = ||a|| # 0,
¢ is not the zero functional. Thus ¢ is a pure state. |

5.4. Exercises.
5.4.1 Let (ay)rea be a net in B(H) and let a € B(H). Show that

(i) (ax)a converges to a in the weak operator topology if limy(a)&,n) =
{a€, ) for all €1 € H:

(ii) (ax)a converges to a in the strong operator topology if limy a\§ = a& for
all £ € H.

5.4.2 Let H be a Hilbert space. In B(H), show that convergence in the operator
norm topology implies strong operator convergence which in turn implies weak
operator convergence. Show that the reverse implications do not necessarily hold.

5.4.3 Fill in the details to the proof of Lemma [5.2.4]

5.4.4 Show that the commutant S’ of a subset S C B(H) is closed in the weak
operator topology. Show that if S = S* then S’ is a unital C*-algebra.

5.4.5 Let A be a C*-algebra and let (H, ) be the universal representation of A.

Show that (A)SOT is a von Neumann algebra.

5.4.6 Let A C B(H) be C*-algebra with approximate unit (uy)a. Does (ux)a
converge in the strong operator or weak operator topology?

5.4.7 Show that if a € B(H) is positive then the sequence a'/?(a +n=153m)~"/?
converges strongly to the support projection of a. (Why do we write the support
projection without specifying right or left?)

5.4.8 Show that for any Hilbert space H there is an increasing net of finite rank
projections converging to the identity in the strong operator topology.
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5.4.9 Let (ay)y C B(H) be a net that is wor-convergent. Show that (ay) must
be norm bounded.

5.4.10 Let A C B(H) be a C*-algebra. Suppose that B is a strongly closed
hereditary subalgebra of A. Show that there is a unique projection p € B such
that B = pAp.

5.4.11 Recall that an element in an arbitrary C*-algebra need not admit
a polar decomposition. This is not the case in a von Neumann algebra. Let M be
a von Neumann algebra on a Hilbert space H and a € M and let a = v|a| be the
polar decomposition of a as an element of B(H) as in Proposition [3.3.2]

(i) Show that if u is a unitary in M’ then u commutes with v. (Hint: use
the uniqueness of v.)
(ii) Show that v commutes with every element of M’  hence u € M" = M.

5.4.12 Let A be a C*-algebra and let a € A. By the previous exercise, there exists
u € A” such that @ = ufa| and w*u = 1. Show that if a is invertible then u is a
unitary in A.

5.4.13 Let A be a unital C*-algebra. Recall that T'(A) denotes the set of tracial
states on A (.1.1). Show that T'(A) is a closed, convex subset of S(A). Hence,
by the Krein-Milman Theorem, the tracial state space T'(A) is the closed convex
hull of extreme tracial states.

5.4.14 Let A := C(X) for X a compact metric space. The Riesz Representation
Theorem tells us that if 7 is a state—which is automatically tracial since A is
commutative—there exists a regular Borel probability measure o on X such that

(f) = / fdu, feA

Let u be a Borel probability measure on X, and let 7 be the associated tracial
state given by integration with respect p as above.

(i) Suppose that there exists a subset A C X such that 0 < u(A) < 1. Show
that there exists €,6 > 0 such that puy = (1 + €)p|a + (1 — d)p|[x\a and
pt2 = (1—€)pt| a+(1+6)p| x\ 4 are probability measures and p = 2141 pio.
Deduce that 7 is not an extreme point of T(A).

(ii) Suppose that every set A C X satisfies pu(A) € {0,1}. Show that there
exists © € X such that p(A) =1 if and only if 2 € A. Show that in this
case, 7(f) = f(z)

(iii) Show that 7 € T'(A) is an extreme point if and only if there exists z € X
such that 7(f) = f(z) for every f € A.
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6. Tensor products for C*-algebras

In linear algebra, the tensor product construction allows us to take two vector
spaces and “multiply” them together to get a new vector space with a universal
property regarding bilinear maps. To get from a vector space tensor product to
a C*-algebraic tensor product, we need to be able to define an algebra structure
and complete with respect to a C*-norm. The tensor product of C*-algebras can
be seen as the noncommutative analogue of the Cartesian product of topological
spaces. Exercise[6.5.6)makes this statement more precise. We will see that defining
a *-algebra structure on the vector space tensor product of two C*-algebras is
straightforward, but defining a C*-norm is a tricky matter since in general there
can be more than one. The two most common tensor products one encounters
are the minimal C*-norm and the maximal C*-norm. Both have advantages and
disadvantages. For example, the minimal tensor is “small enough” that the product
of simple C*-algebras will again be simple, while this is no longer true for the
maximal tensor product. On the other hand, the minimal tensor product has no
universal property while the maximal does.

Fortunately, there are many cases when the minimal and maximal tensor prod-
ucts coincide. Nuclearity, a key concept in Part III, can be expressed in a few
equivalent ways, one of which is given in terms of the tensor product: if A is nu-
clear, then for any B, there is only one C*-norm on A ® B. In the final chapters,
when we will be almost exclusively interested in nuclear C*-algebras, we will be
able to take advantage of properties of any of these norms.

In this chapter, we assume that the reader has a basic understanding of tensor
products of vector spaces. A more comprehensive treatment, which includes vector
space tensor products, can be found, for example, in [18, Chapter 3]. The first
section constructs the minimal tensor product by representing an algebraic tensor
product of C*-algebras on the tensor product of two Hilbert spaces. In the second
section, we collect some statements that can be made about C*-norms in general
and in the third section we show that the maximal tensor product satisfies a useful
universal property. In the final section we look at nuclear C* algebras and show
that an extension of nuclear C*-algebra by a nuclear C*-algebra is again nuclear.

6.1. The minimal tensor product. The minimal tensor product, also called
the spatial tensor product, of two C*-algebras is our starting point. It is defined
via a tensor product of Hilbert spaces. The construction of the minimal tensor
product also shows that there is indeed at least one tensor product, which will
allow us to make sense of the definition of the maximal tensor product.

6.1.1 We begin with the tensor product of two Hilbert spaces. Let H and K be
Hilbert spaces and form the vector space tensor product H ® K.
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Proposition: Let H and K be Hilbert spaces. Then there is a unique inner
product on H ® K such that

<€ &N, 5/ ® 77/> = <€7 §,>H<n7 77/>K
for every £, € H and n,n' € K.

Proof. Let ¢ : H — C and ¢ : K — C be conjugate-linear functionals, and let o
and 9 denote the complex conjugate of each map. Then

oY HxK—C,  (§n)— o(&)vn),

extends from simple tensors to a bilinear map. Thus, we get a well-defined linear
map -

pRv:HOK —C,
whence a conjugate-linear map

pRv:HOK—C.

Now, for any £ € H, define a conjugate-linear functional

¢e(&) = (£, ), for & € H,
and, similarly, for n € K, define

Uy(n') = (.0 )k, forn € K.
From this, for every £ € H and every n € K, we obtain a conjugate-linear map
Onay (E®E) : HOK — C. The map from H x K into the space of conjugate-linear
functionals on H ® K, call it V, given by mapping n x { — ¢, ® 1)¢ is bilinear,
giving a linear map ®: H © K — V. Set

(€, ¢)=2(0)(), ¢CeHOK.

Observe that this is a sesquilinear form. On simple tensors, we have

MR&EN @E) = dpan (@) =6, ) unn)k

Uniqueness follows immediately. The fact that the form is hermitian follows from
uniqueness together with the fact that (-,-)y and (-, -)x are inner products. Thus
it remains to prove that the form is positive definite.

Let v € H® K. Then we can write ( =Y &, @ n; for some & € H, n; € K,
1 <v<mn. Let(,...,(, be an orthonormal basis in K for the span of the n;,
1 <4 <n. Then we can rewrite v in terms of this basis, say v = > .-, & ® (;, for
some & € H, 1 <i < m. Now we compute

) = D> (E@6.80G) =Y (& &Gk
i,j=1 i,j=1

= Z 51:5 Héz] ZH€H>0

3,j=1
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which shows positivity. Moreover, if (v,v) = 0 then we must have that each
1€l = 0, which means & = 0 and hence v = 0. So (-,-) is positive definite, and
we have now shown it is an inner product. |

6.1.2 The inner product above makes H ® K into a pre-Hilbert space, and so we
complete it to a Hilbert space, denoted H®K. Observe that the norm on HQK
satisfies

lz @yl = llzllllyll,  forze H,ye K.

6.1.3 Lemma: Let H and K be Hilbert spaces. Suppose we have two operators
a € B(H) andb € B(K). Then there exists a unique operator in B(H®K), denoted
a®b such that

(a®b) (£ ®@n) = a(§) @ b(n), foré€ H andn € K.

Furthemore, the norm of a®b is given by ||a®b|| = ||a||||b].

Proof. Let a ® b denote the tensor product of the two operators defined on the
algebraic tensor product H ©® K. We need to check that a ® b is bounded so that
it can be extended to H®K. Without loss of generality, since B(H) and B(K)
are unital, we may assume that a and b are unitary operators (Proposition .
Suppose ( = Y & ®mn; € H® K. As in the previous proof, we may assume that
the n; are orthogonal. Then, since a and b are unitary,

2

=" lla(é) © bl

n

" a(g) @ biny)

=1

= Z la(&)I* o) 1* = NI¢I?,

I(a® b)) =

so we see that ||a ®b|| = 1. In particular, it is bounded and so we can extend it to
an operator a®b on HRK .

Using the density of H® K in H®K, it is clear that the map B(H) — B(H®K)
which sends a — a®idg is an injective *-homomorphism, hence is necessarily
isometric, as is the analogously defined map B(K) — B(H®K). Thus

la®bll = [[(a®idg)(idz @b)||
< la®idg ||| idy &b
= lallol-

Now, assume that a,b # 0. Then, for sufficiently small ¢ > 0, we can find unit
vectors £ € H and n € K such that

la(€)l > llall —e >0, and [[b(n)|| > [[b]] — € > 0.
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Then

l(a®b)(€@y)ll = lla(&)[Ib(n)]]
> (llall = e)(l[o]] —€).
Since € was chosen arbitrarily, we have that ||ab|| > ||a||||b||. Combining this with
the previous estimate, we see that ||a®b| = ||a]|||b|. |
6.1.4 Tt is straightforward to check that given operators a,a’ € B(H) and
bt € B(K), the operations (a®b)(a'®b) = aa’@bb' and (a®b)* = a* ® b* make
sense. In fact, using facts about vector space tensor products, it is straightforward
to show that if A and B are *-algebras and a,a’ € A and b,b' € B then
(a®b)(d @V) =ad @ by
defines a unique multiplication on the (vector space) tensor product A ® B and
(a®b)" =a" @b

defines a unique involution. When A ® B is equipped with these operations, we

will call it the *-algebra tensor product of A and B.

It is also an easy exercise to show that if A, B,C and D are *-algebras, and
p:A— Candvy: B — C are *~homomorphisms with commuting images, then
there exists a unique *-homomorphism 7 : A ® B — C defined by

m(a ®b) = ¢(a)P(b).

In particular, if ¢ : A — C' and ¥ : B — D are *~homomorphisms, then the tensor
product p @1 : A® B — C ® D is also a *~homomorphism.

6.1.5 Proposition: Let A and B be C*-algebras with *- representations (H, )
and (K, 1) respectively. Then there exists a unique *-homomorphism

7:A®B — BHRK), n(a®b)=p(a)2w((b), foraec Abe B.
If both @ and v are injective, then so is .
Proof. Let ¢ : A — B(H®K) be the *homomorphism defined by ¢'(a) =
¢(a)®idg and define
V' B — B(H®K)
by ¢'(b) = idyg ®(b). Then ¢’ and 9’ have commuting images in B(H®K) and
induce a unique map
T A@B—>B(H®K>

satisfying 7(a ® b) = ¢'(a)y'(b) = p(a)@(b).

Suppose that ¢ and 1 are injective and suppose ¢ € ker(r). Let c = > " a; ®@b;
where the b; are linearly independent. Then since ¢ is injective, the ¥(b;), 1 <

i < m, are also linearly independent. We have 0 = 7(c) = >, ¢(a;) ® ¥(b;), so
v(a;) = 0 for every 1 < i < m. Thus, by injectivity of ¢, we also have c =10. |
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6.1.6 Let A be a C*-algebra with universal representation (H,74) and let B be a
C*-algebra with universal representation (K, 7). Then, by the above, there is a
a unique injective *-homomorphism

T:A®B — B(HRK)
such that
m(a®b) = ma(a) ® mp(b).
Thus we may define a C*-norm (Definition on A® B by
[ellmin = [l7 (),  ce A®B.
Note that ||a ® b||mm = ||al|||b|| for every a € A and b € B.

Definition: The minimal, or spatial tensor product of A and B is given by

A@un B=A0B ™"

Since the norm || - || satisfies the C*-equality on the dense *-subalgebra A® B, by
continuity the C*-equality holds for every a € A ®,,;» B. In particular, A @,in B
is indeed a C*-algebra.

6.2. General C*-norms on tensor products. In general, there may be
more than one norm on A ® B which is a C*-norm, allowing us to complete A® B
into more than one C*-algebra. (Why doesn’t this contradict Exercise [2.5.17])
These C*-tensor norms work well with respect to *-homomorphisms, as we will
see. For v : A® B — R, a norm satisfying the C*-equality, we denote the
completion of A ® B with respect to v as A®, B.

6.2.1 Lemma: Let A and B be C*-algebras and suppose that v: A©® B — R, is
a C*-norm on A® B. Fixa' € A and V' € B. Then the maps

p: A= A®,B, a—a®l, ¢Yv:B—-A®,B, b—d®,
are both continuous.

Proof. We prove the result only for ¢, as the corresponding result for v is com-
pletely analogous. Since ¢ is a linear map and A and A®,, B are C*-algebras, thus
in particular Banach spaces, we may employ the Closed Graph Theorem: if (a,)nen
is a sequence in A converging to zero and (y(a,))nen converges to ¢ € A ®, B,
then ¢ is continuous if and only if ¢ = 0.

Without loss of generality, we may assume that o' € B is positive and also that
each a,, n € N is positive, so ¢ = ¢(lim,,_, a,) > 0. Suppose ¢ # 0. Then, by
Proposition [£.1.10} there is a positive linear functional 7 : A ®, B — C such that
7(c) = ||¢|| > 0. Define

p: A=C, a—T1(a®l).
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Then p is a positive linear functional on A, and hence is continuous. Thus we have
pla,) — 0 as n — oo, and so 7(c¢) = 0, which is a contradiction. Thus ¢ = 0,
showing ¢ is continuous. |

6.2.2 Proposition:  Suppose that A and B are nonzero C*-algebras and that
m: A®, B — B(H) is a nondegenerate representation of A ®., B, where 7 is
a C*-norm. Then there are unique nondegenerate *-representations (H,m4) and
(H,mg) of A and B respectively, satisfying

m(a@b) = mala)mp(b),
for everya € A and b € b.

Proof. We will prove the theorem for A and B unital. The general case is Ex-
ercise Let K := (A ® B)H and note that K is dense in H since the
representation is nondegenerate. Let n € K. Then, since K is defined as the
image of the algebraic tensor product of A and B, there exists n € N, a; € A,
b€ Band & € H, 1 <1 <n, such that

=1

Suppose that we can also find m € N, a; € A b, € Band & € H, 1 < i <m such
that

n=>Y m(a;®b)E,
i=1
and consider

n

m(a®1p)(n Zwaaﬂ}@b :zm: m(aa; ® b;)E
=1 7j=1

For every a € A, the map
T K =+ K, n+— Zﬂ'(aai ® b;)&,

where 7 is written in the form above, is a well-defined linear map. Also, by
Lemma [6.2.1] ||7(a ® b)|| < M||b|| for some positive constant M (which depends
on a). It follows that |ma(n)|| < M||n|| and so we can extend 7, uniquely to all of
H. By abuse of notation, let us also denote the extension by 7.

In a similar manner, for b € B we define a bounded linear operator m, : H — H,
which, for n =3"", 7T(CL1 ® b;)& € K is exactly

=1
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It is easy to check that the maps
ma:A— B(H), aw— 7,

and
mp: B — B(H), b~ m,
are *~homomorphisms which satisfy 7m(a ® b) = ma(a)mg(b) = 7(b)wa(a).
It remains to check uniqueness and nondegeneracy.

We will show that if 7y : A — B(H) and 73 : B — B(H) are *~homomorphisms
satisfying m(a ® b) = 7'y(a)n5(b) = 7x(b)7'y(a) for every a € A and b € B, then
7'y and 7z must be nondegenerate. This will clearly imply the nondegeneracy of
w4 and mp. Let n € H be a vector satisfying 7/4(n) = 0. Then w(a ® 15)(n) =0
for every a € A. But this implies that 7(a ® b)n = 7((a ® 15)(14 ® b))n = 0, for
every a € A and b € B. Then 7(c)(n) = 0 for every ¢ € A® B. The *-algebraic
tensor product A ® B is dense in A ®, B, which implies that m(c)n = 0 for every
c € A®, B. Since 7 is assumed to be nondegenerate, we have n = 0. Thus 7/, is
nondegenerate. Similarly, 7 is nondegenerate.

Finally, suppose that 7’y : A — B(H) and 7y : B — B(H) are *-homomorphisms
satisfying 7(a ® b) = 7'y (a)nz(b) = 7z(b)ma(a’) for every a € A and b € B. Then
my(a) = m(a® 1p) = wa(a) for every a € A, and similarly 75 (b) = m(b) for every
be B. |
6.2.3 Recall that a seminorm on a space is defined just as a norm, except it need
only be positive, rather than positive definite.

Definition: A C*-seminorm on a *-algebra A is a seminorm v : A — R,
such that, for all a and b in A, we have y(ab) < v(a)vy(b), v(a*) = ~(a) and
v(a*a) = v(a)*.
6.2.4 Proposition: Let A and B be C*-algebras and v a C*-seminorm on A® B.
Then

Y(a®@b) < [lal|jo]],
for everya € A and b € B.

Proof. Observe that if «y is a seminorm, then max{~, ||+ ||min } defines a norm. Thus,
without loss of generality, we may assume that 7 is in fact a norm. Let (H, )
be the universal representation of A ®, B. Since 7 is nondegenerate, it induces
*~homomorphisms 74 : A — B(H) and 75 : B — B(H) satisfying m(a ® b) =
ma(a)mp(b). Since 7 is also faithful, we have v(a®b) = ||[r(a®b)|| for every a € A
and b € B. Thus

Y(a®b) = [lr(a®b)| = |rala)||l&®)] < lal|b],
for every a € A and b € B. |
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6.2.5 The reader will note that we have not justified the term minimal for the
norm defined in the previous section. We do, however, have the following theorem,
due to Takesaki [116].

Theorem: Let A and B be nonzero C*-algebras and v a C*-norm on A ® B.
Then, for every c € A® B we have

HCHmin < (c).

We will not prove this theorem, as it would require quite a bit more set-up.
Readers can convince themselves of this fact via the mathematically dodgy “proof
by nomenclature”. Alternatively, for those interested, [83] §6.4] has an accessible
proof using material we have already covered here. We do, however, have the
following consequence of the theorem.

6.2.6 Proposition: Let A and B be C*-algebras and v any C*-norm for A® B.
Then

Y(a®b) = |lall|[o]]
for anya € A and any b € B.
Proof. Let a € A and b € B. Then, by we have

lalll[oll = lla @ bllmin < (@ ©b).
By Proposition [6.2.4] v(a ® b) < ||al|||b]|. Thus in fact y(a ® b) = ||a||||]]. |

6.2.7 Another consequence of the minimality of the minimal tensor product norm
is that the minimal tensor product of two simple C*-algebras (as defined in 2.1.6))
is again simple. For the sake of brevity, we do not include a proof since we haven’t
developed all the prerequisites. The proof can be found as the corollary to Theorem
2 in Takesaki’s original paper [116], or in Pedersen’s book [89].

Theorem: Let A and B be simple C*-algebras. Then A Quin B is simple.

6.2.8 We defined the minimal norm with respect to universal representations, but
the next lemma says that we get the minimal norm as long as the representations
are faithful.

Lemma: Let A and B be C*-algebras. Suppose that (H,pa) and (K, pp) are
faithful representations of A and B respectively. Then ||pa@pp(c)|| = ||¢/|min-

Proof. For ¢ € A® B, define v(c) = ||pa®pp(c)||. Since ps and pp are both
injective, so is pa ®@pp. Thus this defines a C*-norm on A® B. Then, for a € A and
b € B, we have ||a||||b]] = v(a®b) as well as y(a®b) > ||a®b||min = ||a]|||b]|. Thus,
¥(a®b) = ||a @ b||min and so, for every ¢ € A ® B, we have ||pa@p5(c)|| = ||¢/lmin,
as required. |



6. TENSOR PRODUCTS FOR C*-ALGEBRAS 82

6.2.9 Theorem: Letp: A — C and : B — D be *~-homomorphisms. Then
there 1s a unique *-homomorphism
90®¢ : A®minB_>C®minD7

satisfying
(p®¥)(a®Db) =p(a) ®Y(b),
for every a € A and b € B. Moreover, if ¢ and 1 are both injective, so is p Q).

Proof. There exists a unique *~homomorphism p: A®@B —- C® D C C Quin D
such that p(a ® b) = p(a) ® P(b), for every a € A and b € B. Then
(@ @ b)|min = [l¢(a) @ ¥(b)]|min
le(a)l[ll4(B)]]
< lallol|
= [|a ® b|min-
Thus p is bounded with respect to the minimal norm on A ® B and so extends

to a *~homomorphism, which we denote ¢ ® ¥ : A Quin B = C Qumin D, satisfying
(pR@1Y)(a®b) = p(a)®Y(b) for every a € A and b € B.

Suppose now that both ¢ and ¢ are injective. Let (H¢, o) and (Hp, mp) denote
the universal representations of C' and D, respectively. Then (Hg,me o @) is a
faithful representation of A and (Hp,7p o)) is a faithful representation of B. By
the previous lemma,

lellmin = [l (¢ © @)@ (mp 0 ¥) ()| = [re@mp(p ® ¥) ()] = [l ® ()] |min-
So ¢ ® 1 is isometric on A ® B, hence on A ®,, B, and thus is injective. |

6.3. The maximal tensor product. We’ve shown the existence of at least
one C*-tensor product on A ® B, namely the minimal tensor product. It follows
from Proposition that every C*-norm is bounded. Thus, we are also able to
define the maximal tensor product.

6.3.1 Definition: Let A and B be C*-algebras and let T denote the set of all
C*-norms on A ® B. For ( € A® B, define

”CHmax = Sup V(C)
yET

The mazximal tensor product of A and B is defined to be

A®pax B =A0 B

Of course, in the preceding definition, one must verify that || - ||max does indeed
define a C*-norm on A® B, but this is easy (exercise). As a result of the definition,
it is clear that the maximal tensor norm bounds all other C*-norms on A ® B,
thus justifying the name mazimal.
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The maximal tensor product has a particularly useful universal property.

6.3.2 Theorem: [Universal property of the maximal tensor product] Sup-
pose that A, B and C are C*-algebras. If ¢ : A — C and v : B — C are
*-homomorphisms whose images commute in C', then there exists a unique *-
homomorphism

T:AQRmax B— C

which, on simple tensors, satisfies

m(a®b) = ¢(a)(b), a€ Abe B.

Proof. Let p®1 : A® B — B ® C be the unique *-algebra homomorphism which
was defined in [6.1.4 Define v : A® B — Ry by ¢ — [ @ ¢(c)||. This is a
C*-seminorm on A ® B, and so max{7, || - ||min} defines a norm on A ® B which is
necessarily bounded by the maximal norm. Then

lp @ (a@b)|| < max{y(a@Db),|la® bllnn} < max|la@ b,

which shows that ¢ ® v is bounded on A ® B. Let 7 be its extension to all of
A®max B. Tt is straightforward to check that 7 satisfies the requirement. Moreover,
since 7 is defined explicitly on the simple tensors, it is clear that m must be the
unique such *~homomorphism. |

6.4. Nuclear C*-algebras. The focus of Part III is nuclear C*-algebras. Nu-
clear C*-algebras enjoy many good structural properties. Here we introduce them
via their original tensor product definition and show that an extension of a nuclear
C*-algebra by a nuclear C*-algebra is again nuclear. In the next chapter we will see
that the equivalent definition via the completely positive approximation property
is very useful.

6.4.1 Definition: A C*-algebra is nuclear if for every C*-algebra B there is
only one C*-norm on A ® B. Equivalently, A is nuclear if for every C*-algebra B
the minimal and maximal tensor products coincide.

6.4.2 Theorem: Let A, B and C be C*-algebras and suppose w : A— B is
a surjective *-homomorphism. Let J := ker(w) and let j : J — A denote the
inclusion map. Suppose B or C' is nuclear. Then,

Oﬁj@minO&A(gmincﬂB@minoéo

18 a short exact sequence.

Proof. Since j is injective, Theorem tells us that for any z € J ® C we have
12| min = ||(j ® id)(2)||min. We also have (7 ® id)(A ®, C) = 7(A) ®, C for any
C*-norm v € T, so since 7 is surjective, so is m ® id. Since the image of j is the
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kernel of 7, j(J) is an ideal in A. Thus [ := (j®id)(J®C) is an ideal of A®, C.
Let

D :=(A®un C)/I,
and let ¢ : A @min C — D be the quotient map. Since (7 ®id)(/) = 0, there exists
a unique *-homomorphism 7 : D — B ®u,;, C satisfying m o ¢ = 7 ® id . We claim
that 7 is a *-isomorphism. It is clear by the definition of 7 that it is surjective, so
we need only show injectivity. Consider the map

BxC— D, (bc)=(m(a),c)—>a®c+I.
It is easy to see that it is bilinear and hence there is a unique linear map
p:BoC = D,

satisfying p(b ® ¢) = a ® ¢ + I. One checks that p is both *-preserving and
multiplicative. Moreover,

1:BOC =Ry, w e max{]|p()]]; [[#]|min},

defines a C*-norm. By assumption, either B or C'is nuclear so B ® C' has a unique
C*-norm. Thus v(x) = ||| for every 2 € B C. In particular, |[p(z)] < ||2||min
for every x € B ® C, so p extends to a *~homomorphism

p:B®u,C — D.
For every a € A and ¢ € C we have
poi(a®@c+1)=pr(a)Rc)=a®@c+1,
whence p o7 =idp. Thus 7 is injective, proving the claim.

Now, since 7 is a *-isomorphism we have ker(¢) = ker(7 ® id) = I = im(j ® id).
Thus the sequence is short exact. |

6.4.3 Theorem: Suppose that B and J are nuclear C*-algebras and
0—=J—1sA-—"oB— 0

is a short exact sequence. Then A is nuclear.

Proof. Let C be an arbitrary C*-algebra. Since B is nuclear, it follows from the
previous theorem that
j®id i
O_>J®min0&>A®minCﬂ)B®minc_>o
is a short exact sequence. Observe that the identity map A ©® C — A Quin C
extends to a map ¢ : A Qpax C — A Quin C since ||id(a)||min < ||@||max- Thus to

show that A is nuclear we need to show that ¢ is injective, since in that case we
have an isomorphism A Qpin C = A Q@pax C.

There is a unique *-homomorphism 5 :J ©C — A Qpmax C that satisfies
jla®e)=jla)®c
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for every a € J and ¢ € C'. As in the proof of the previous lemma,
v:J O C = Ry o = max{||5(z)llmax, [|#]|min}

defines a C*-norm on J ® C, which, since J is nuclear, coincides with the minimal
norm. Thus ||7(2)|| < ||#|lmin, which implies 7 extends to a *~homomorphism

70 J @min C = A @max C,
satisfying
poj=j®id.
There is also a unique *-homomorphism 7 : A ® C — B ®u;, C satisfying
Ha®o) = (r@id) o p)(a® )
for every a € A and ¢ € C. Define
Y:AOC =Ry, x+— max{||7(z)||min; |7 max }-

Then ' is a C*-norm on A ® C. Since v/ (x) < ||2||max for every x € A ® C, we
must have || 7(2)||min < ||Z||max. Thus we can extend 7 by continuity to get a map

Tt AQmax C = B Qmin C.

Let [ := 1m(§) C A ®max C and let ¢ : A Qpax C — (A Qmax C)/I denote the
corresponding quotient map. Put D := (A ®upax C)/1.

As in the previous proof, since B is nuclear, there is a *-homomorphism
p: B ®min C — D

that satisfies p(m(a) ® z) = a® x + I for every a € A and ¢ € C. In particular, we
have the commutative diagram

J®m1nCﬂA®mmCﬂ'B®mmC

R

A ®max C

Suppose that z € ker(p). Then 0 = (7®id)op(x) = 7(x), so 0 = pow(z) = q(x),
which means that € I. Let y € J ®u, C satisfy 2 = j(y). Then we have
0=yoj(y) = (j®id)(y). Since j ®1id is injective, y = 0. Thus also z = 0,
showing that ¢ is injective and hence A @pax C = A Quin C. |



6. TENSOR PRODUCTS FOR C*-ALGEBRAS 86

6.5. Exercises.

6.5.1 Prove Theorem for A and B not necessarily unital. Hint: Use approxi-
mate units and Proposition [6.2.1, To show uniqueness, use the fact that any other
maps 7'y, T satisfying the required properties are necessarily nondegenerate and
so if (uy)a is an approximate unit, we have 7’y (uy) and 7 (u,) converging strongly
to id H-

6.5.2 Let Hy, Hy, H3 be Hilbert spaces.
(i) Show that there exists a unique unitary
u: (HiQHy))QHs — HiQ(Hy@Hs)
such that
(1 ®&)®E&G) =@ (L®E), & e H,i=1,2,3.
(ii) Show that for a; € B(H;), i = 1,2,3 we have
u((a1®az)®az)u” = 4@ (ax®as).
(iii) Show that the minimal tensor product is associative up to *-isomorphism.

6.5.3 Show that the tensor product of two nuclear C*-algebras is nuclear.

6.5.4 Let A and B be C*-algebras. Show that there is a unique *-isomorphism
0 A®@mnin B — B ®@mnin A satisfying o(a ® b) = b® a. The map o is called the flip
map.

6.5.5 Let A be a C*-algebra and X a locally compact Hausdorff space. We say
that a continuous function f : X — A vanishes at infinity if 2 — || f(x)||4 vanishes
at infinity in the usual sense. Let Cy(X,A) denote the C*-algebra of continu-
ous functions X — A vanishing at infinity (with supremum norm and pointwise
operations).

(i) If X is compact, show that any f € C(X, A) can be written as the limit
of functions of the form ¥ | fia; where f; € C(X) and a; € A. (Hint:
for n € N use a partition of unity ~1,...,v, € C(X) subordinate to a
finite cover Uy, ..., U,, of X by sets of the form

Up={z € X | ||f(z) —all <1/n}

for some ay, ..., a, € A and consider the function f, :==>" via;.)

(ii) By extending f € Cy(X, A) to a function on the one-point compactifca-
tion f € C(X U{oco}, A) with f(co) = 0, show that f can be written as
the limit of functions of the form Zle fia; where f; € Co(X) and a; € A.
(Hint: Replace each v in the partition of unity of X U {oo} above with

7=y =7(c0))lx.)



6. TENSOR PRODUCTS FOR C*-ALGEBRAS 87

(iii) Show that the map
Co(X) x A— Co(X,A), (f,a)w— fa,
induces an injective *-homomorphism ¢ : Cyp(X) ® A — Cp(X, A).

(iv) Show that Co(X) ® A — Ry, f — |leo(f)| defines a C*-norm on
Co(X) @ A.

(v) Use the fact that Cy(X) is nuclear (due to Takesaki [116]; also see Exer-
cise to show that the *~homomorphism ¢ extends uniquely to an
isometric *-homomorphism ¢ : Cy(X) @min A = Co(X, A).

(vi) Deduce that Cp(X) @min A = Co(X,A). (Of course, since Cp(X) is
nuclear, we need not include the subscript “min” on the tensor product.)

6.5.6 Let X and Y be compact Hausdorff spaces. Show that
C(X)@mun CY)=C(X xY).

As above, we can drop min since C(X) is nuclear. (Hint: Look at the Gelfand
spectrum of C(X) ® C(Y).
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7. Completely positive maps

We have seen that C*-algebras boast a number of good structural properties
that distinguish them from arbitrary Banach algebras. There are various types of
maps one could consider between C*-algebras which aim at preserving particular
C*-algebraic properties. Perhaps the most obvious demand is that we preserve the
algebraic structure and the involution, which in turn guarantees continuity; these
are of course exactly *~-homomorphisms. However, it is often too much to ask for
the existence of a *-homomorphism. For example, we saw that a commutative
C*-algebra A admits many characters, which are just *-homomorphisms A — C.
The existence of characters is of fundamental importance to the Gelfand Theorem.
However, for noncommutative C*-algebras, we may not have any characters at our
disposal. Nevertheless, maps into C play an important role, as we saw in our
study of positive linear functionals and representation theory. In this case, we
have relaxed the condition that multiplication is preserved and are interested only
in the linear structure and the order structure. The maps of interest in this section,
completely positive maps, similarly abandon any attempt to preserve multiplication
and focus on the linear and order structure of a C*-algebra. In fact, completely
positive maps might be thought of as “operator-valued linear functionals”, that is,
we now allow for the range to be C*-algebras more general than C.

Completely positive maps with matrix-valued domains are particularly useful.
In the next chapter, we will introduce the approximately finite C*-algebras, which
are particularly tractable thanks to fact that they come equipped with many
*-homomorphisms to and from matrix algebras. For an arbitrary C*-algebra, such
*-homomorphisms are too much too expect, however, the large class of nuclear
C*-algebras allow for similar approximations by finite-dimensional algebras via
completely positive maps. They also have many application beyond the study of
C*-algebras, for example to nonself-adjoint operator algebras, operator systems,
and quantum information theory.

Completely positive maps were described for concrete C*-algebras in Exer-
cise Of course, now we know that every abstract C*-algebra is *-isomorphic
to a concrete C*-algebra, so the definition makes sense for all C*-algebras. We
begin the chapter by introducing completely positive maps for C*-algebras and
certain subspaces called operator systems and examining some of their proper-
ties. Looking at linear maps, we will show necessary and sufficient conditions for
complete positivity. In the second section, we focus on the completely positive
approximation property, which is a condition equivalent to nuclearity for a given
C*-algebra, but one which is often easier to verify and work with as it can be seen
as establishing the existence of noncommutative partitions of unity.

7.1. Completely positive maps. In this first section, we introduce opera-
tor systems and completely positive maps. We will also characterise completely
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positive maps as cutdowns of *~homomorphism (Stinespring’s Theorem) and see a
number of different ways of verifying that a given map is completely positive.

7.1.1 Definition: Let A be a C*-algebra. An operator system E C A is a closed
self-adjoint linear subspace containing the unit of A. Note in particular that any
unital C*-subalgebra B C A is an operator system.

7.1.2 Definition: Let A and B be C*-algebras. Suppose A is unital and £ C A
is an operator system. A linear map ¢ : £ — B is positive if o(E N Ay) C By.
For any map ¢ : E — B and n € N we can define o™ : M, (E) — M,(B) by
applying ¢ entry-wise. If ™ : M, (E) — M, (B) is positive for every n € N then
we say @ is completely positive (c.p.).

If o is also contractive, then we say ¢ is completely positive contractive (c.p.c.),
and if ¢ is unital, we say it is a unital completely positive map (u.c.p.).

It follows from Exercise that every *-homomorphism ¢ : A — B is
completely positive. It also follows from Exercise that a cutdown of a *-
homomorphism is completely positive, that is, if v € B and ¢ : A — B is a
*-homomorphism, than the map

v'pv: A — B, a— vip(a)v,

is also completely positive. Observe that, unless v is a unitary, v*pv will not be a
*-homomorphism. So completely positive maps are more general. However, they
are intimitately related to *-homomorphisms. In fact, every completely positive
map can be seen as the cutdown of a *~homomorphism, as we see in Stinespring’s
Theorem.

7.1.3 Theorem: [Stinespring] Let A be a unital C*-algebra and ¢ : A — B(H) a
c.p. map. There exist a Hilbert space K, a *-representation m: A — B(K) and an
operator v : H — K such that

o(a) =v'r(a)v, for every a € A.

Proof. This is proved using a variation of the GNS construction (Section [4.2]).
Let A ® H denote the vector space tensor product of A and H. For elements
=3, a®§andy =37 b;@n of A® H, define

n

(z,y) == Z<(p(b;ai>£ja77i>H-

ij=1

It is straightforward to check that this defines a sesquilinear form (5.2.3) on A® H.
Moreover, one can show that (z,x) > 0 for every x € A®H, that is, (-, -) is positive
semidefinite. Let

N={ze€ A0 H | (z,x) =0},
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which is a closed subspace of A ® H. Then (-,-) induces an inner product on
(A® H)/N. Define

K := W“».
If € A® H, let [x] denote the image of z in K under the quotient map. Define
v:H— K, n—[1la®n).
Now fixa€ A. Forx ="  b;®& € A® H, define n(a) : A® H — K by

n

r(a)(z) = (a) (Z by @-) - [Zmb» 2

i=1

Y

and extend to w(a) : K — K. Then 7 : A — B(K) is a *-representation. For every
a € Aand &,n € H we have

(Wn(a)o(€),mur = (m(a)([1a®E]), [1a ®@n))k
= ([a® ], [la®n))k
= (p(a)§,n)u.

Thus v*7(a)v = ¢(a) for every a € A. |

The next proposition is more-or-less contained in the proof of Stinespring’s The-
orem, but it is also useful on its own.

7.1.4 Proposition: Let A be a C*-algebra and ¢ : A — B(H). Then ¢ is
completely positive if and only if for every n > 1, every ay,...,a, € A, and every
517"'7577, EH, we have

> (plasa)g,6) > 0.

ij=1
Proof. As in the proof of Stinespring’s Theorem, for elements z = Z?:l a; Q&
and y = 2?21 b; ®@n; of A® H, define

n

(z,y) == Z<90(b;ai>§jﬂ)i>H-

ij=1

If ¢ is completely positive, then this sesquilinear form is positive, so
ZZj:1<90<a;@i)€ja &) > 0.

In the other direction, we have (z,z) =3 7, (p(aja;)§;,&) > 0, 50 (-, -) defines
a positive semidefinite sesquilinear form. Proceeding as in the proof of Stine-
spring’s Theorem, we can construct the Hilbert space K, a contraction v : H — K
and *-homomorphism 7 : K — K such that v*7(a)v = ¢(a). So ¢ is a cutdown of

a *-homomorphism and therefore completely positive. |
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7.1.5 Proposition: Let A be a C*-algebra and let ¢ : A — B(H) be a linear
map that is *-preserving. Then ¢ is completely positive if and only if for every
a1y Ap, X1, .., Tn € A and & € H we have

n

3 (plap)plaiay) o ()€, €) = 0

ij=1

Proof. It ¢ is completely positive then, applying the previous proposition, we have

Z@(ﬁ)w(@‘%)w(w)&é) = Z@O(a?aj)w(iﬂj)&w(%)*@ > 0.

Suppose that > ' (¢(z})p(afa;)p(x;)€,£) > 0. Then since ¢ is *-preserving
we have 7" (p(afa;)p(z;)E, p(2;)*§) > 0. By breaking up H into a direct
sum of cyclic subspaces (Theorem “ the result follows from the preceeding
proposition. |

7.1.6 We can use Stinespring’s Theorem to show that c.p.c. maps behave well
with respect to C*-tensor products, just as we saw for *-homomorphims in Theo-
rem [0.2.91

Theorem: Letp: A — C and v : B — D be completely positive maps. Then,
for any C*-tensor product, there is a unique completely positive map

PYRY: A B —-C®D,

satisfying
P @Y(a®b) = p(a) ® (D),

for every a € A and b € B. Moreover ||p @ || = ||¢||||¢]|. In particular if ¢ and
Y are c.p.c., so is their tensor product.

Proof. Exercise. |

7.1.7 When considering linear maps from M,, into C*-algebras, there is a simple
criterion to test if a given map is positive. One needs only check what happens
on the matrices e;;, where e;; is the n X n matrix with 1 in the (4, j)™-entry and
0 elsewhere.

Proposition: Let ¢ : M, — A be a linear map into a C*-algebra A. Let e;; € M,
be as above. Then ¢ is completely positive if and only if (p(ei;))ij € M,(A) is
positive.

Proof. We leave it as an exercise to show that if ¢ is completely positive, then
((eij))i; € M, (A) is positive. Suppose that (p(e;;))i; € M, (A) is positive. Then
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((eij))ij; has a positive square root b = (b;;);; € M,(A) and

o(ei;) Z b b

Let H = C" with standard orthonormal basis ;,...,&,. Let 7 : A — B(K) be a
faithful representation on a Hilbert space K. For a € M,,, the map

is a *-homomorphism from M, — B(H®H®K). Define v: K - HOH®K by
UU:Z@@&@[%;‘TL ne K.
ij=1
Then, for any a = (a;;);; € M, we have
(v (a®idy @idg)vn, ') = ((a®idy ®@idk)vn,vn)

= <(a®idH®idK) <Z & ®§z‘®bz‘jn> ) Z & @ &k ®bkm'>

ij=1 k=1
= <Z a(§;) ® & @ by, Z § Q& ® bkﬂ],>
ij=1 k=1
= > {al&), &)(&, &) b, bun') =D _(a(&;), &) (brgn, bty
i,7,k,l 7.k,

= Z<a(€j)7£l>< pleg)n, ') Z% p(ey)n,n)
4l
= (e(aje)n. ) = <90(a)n,77 ).
4l
The fourth step follows from Proposition Thus v* (e ® idy ®idg)v = ¢(a),
which implies ¢ is completely positive, as we saw in Exercise m (c). |

7.1.8 Let ¢ : A — M, be a linear map. For a € A, let ¢(a)(i,7) denote the
(i, j)®-entry of the matrix ¢(a). Define

o: M,(A) —C
by

((aij)ij) : Z w(ai)(i,4),  (ai)ij € Ma(A).
i,0=1
Then ¢ is a linear functional. As a consequence of the previous proposition, we
have the following characterisation of c.p. maps in terms of the associated linear
functional.
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Proposition: Let A be a unital C*-algebra and ¢ : A — M, a linear map. Then
@ 1is completely positive if and only if the linear functional ¢ : M,(A) — C is
positive.

Proof. Suppose that ¢ is completely positive. As before, let H = C" with or-
thonormal basis &, ...,&,. Then, for (a;;);; € M,(A) we have

n

B(ai)ig) = D plai) (i, §) = (9™ ()i, €),

ij=1

where € 1= (&1,...,&)T € C"*. Since ¢ is completely positive, so too is the map
o™ M, (A) — M,2, and hence ¢ is positive.

Now suppose that ¢ is a positive linear functional. Let 7wy : M, (A) — B(H,;)
be the GNS representation associated to ¢ (Definition [4.2.3)). Denote the cyclic
vector of the representation by g (Theorem [4.3.1). Let {e;;}1<i;j<n denote the
standard matrix units generating M, C M, (A). Let &, ..., &, be an orthonormal
basis for C" and define v : C* — H by

0§ = ma(eri)
Then, for a € A and 4,5 € {1,...,n}, we have

a a
* . _ .
<v T - v~§¢,£j> = <7T¢; . €1 V,7T¢(€1,j)u>
a a
a
= <7T¢ €j,1 €1, Ma/vb>
a

= (mp(aeji)p, 1) = p(aej;)

n

= 3 plaes) (k1) = p(a) (i)

k=1

= (p(0)6 )

Thus ¢(a) = v*7my v, hence is completely positive. |
a

7.1.9 Conversely, if ¢ : A® M,, = M,(A) — C is a linear functional, we can define
amap ¢ : A — M, by (p(a))i; = (¥(a ® e;j))ij. We leave it as an exercise to
check that ¢ = 1. Thus the previous proposition gives a one-to-one correspon-
dence between completely positive maps A — M,, and positive linear functionals

M,(A) — C.
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7.1.10 Lemma: Suppose E C A is an operator system in a unital C*-algebra A.
If p: E — C is a positive linear functional, then ||¢| = ¢(1a).

Proof. Let € > 0 and find x € E with ||z|| < 1 and |¢(z)| > ||¢|| — €. Without
loss of generality, we may assume that x is self-adjoint. Then ¢(x) € R. Since x
is self-adjoint, we have that x < ||z|| - 1, so also p(x) < ||x]|"'¢(1). In particular,
this holds when z = 14. Thus ¢(14) = 1. I

7.1.11 Lemma: Let A be a unital C*-algebra and E C A an operator system.
Then, for any n € N\ {0} and any completely positive map ¢ : E — M, there
exists a completely positive map ¢ : A — M, extending .

Proof. Given ¢ : E — M, we define a positive linear functional ¢ : M, (E) — C
as in Proposition [7.1.8, By the previous lemma, we have ¢(15,(4)) = 1. Use the
Hahn-Banach Theorem to extend ¢ to a linear functional ® : M, (A) — C with

|®]| = [|¢]] = ¢(1) = ®(1). By Proposition [4.1.7, ® is positive and so by the
correspondence given in there is a completely positive map ¥ : A — M,, with
VU = @. Then ¢ = W is the required map. |

7.1.12 Arveson’s Extension Theorem ([5, Theorem 1.2.3]) is an important gener-
alisation of the last theorem. It can be thought of as a noncommutative version
of the Hahn—Banach Theorem and is used frequently in the literature. The proof
requires some tools we have not developed here, but since the reader can find a
good exposition of the necessary background in [18], we will skip the details.

Theorem: [Arveson’s Extension Theorem| Let A be a unital C*-algebra and E C
A an operator system. Suppose ¢ : E — B(H) is a c.p.c. map. Then there is a
c.p.c. map @ : A — B(H) extending .

7.2. Completely positive approximation property. The completely pos-
itive approximation property allows us to approximate a C*-algebra by finite-
dimensional C*-algebras via c.p.c maps. Not every C*-algebra has the completely
approximation property. It is a deep result that a C*-algebra has this property if
and only if it is nuclear (Theorem below).

7.2.1 Let A be a C*-algebra. Let F C A be a finite subset and let ¢ > 0. An
(F,€) c.p. approzimation for Ais a triple (F, 1, ¢) consisting of a finite-dimensional
C*-algebra F' and completely positive maps ¢ : A — F and ¢ : F — A satisfying

|p o (a) — a|| < € for every a € F.

Definition: A C*-algebra A has the completely positive approrimation property
(c.p.a.p.) if, for every finite subset F C A and every € > 0, there is an (F,¢)
c.p. approximation for A with v and ¢ both contractive.
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An important theorem, which we will not prove here, is that the c.p.a.p. is
equivalent to nuclearity. The result is due to Choi and Effros [25] as well as
Kirchberg [66].

7.2.2 Theorem: Let A be a C*-algebra. Then A is nuclear if and only if A has
the completely positive approximation property.

Completely positive contractive maps from finite-dimensional C*-algebras have
a useful property, called the lifting property.

7.2.3 Definition: Let A and B be C*-algebras and let J C B be an ideal. Denote
by m : B — J the quotient map. We say that a completely positive contractive
map ¢ : A — B/J has the lifting property if there exists a c.p.c. map ¢y : A — B
such that moyY = ¢ .

7.2.4 Proposition: Let A be a C*-algebra with ideal J C A. Then every
c.p.c. map ¢ : M, — AJJ is liftable. Moreover, if ¢ is unital, the lift can be
chosen to be unital.

Proof. Let e;j, 1,< 4,j < n be matrix units for M,. Since ¢ : M,, — A/J is
c.p.c., we have that a := (p(e;;))i; € My(A/J) is positive by Proposition [7.1.7
Let m, : M,,(A) — M, (A/J) be the quotient map, which is given by the quotient
map 7 : A — A/J applied entry-wise. Since 7 is surjective, there exists some
b= (bij)i; € M,(A) such that m,(b) = a. Since ||a|| = inf,erm, () [|a + x| and J is
closed, we may choose b to have the same norm as a. Replacing b with (b*b)'/? if
necessary, we may assume that b > 0. Define ¢ : M,, — A on matrix units by

Y(eij) = bij.

By construction, this is a contractive lift of ¢ and by Proposition [7.1.7 v is
completely positive. For the second statement, observe that if ¢ is unital then we
can replace ¢ with ¢ + 14 —¥(1ay,). |

7.2.5 In fact, c.p.c. maps with more general domains may also have the lifting prop-
erty. This is a first glimpse of the utility of the c.p.a.p. Since the c.p.a.p. means
there are good approximations through matrices, we can extend this lifting prop-
erty from finite-dimensional domains to the case that the domain is separable and
nuclear. This is known as the Choi-Effros Lifting Theorem [22], which we will
also prove below (Theorem [7.2.7)).

By point-norm topology on a set of maps between C*-algebras A and B (or more
generally, operator systems), we mean the topology of pointwise convergence, that
is, a sequence (¢, : A — B),en converges to ¢ : A — B in the point-norm
topology if and only if ||p,(a) — a|| — 0 as n — oo, for every a € A.

7.2.6 Lemma: Let A and B be separable C*-algebras and J C B an ideal. Then
the set of liftable completely positive contractive maps A — B/J is closed with
respect to the point-norm topology.
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Proof. Let m : A — B/J denote the quotient map. Let ¢ : A — B/J be a
completely positive contractive map. Suppose that (1, : A — B),en is a sequence
of c.p.c. maps such that lim,, .. 7 0 1,(a) = ¢(a) for every a € A. Since A is
separable, there is a sequence (ag)reny C A that is dense in A. Without loss of
generality we may assume that

|70 Yn(ar) — plar)|| < 1/27,
whenever k < n.
We will show by induction that there are c.p.c. maps ¢, : £ — B such that
17 0 pnlar) — elar)|| < 1/2", and [l (ar) — @alar)| < 1/27,
for kK <n.

The above holds for ¢; = 1. Now suppose that, for n > 1, there are c.p.c. maps

©1, -« -, pp satistying mo p, (zx) — p(zx) < 1/2". By Theorem there exists an
approximate unit (uy), of J that is quasicentral for B.

Choose A\g to be large enough so that, for every k < n, we have
1L = ) 2t (@) (1 = urg) V| < 1/27F2,
By taking Ay to be even larger if necessary, we may also arrange
1/2 1/2 n
sy’ o)y’ = enlan)|| < 1/272
(Note that both these estimates are using quasicentrality of w,.)
Let u := u), and set
Oni1(a) == (1 — )Y, 1(a)(1 — w)/? + u e, (a)ul?, a e Al
We have 7(¢n41)(a) = ¥pi1(a). Also,
[nt1(ar) = pnlar)|l
= [[(1 = )" (@) (1 — )2 + w2 (ar)u' " — pn(ar) |
< 1 =) P (an) (1 —a) 2]+ [l o (a)u = gn(an)|
< 1/2"

S0 (p,, is the desired sequence. Since the sequence (ay)en is dense in A, the sequence
of c.p.c. maps (¢, )nen converges to a c.p.c map ¢ : A — B, which is easily seen
to be a lift of ¢. |

7.2.7 Theorem: [Choi-Effros Lifting Theorem| Let A and B be C*-algebras
with A separable and nuclear, and let J C B be an ideal. Then every c.p.c. map
p:A— B/J is liftable.

Proof. Let (a;);en be a dense sequence in A. Since A is nuclear, for every integer
k > 0 there are c.p.c. maps ¢, : A = M, and ¢, : M,,, — A such that

ok o Yr(as) — as| < 1/k,
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for every ¢ < k. For each k, po ¢ : M,, — B/J is a c.p.c. map, and so, by
Lemma [7.2.4] it is liftable to a c.p.c. map v, : My, — B. Then v 09, : A = Bis
a c.p.c. lift of p o 01 converging pointwise to some map p: A — B as k — oo.
It follows from the previous lemma that p is a c.p.c. lift of p. |

7.2.8 The next corollary is an easy exercise to prove.

Corollary: Let A and B be C*-algebras with B separable and nuclear. Suppose
w: A — B is a surjective *-homomorphism. Then there is a completely positive
contractive lift o : B — A, that is, 0 is a c.p.c. map satisfying o o w = idp.

7.3. Exercises.
7.3.1 Show that the map

a b a c
QO.M2—>M2, (C d)|—><b d)

is positive but is not completely positive.

7.3.2 Let A be a C*-algebra and ¢ : M,, — A a linear map. For 1 <1,j < n, let
e;; € M, denote the n x n matrix with 1 in the (4, j)™-entry and 0 in every other
entry. Show that if ¢ is completely positive, then

plenn) plewr) -+ wlen)
(pleg)y = | 7 ) e
plent) wlen2) -+ @(enn)

is a postive element in M, (A).
7.3.3 Show that any state on a C*-algebra A is completely positive.
7.3.4 Show that the composition of two c.p.(c.) maps is again c.p.(c.)

7.3.5 Let A and B be C*-algebras and ¢ : A — B a completely positive contractive
map. Use Stinespring’s Theorem to show that, for any a,b € A, the following
inequality holds:

lo(ab) — p(a)e(B)l| < llp(aa”) = p(a)p(a®)]?b].

7.3.6 Let A, B and ¢ be as above and suppose that C' C A is a C*-subalgebra
such that ¢|c is multiplicative. Let ¢ € C' and a € A. Show that ¢(ca) = p(c)¢(a)
and ¢(ac) = p(a)p(c).

7.3.7 Let A be a separable unital C*-algebra and suppose that for every finite
subset {ay,...,a,} C Aand every € > 0 there exist a projection p € A, n € N\ {0},
and a finite-dimensional C*-subalgebra B = M,, with 13 = p and by,...b, € B
such that ||pa;p — b;|| <efori=1,... n.
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(i) Show that for every finite subset F C A and every € > 0 there exists a
natural number n € N\ {0} and a u.c.p. map ¢ : pAp — M, such that

[p(pap)|| > l|pap|| — e.
(ii) Show that for every finite subset F C A and every € > 0 there exists

n € N\ {0} and a c.p.c. map ¢ : A — M,, such that ||¢)(a)| > ||la|| — €.

7.3.8 Let ¢ : A — C and ¢ : B — D be completely positive contractive maps.
Show that for any C*-tensor product there is a unique completely positive con-
tractive map

p@Y: A®B - C®D,
satisfying
¢ QY(a®@b) = ¢(a) @h(b),
for every a € A and b € B. Show that ||¢ @ || = ||¢]/||¥]|-

7.3.9 Let A := C(X) for some compact metric space X and let B be another
C*-algebra.

(i) Let xo,z1...,x, € X be a finite subset of points and suppose there are
projections pg, p1, . .., p, € B satisfying >  p; = 1. Show that the map

p:A—= B, [~ Zf(xi)pi,
i=0
is a completely positive map.
(ii) Suppose that ¢ : A — B is a positive, unital and linear map. Show that
¢ is the point-norm limit of maps of the form given in (i). Show that ¢
is moreover completely positive.

7.3.10 Let X be a compact Hausdorff space. Suppose that U = {U;}%_, is a finite
open cover of X and let g,...,g4: X — [0, 1] be a partition of unity subordinate
to U and let z; € U; satisfy g;(x;) = 1. Show that the map

d
gOZ(Cd—>O(X>, ()‘lavAd)'_)Z)\gz
i=1

is completely positive and contractive.

7.3.11 Let X be a compact Hausdorff space. Show that C'(X) has the completely
positive approximation property, without appealing to Theorem [7.2.2)] .

7.3.12 Let A and B be C*-algebras with B separable and nuclear, and suppose
that 7 : A — B is a surjective *~homomorphism. Show that there is a completely
positive contractive lift o : B — A, that is, o is a c.p.c. map satisfying cor = idp.

7.3.13 Let A and B be separable, unital C*-algebras with nonempty tracial state
spaces T'(A) and T'(B) (4.1.1]).



(i)
(i)

(iii)

(iv)
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Let 74 € T(A) and 75 € T'(B). Define 74 @ 75 : A @uin B — C on simple
tensors by 74 @ 75(a®b) = 74(a)7(b). Show that T4 @7 € T(AQmuin B).
Show that for any 7 € T(A ®uin B), the maps

a—T1(a®1p), b= 71(la®0D),

define tracial states on A and B respectively.

Suppose that in addition to the assumptions above, A and B are both
simple, and B has a unique tracial state 7. Show that, for any a € A,
and any 7 € T(A) the map

T(a ® b)

T(a X 13) ’

is a well-defined tracial state on B, and therefore 7, := 75.

With A and B as in (iii), show that if a € A, is positive, then for any
T € T(A®@min B) there exists 74 € T(A) such that 7(a ®b) = 74(a)75(b).
Deduce that any tracial state 7 € T(A Quin B) is of the form 74 ® 75 as
defined in (i). Thus T(A ®min B) = T(A).

For X a compact metric space and n € N\ {0}, let A := C(X, M,,).
Denote by tr, the unique normalised tracial state on M,. Show that
7 € T(A) is an extreme point if and only if 7(f) = tr,(f(z)) for some

x € X. (Hint: see Exercise |5.4.14])

To: B—C, b~
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8. Inductive limits and approximately finite (AF) C*-algebras

Chapter [0] gave us a way to produce new C*-algebras from old ones by taking
their tensor product. In this chapter, we will also construct new C*-algebras
from old ones, this time by starting with a sequence of C*-algebras and taking
their limit. We will mainly focus on two classes of examples, the approximately
finite (AF) C*-algebras and a subclass of these called the uniformly hyperfinite
(UHF) C*-algebras, both of which are built from finite-dimensional C*-algebras.
AF algebras are some of the easiest examples of infinite-dimensional C*-algebras
to describe. Thanks to their inductive limit structure and good approximation
properties, they are quite tractable. Despite being a relatively straightforward
extension of the class of finite dimensional C*-algebras, they form a large class
of C*-algebras. We will see this already in this chapter when we determine the
isomorphism classes of UHF algebras. Later on, in Chapter Elliott Intertwining
we will see that AF algebras can also be classified by a particular isomorphism
invariant now called the Elliott invariant. Their classification can be seen as the
launching point of the classification programme, the focus of Part III.

In this chapter, we first collect some facts about finite-dimensional C*-algebras.
In particular, we obtain a characterisation of finite-dimensional C*-algebras as
direct sums of matrix algebras. In the second section, we introduce inductive
limits in a general setting, before looking specifically at UHF algebras and then
AF algebras. We prove a classification result for UHF algebras. We then prove a
number of technical perturbation results, which will allow us to show in the final
section that AF algebras can also be described by a local approximation property.
We then look at some further properties of AF algebras.

8.1. Finite-dimensional C*-algebras. Finite-dimensional C*-algebras are
the building blocks of both UHF and AF algebras. Of course, we have encountered
many finite-dimensional C*-algebras, in particular matrix algebras, already. Here,
we characterise all finite-dimensional C*-algebras.

8.1.1 Proposition: Let A be a finite-dimensional C*-algebra. Then A is simple
if and only if A= M, for some n € N.

Proof. Exercise. |

8.1.2 Theorem: Let F be a finite-dimensional C*-algebra. Then there are
k,ni,...,ni € N such that

F M, ®&M,® - &M,

Proof. The proof is by induction on the dimension of F'. If the dimension of F' is
one, then we have F' = C, so the theorem holds. Suppose that the dimension of
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F'is m > 1 and that the theorem holds for all finite-dimensional C*-algebras with
dimension less than m.

If F' is simple, then by Proposition m, F = M, with n? = m. Otherwise, F
has a proper nonzero ideal. Let I be an ideal with minimum dimension. Then it
follows from Exercise that I itself contains no nontrivial ideals, and so from
Proposition we have [ = M,,, for some ny; € N. In particular, I has a unit p,
which is a projection in F', and we have I = pF'p.

Let a € F. Then © = pa —ap € I and so x = pxp = p(pa — ap)p = 0, that is,
p commutes with every element of F. It follows that F' = pFp @& (1 — p)F(1 — p)
where 1 is the unit of F if F unital or of F'if F is nonunital (in the latter case, note
that indeed (1 — p)F(1 —p) C F). In either case, (1 — p)F (1 — p) has dimension
less than F', so by the induction hypothesis, there are k,ns,ns,...,np € N such
that (1 —p)F(1—p) =M, ®---® M,,. Thus FF =M, & M,,®---& M,,, as
required (and in fact F' was unital all along). I

8.2. Inductive limits. Now we turn to the inductive limit, sometimes called
direct limit, construction. The starting point for our construction is the enveloping
C*-algebra of a *-algebra that is equipped with a C*-seminorm. Recall that the
definition for a C*-seminorm was given in Definition [6.2.3]

8.2.1 Let p: A — R, be a C*-seminorm on a *-algebra A. Then N = ker(p) is a
self-adjoint ideal in A, and this induces a C*-norm on the quotient A/N given by

la+ N = p(a).
Let B = A/N I be the completion with respect to this norm. Define the mul-
tiplication and involution in the obvious way. This makes B into a C*-algebra

(exercise). We call B the enveloping C*-algebra of (A, p).

Themapi: A— B:a— a+ N is called the canonical map and the image of A
under ¢ is a dense x-subalgebra of B.

8.2.2 An inductive sequence of C*-algebras (A,, v, )nen consists of a sequence of
C*-algebras (A, )nen and a sequence of connecting *-homomorphisms

(Spn : An — An—l—l)neN-

8.2.3 Proposition: Let (A, ¢n)nen be an inductive sequence of C*-algebras. Let

A= {a = (a;)jen C HAj AN € N such that a1 = @;(a;) for all j > N} :
jEN
Then A is a *-algebra under pointwise operations and

p: A—=Ry, aw lim |aga,,
k—o00
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15 a C*-seminorm on A.
Proof. Exercise. |

8.2.4 Definition: Let (A4,, ¢, )nen be an inductive sequence of C*-algebras. The
inductive limit of (A, ©n)nen, Written 1i_n>q(An, ©n), (or simply liﬂAn if it’s clear
what the maps should be) is the enveloping C*-algebra of (A, p), where A and p
are the *-algebra and C*-seminorm, respectively, as defined in Proposition [8.2.3|

8.2.5 Let (A,, ¥n)nen be an inductive sequence of C*-algebras and let A = li_n;An
be the inductive limit. It will be useful to describe maps between nonadjacent

C*-algebras in the inductive sequence, as well as from each A, in the sequence to
A. Thus we define, for n < m

Onm © An — Ay,
to be given by the composition

Pnm = Pm—19 0 Ppy1 O Pn.

If a € A,, then define (a;)jen C [];cn A4j by
0 J<n,
aj; = a 7 =n,

Onj-1(a) 7> n.
Clearly (a;)jen € A. From this we define the map
oM A, — A

by ¢™(a) = t((a;)jen) where v : A — A/N,, is the canonical map from A into its
enveloping C*-algebra A. From this we get, for every n,m € N with n < m, the
commutative diagram

Pn,m
A, ——= A,

(m)
®
N

A.

Observe that for A = hgn(Am ©n) as above, we have A = (J, .y ™ (A) . We also
get the following universal property.

8.2.6 Theorem: Let (A, ¢n)nen be an inductive sequence of C*-algebras with
limit A = @An. Suppose there is a C*-algebra B and for every n € N there are

*-homomorphisms ™ : A, — B making the diagrams

Pn
An > An+1

(n+1)
L

B
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commute. Then there is a unique *-homomorphism ¢ : A — B making the dia-
grams

(n)
A, LA
wk« i
B

commute.

Proof. Let B and the *-homomorphisms ¢ : A, — B be given. If (a;);en € A,
then there is N € N such that for every j > N we have a;41 = ¢;(a;). By
commutativity of the first diagram we have ™) (ay) = ¥ (a;) for every j > N.

Suppose that a € Ay, b € A, and ™ (a) = ™ (b) € lim A,. If n < m then
0™ 0, m(a) = ™ (b) by commutativitiy of the diagram in @ It follows that
limy o0 k>m ||k (@) — @mi(b)|| = 0. Thus

Jim [0 (px(a)) = ¥ (@ b)) = .

The above shows that ¢ : t«(A) — B, defined on each (a;)jen by ¢ o 9™ (ay) for
sufficiently large IV, is well defined and extends to a *-homomorphism ¢ : A — B,
making the second diagram commute. |

8.2.7 Proposition: Let A = liﬂ(An, ©n) be the inductive limit of a sequence of

C*-algebras and let B be a C*-algebra. For every n € N, let ™ : A, — B be a
*-homomorphism satisfying Y™+ o ¢, = ™ and let ¢ : A — B be the induced
*-homomorphism. Then

(i) ¥ is injective if and only if ker(™) C ker(o™) for every n € N;
(ii) ¢ is surjective if and only if B = U529 (A,).

Proof. First we show (i). Since ¢ is a *~homomorphism, it is injective if and only
if it is isometric. The increasing union J, . ™ (4,) is dense in A, so it is enough
to show that ¢ is isometric when restricted to | J, .y ¢™ (A,). This in turn holds if
and only if 1 is isometric when restricted to ™ (A,,) for every n € N. Let n € N.
By Theorem we have 9™ = ¢ o ™. Let y = ¢™(z) € p™(A,). Then
Y|,y (y) = 0 if and only if Y™ (z) = 0. So z € ker(y™) C ker(p™), which
is to say y = 0 and ¢|¥,(n)( A,) 1s injective. Conversely, if ¢ is injective, then so is
Dl pma,) = ¥ o™, Thus if y € ker(¢™) we have ¥] w4, (y) = Yo 9™ (y) =0
implies ™ (y) = 0. Thus ker(y™) C ker(p™).

For (ii), the image of A under v is

P(A) = <U w(”’(ArJ) = [Jvopm(A,) = [Jv™(4.).

neN neN neN
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Thus v is surjective if and only if B = ¢ (A). I

8.2.8 Theorem: Let (A, ©n)nen be an inductive limit of simple C*-algebras.
Then lim Ay, 15 simple.

Proof. A C*-algebra A is simple if and only if, whenever B is another nonzero
C*-algebra and ¢ : A — B is a surjective *-homomorphism, then ¢ is injective
(Exercise[2.5.24). Suppose then that v : liﬂAn — B is a surjection onto a nonzero
C*-algebra B. For any n € N, p(™(A,) C A is the image of a simple C*-algebra
and so is also simple. Thus ¥|,m) (4, : ©™(A,) — B is either zero or injective.
Since A = |, oy 9™ (A) and J, .y ¢™ (A) is dense, there must be some N € N
and a € o™ (A) such that ¢ (a) # 0. In this case 1| ) (4,) must be injective.

Now, if k < N then ¢®(Ay) € o™ (Ay). Thus 9] 04, is nonzero and hence
injective. If k > N then ™ (Ay) C ¢*(Ax). Then a € p*(Ay), so again Y[ w4,
is nonzero and hence injective. Thus @ : A — B is injective on a dense subset,
hence injective. |

8.2.9 We can also have simple inductive limits of nonsimple algebras, as we will
see later. For that, we will want to know something about the ideal structure of
an inductive limit.

Proposition:  Let (A,, pn)nen be an inductive limit with injective connecting
maps. Let A = @(An, ©n) and suppose that J C A is an ideal. Then

T2 Tnet(A,).

neN

Proof. Exercise. |

8.3. UHF algebras. In this section we will see our first examples of inductive
limits, which we will build from the easiest building blocks we can find: the matrix
C*-algebras, M, for n < co. These also allow us a first glimpse at a classification
result for a given class of simple C*-algebras.

8.3.1 Consider the C*-algebras M, and M,,. Suppose that we have a unital
*-homomorphism ¢ : M,, — M,,. Let tr, and tr,, denote the unique normalised
tracial states on M, and M, respectively. Then, since tr,, o ¢ is a tracial state,
we must have tr,, o ¢ = tr,. Let f be a rank one projection in M,. Then ¢(f)
is a projection M, so we can find m orthogonal rank one projections e; in M,,,
1 <i <'m, such that, for some 1 <k <m we have p(f) =>_"" ;. Then

1/n = tr, o@(f) =try, <Z el-) =k/m.
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So we must have kn = m, that is, n divides m. Thus ¢ maps the n x n-matrix a
to an m x m block matrix by copying a k times down the diagonal:

a 0 --- 0
0 a --- 0

p: M, = M,, a— . ) . k times.
00 - «a

8.3.2 Definition: Let (n;);en be a sequence of positive integers such that, for
each ¢, n; divides n;;1, and let ¢; : M,,, — M,,, ., be unital *-homomorphisms. The
inductive limit of the inductive system (M,,, ¢;),

U:= @(va (Pi)
is called a uniformly hyperfinite (UHF) algebra.
8.3.3 The following proposition is immediate from results of the previous section.

Proposition: A UHF algebra is simple.

8.3.4 It is also true that not only are UHF algebras simple like the matrix algebras,
but also, like matrix algebras, they have a unique tracial state.

Proposition: IfU is a UHF algebra, then U has a unique tracial state.

Proof. Let U := @(Mn”%) be an inductive limit decomposition for U. Let
a := (a;)ien be a sequence where each a; € M, and such that, for some N > 0, we
have ¢;(a;) = a;41. Then, for every i > N, we have tr,,, (i(a;)) = tr,,, (@it1)-
Since tr,,,,, 0p; is a tracial state on M, by uniqueness we have tr,,, op; = tr,,,, |,
and so try,,, (@;+1) = try,(a;). Thus we may define

7(a) := lim tr,,(a;),

n—oo

that is evidently a continuous linear functional with 7(1;) = 1 and that satisfies
the tracial condition 7(ab) = 7(ba). Since sequences of this type are dense, we
may extend 7 to all of U, giving us a tracial state on U.

We leave it as an exercise to show that 7 must be unique. |

8.3.5 A supernatural number p is given by the infinite product p = Hp prime phr
where k, € NU {oco}. Every natural number is thus a supernatural number. A
supernatural number is of infinite type if, for every prime p, we have either k, = 0
or k, = oo.

To every UHF algebra U := hﬂ M,,,, we may associate a supernatural number p
as follows. Given a prime p, let

k, = sup{k € N | there exists m such that p* divides nynpm_1 - n1}.
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Then p := Hp prime p*» is a supernatural number. We will see that this supernatu-
ral number uniquely determines U, up to *-isomorphism, among all UHF algebras.
First, we need two technical lemmas.

8.3.6 Lemma: Let A be a unital C*-algebra and suppose that p,q € A are
projections satisfying ||[p — q|| < 1. Let v:=14 — p — q+ 2qp. Then,
(i) v*v is invertible in A,

(ii) w = v(v*v) "% is a unitary satisfying |14 — ul| < V2||p — ql,

(iil) g = upu*.
Proof. We have

viv=(1a=p—q+2pg)(1a—p—q+2qp) =1a—(p— ),
and also
w* =1y — (g —p)? = v*,

so v itself is a normal element. Since ||p —q|| < 1, we have ||(p —¢)?|| < 1 and thus
v*v is invertible by Theorem showing (i).

1

Now, as v is normal, we have v(v*(v*v)™1) = v*v(v o)™t = 14 and (v*o) lv*)v =
* 1

14, showing that v is invertible. Thus uu* = v(v*v)~/2(v*v)V20* = v(v*v)~l* =
14 and v*u = (v*v)"Y20*v(v*v)"Y2 = 14, 5o u is a unitary.

Let v = vy + vy and u = u; + ius where v;,u;, 1 = 1,2 are the self-adjoint
elements as given by Exercise [3.4.2 Then

vr = (1/2)(v* +v) = (1/2)(la—p—q+2pg+1a—p—q+2qp) = 1a— (p—q)* = v"v,
SO
U = vl(v*'u)’l/z = (v*v)’l/Q.
Thus, since v*v < 1, we have 0 < 1 — (v*v)~Y2 < 1,4 — v*v and
o=l = (=) (a— )l = 2w —
12— 20 = 214~ (") 2]
< 2|14 =o'l =2(l(p — ¢)*|l = 2[lp — qll*.
It follows that ||14 — u|| < v/2||p — ¢||, showing (ii).
Finally, for (iii), note that

vp=(1a—p—q+2qp)p=qp=q(la —p—q+2pg) = qu,

SO
pv*v = (vp)*v = (qu)*v = v qu = v up,
which is to say that p commutes with v*v. Thus p commutes with (v*v)

(Exercise [2.5.25)), so

—-1/2

—-1/2

—1/2, x * 1

upu* = v(v*0) " 2pu = vp(v*v) 20t = op(v'v) " = quv*e) o = g,

showing (iii). I
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8.3.7 Lemma: Let A be a C*-algebra and suppose that a € A with ||a|| > 1/2 is
self-adjoint and satisfies ||a* — a|| < 1/4. Then there exists a projection p in the
C*-subalgebra generated by a such that ||la — p|| < 2||a® — al|.

Proof. Let § := |la — a®|| < 1/4. If A € R satisfies |A — A?|| < 6 < 1/4 then
A€ [—26,20) U [1 — 26,1+ 26]. Thus sp(a) C [-26,20] U [1 — 26,1 + 26]. The
function f given by

0 t<2s,
f(t) =< linear 26 <t<1-—20,
1 t>1-25

is continuous on sp(a). Let p = f(a). Then f = f? = f, so p is a projection.
Moreover, |f(t) —t| < 26 for all t € [—2§,2] U [1 — 26,1 + 24], so

lp — all < 26 = 2||a — a’]],
which completes the proof. |

8.3.8 Theorem: Suppose Uy = @(Mnm%) and Uy = @(Mmi,l/)1) are two
UHF algebras and let p and q be the respective associated supernatural numbers as
m|8.3.5. Then Uy = Us implies p = q. Thus UHF algebras are classified by their
associated supernatural numbers.

Proof. Suppose that U; = Us and denote by p : Uy — Us some *-isomorphism. Let
7; denote the unique tracial states on U;, i € {1,2}.

Put
k, :=sup{k € N | there exists r such that p* divides n,n,_y ---n1},
and
l, :=sup{k € N | there exists r such that p* divides m,m,_; - - - ni},

50 that p = [, puime P and q = [, jime 2. We will show that k, <, for every
prime p. Then, by symmetry, we will have p = ¢. To do so, observe that it is in turn
enough to show that for each i € N there is j € N such that r1(i) := nn;_1---ny
divides ro(j) = mjm;_y - - - my.

Let ¢ € N and let p be a rank one projection in M,,. Observe that 7 o ¢ is a
tracial state on M,,,, hence 7 o go(i) = tr,,. Thus

(0" (p)) = ()"

Since ¢ (p) is a projection, we have p o ¥ (p) € Us is also a projection. Now,
Uien ©(M,,,) is dense in Us. Thus there is some j € N and some element a € M,
which we may assume is self-adjoint, satisfying ||¢))(a) —po™(p)|| < 1/16. Then

109 ()2 — D (a)|| < [¥9(@)2 = po D) + |lp o 0@ () — v@(a)|| < 1/8.
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By Lemma [8.3.7, there exists a projection ¢ € M,,, satisfying |la —¢|| < 1/2. Tt
follows that

o) =™ @I < o™ () = ¢ (@) + 9" (a) — ™ (q)|
< 1/8+1/2
<

1.

Now we may apply Lemma to see that the projections p(®(p)) and 1™ (q)
are unitarily equivalent, which means that

(0 "(q)) = ma(p(? (9)) = TP () = ()"
But M,,, has a unique tracial state tr,,,, so 7(¢™(g)) = tr,, (p). As in , we
see that Tz(¢(m)( )) = d/(r2(j)) for some d. Thus, ro(j) = dry(i), which is to say,
r1(2) divides ra(7). |

8.3.9 Approximately finite-dimensional (AF) algebras generalise UHF algebras.
Where UHF algebras are inductive limit of matrix algebras, AF algebras are in-
ductive limits of arbitrary finite-dimensional C*-algebras, which, as we saw in
Theorem [8.1.2] are finite direct sums of matrix algebras. This class of inductive
limits turns out to be quite a lot larger than the subclass of UHF algebras. For
example, an AF algebra need not be either simple or unital.

Definition: An approximately finite-dimensional (AF) algebra is the inductive
limit of a sequence (F},, p,) where F), is a finite-dimensional C*-algebra for every
n € N.

8.3.10 Note that a UHF algebra is an AF algebra, but the opposite need not
be the case. For example, the C*-algebra K of compact operators on a seperable
Hilbert space is an AF algebra but is not even unital. Still, AF algebras are a
very nice class of C*-algebras and are quite tractable: we can say a lot about their
structure. We saw that a UHF' algebra is uniquely determined by its associated
supernatural number. For AF algebras, the situation is slightly more complicated.
In the simple unital case, this we use the pointed, ordered Ky-group which will be
introduced in Chaper Since K respects inductive limits (Theorem, this
is a computable invariant for AF algebras. We’ll have more to say on this later on,
in the meantime, we have another nice structural property of AF algebras: they
are stably finite.

8.3.11 Recall from [3.3.1| that a partial isometry v in a C*-algebra A is an element
such that v = vv*v.

Definition: Let A be a C*-algebra. If p,q € A are projections, then p is Murray—
von Neumann equivalent to g if there is a partial isometry v € A such that v*v =p
and vv* = ¢. The projection p is Murray—von Neumann subequivalent to q if there
is a partial isometry v € A such that v*v = p and vv* < gq.
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A projection p € A is called finite if p is not Murray—von Neumann equivalent
to a proper subprojection of itself, that is, there is no v € A with v*v = p and
vv* < p but vv* # p. Otherwise p is said to be infinite.

8.3.12 Definition: A unital C*-algebra A is called finite if 14 is finite. A unital
C*-algebra A is called stably finite if M,,(A) is finite for every n € N.

In the case that A = B(H), Murray-von Neumann equivalence measures the
dimension of the range of the projection in the sense that projections p,q € B(H)
are Murray-von Neumann equivalent if and only if dim(pH) = dim(¢H) (exer-
cise). Note that this includes the possibility that the dimensions are both infinite.
Moreover, we have p € B(H) is finite if and only if dim(pH) < oo . Thus we see
that B(H) is finite if and only if H is finite. However there are many examples
of C*-algebras which are finite—in fact stably finite—and infinite-dimensional. In
particular, this is true of AF algebras, the proof of which is not so difficult once
we have the next proposition in hand.

8.3.13 An isometry in a unital C*-algebra A is an element s € A with s*s = 14.
Clearly any unitary in A is an isometry, but an isometry need not be a unitary in
general. (See exercises.) However, if this is the case, then A is finite.

Proposition: Let A be a unital C*-algebra. Then A is finite if and only if every
wsometry in A is a unitary.

Proof. Suppose that there is p € A with p < 14 and v € A such that v*'v = 14
and vv* = p. Since v*v = 14, v is an isometry and hence unitary. Thus we have
p = vv* = 14 which shows that 14 is finite.

For the converse, suppose A is finite and that v is an isometry, v*v = 14. It is
easy to check that 14 — vv* is itself a projection, so in particular 14 — vov* > 0.
Then vv* < 14 and since 14 is finite, we must have vv* = 14, which is to say, v is

a unitary. |
8.3.14 Theorem: If A is a unital AF algebra, then A is stably finite.
Proof. Exercise. (See hints at the end of the chapter.) |

8.4. A collection of perturbation arguments. We will prove that AF
algebras can be characterised not only by their inductive limit structure, but also
by a local condition, as long as the AF algebra is separable. (In fact, here we have
only defined separable AF algebras. How would you define an AF algebra which is
not necessarily separable?) To get there, we will require a number of perturbation
lemmas. These will be useful not only in this chapter but throughout the rest of the
notes, so we collect them here in their own section. Many of the lemmas here will
rely on similar tricks; readers may wish to attempt to prove a statement themselves
before reading through the given proof. These fun but technical perturbation
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arguments are ubiquitous in the literature, so it is important to get a feel for
them.

8.4.1 Lemma: Let A be a C*-algebra. Suppose that b € A is self-adjoint and
p € A is a projection such that ||p — b|| < 1/2. Then there is a projection q in the
C*-subalgebra generated by b, C*(b) C A, with ||qg —b|| < 2||p —b||. Moreover p and
q are Murray—von Neumann equivalent in A, and if A is unital there is a unitary
u € A such that upu* = q.

Proof. Let 6 := ||b — p||. Suppose that A € R and dist(A,sp(p)) > 6. Then, by
Exercise [2.5.23] we have ||(A — p)~|| = 1/(dist(\, sp(p)). Suppose a € A satisfies
la—(A=p)|| < dist(A, sp(p)). Then a(A—p)~" is invertible since [la(A—p) ' =1 < 1,
which in turn implies that a itself is invertible in A. In particular,
A =b) = (A=p)[| = [Ib—pll = & < dist(}, sp(p)).
Thus A ¢ sp(b) and it follows that
sp(b) C [=6,0] U [l — 0,1+ 4.

Define
1 t>1-9
f(t) =« linear te€[0,1— 4]
0 t <o.

Then f is continuous on sp(b) and g := f(b) € C*(b) is a projection. Moreover,
since ||t — f(t)]] < d, we have ||¢ — b|| <. Thus

lp—qll =1lp—0b+q—>|| <25 =2[p—10].

Finally, since [[p — b < 1/2, we have ||p — ¢|| < 1. Thus, by Lemma|8.3.6] there is
a unitary u € M(A), the multiplier algebra of A (2.2.7)), such that upu* = ¢. Since
A C M(A) is an ideal, v := up € A and satisfies vv* = ¢ and v*v = p, showing
that p and ¢ are Murray—von Neumann equivalent. If A was unital to begin with,
then A = M(A) (Theorem ??) so u € A, and the proof is complete. I

8.4.2 Lemma: For any ¢ > 0 and any n € N there is a 0 := d(e,n) > 0 such
that the following holds: For any C*-algebra A and any C*-subalgebra B C A, if
P1,---,Pn € A is a set of n mutually orthogonal projections and by,...,b, € B
satisfy ||p; — bil| < & for every 1 < i < k, then there are mutually orthogonal
projections qi, - .., qn € B with ||p; — q|| < € for every 0 <i < k.

Moreover, if A is unital, 14 € B and Y, p; = 1a, then we can choose qi, . .., qy
so that > ¢, ¢; = 1a.

Proof. The proof is by induction. We may assume that ¢ < 1/2. Let n = 1. In
the case that A is unital p; =14 and 14 € B. So we put ¢; = 14 and we are done.
Otherwise, let 6 < min{e/2,1/2}, and suppose b; € B and p; € A is a projection
with ||p1 — b1]| < . Then by Lemma [8.4.1] there is a projection ¢; C C*(b1) C B
with ||p1 — ¢1]| < e
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Now let n > 1 and suppose the lemma holds for n — 1. Let
d(e,n) := min{e/16,0(e/4,n — 1), 1},

and let by,...,b, € B. Suppose there are projections pq,...,p, in A such that
|lpi—bi|| < 6(e/(4+4||b,||),n—1) for 1 < i < n. Then there are mutually orthogonal
projections qi, ..., q,—1 in B which satisfy ||p; — ¢|| < €¢/4. Define p := Z?;ll Di
and ¢ := E?;ll ¢;- We will find a projection ¢, in (1; — ¢)B(1; — ¢) that is close
to b,. This way ¢, will be orthogonal to each of ¢y, ..., q,_1. We have

[pn = Lz = bu(lz =9l = [(Li—ppa(lsi—p)— (1i—@)ba(lz—q)||
< Qz=ppa(li—p) — (1i—@)pa(li — )|l

1z = a1z —p) = (1z — Qbu(15 — )

1z —@bu(1z—p) — (15— b1z — 9|

< Alp—all + 1oallllp = all + llpn = ball-
Since [|b, || < [|bn — pall + [[Pall < 3, we have

o= qll + 1allllp = all + llpn = ball < 4llp — |l + |pn — @l
< €/d+¢€/4
= €/2.

Thus by Lemma/|8.4.1|there is a projection ¢, € (1 ;—q)B(1;—¢) with ||p,—¢.| < €.
If Ais unital and ) | p, = 14, then

Ia— Z qi
i—1

So, again by Lemma provided e is small enough, Y " | ¢; is unitarily equiv-
alent to 14, which is to say, > ¢ = la. |

ne.

8.4.3 Lemma: Let A be a unital C*-algebra and suppose that pq,...,p, and
Qi ---,qn are two families of projections with p;p; = 0 and ¢;q; = 0 for 1 < i #
Jj <mn. For every 0 < e <1 there exists §(e,n) > 0 such that the following holds:

If |lgi — pil| < 6(e,n), then there exists a partial isometry v in the C*-subalgebra
generated by p1,...,Pn,q1, - - - Gn, 14 such that

vpv =g, vgvt =p;,  and |[|p; —pogll <e/n, 1<i<n.
Moreover, if > pi = 1a, then v is a unitary satisfying ||v — 14| < e.

Proof. Let 0 := (e, n) = v/2¢/(4n). Applying Lemma there exist unitaries
u; € C*(pi, qi, 1 4) such that

114 —will < V6, wigiu; =pi, 1 <i<n.
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Let v:= 3" piu;q;. Then

vt = (Z qiufpz') (Z Pi%’%) = Z Qit; PitiG; = Z 4,
i=1 i=1 i=1 i=1
and similarly,

n n n
vt = <szuzqz> (Z Qiujpi> = Zpi.
i=1 i=1 i=1

Since the sum of mutually orthogonal projections is again a projection, this shows
that v is a partial isometry. For each i, 1 <7 < n we have

vtpiv = (Z qu§pj) pi (Z pjuij) = quuipiuigi = g,
j=1 j=1

and a similar calculation gives vq;v* = p;.
For 1 < ¢ < n we estimate

lpi —pvg|| = |lpi — powags|
|pi — piwipi + piwipi — piwigil|

< lpillllta = will + [lp: Ml lp: — all
< Vo646 =2¢/(4n) +V2¢/(4n)
< €/n.

Now suppose that > "  p; = 1. Since € < 1, we have

1A_ZQZ' Zpi—Zqi
=1 =1 =1

and so there is a unitary such that 2?21 ¢ = u*lqu = 14. Thus vv* =14 = vy,
which is to say, v is a unitary. Finally,

<V2e/4 <1,

n n
1a—vf| = sz' - Zpiuz‘%‘
i=1 i=1
< n- (max Ipi — piuiQiH)
i=1,...,n
< €
which completes the proof. |

8.4.4 Lemma: For any ¢ > 0 and n € N\ {0}, there is § := d(e,n) > 0
satisfying the following: For any C*-algebra A and projections pi,...,p, € A such
that ||pip;]| < 0, 1 < i # j < n, there exist mutually orthogonal projections
Gy qn € A such that ||p; — ]| <€, 1 <i<n.
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Proof. The proof is by induction on n. If n = 1 the we simply take p; = ¢; and we
are done. Let n > 1 and assume that the lemma holds for every k < n. Without
loss of generality, we may assume that € < 1/3. Define

d(e,n+ 1) :=min{1/3,¢/(12n),0(e/(12n),n)}.

Let p1,...,pn+1 be projections in A satisfying ||pip;|| < d(e,n+1), 1 < i # 5 <
n+ 1. Since 6(e,n+1) < §(e/(12n),n) we can find pairwise orthogonal projections
q1,- - @ With ||g — pi|| < €/(12n), 1 <i <n. Let ¢ := )", ¢;, which itself is a
projection in A since the ¢;, 1 <1¢ < n are pairwise orthogonal. We have

llgpns1 — qPns1q + Prsadql|
3llapns |

32 [ gipn+1l
=1
<3 (z il + e/<12n>>

6/4—:6/(4%)
< €/2.

[Pns1 = 1z = @)pnia (Li = @)

IN

IN

A

Since € < 1/3, by Lemma [8.4.1] there is a projection ¢,4+1 € (1; — q)A(1; — q)
such that ||gn41 — pnt1|| < €. Finally, since ¢,41 = (15 — ¢)gnt1(1 5 — ¢), we have
Gns1q; = 0 for every 1 < i < n. |

8.4.5 Lemma: Let A be a C*-algebra and B C A a C*-subalgebra. Let 0 < e < 1
and 6 = min{1/5,¢/(8 — 5¢)}. Suppose that p1,ps € A are orthogonal projections
such that v*v = p; and vv* = py for some v € A. If there are orthogonal projections
¢1,92 € B such that ||p; — ¢i|| < 0 fori = 1,2 and b € B with ||b|]| < 1 and
lv —0b|| <0, then there exists w € B such that

ww=q, ww'=q, [w-u<e
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Proof. Let x := qubq;. Then ||z|| < 1 so (z*x)Y/? > x*z. Also,
il lgr — 2"

g1 — 10" qaba ||

g — (z")

< gt — v v || + lgiv*g20q1 — 16" g2vqs ||
+[@10" q2vq1 — q10" g2 ||

< g1 — v progr + v prvgr — vt geuagr || + 20

< g — @ || + 30

< g — || + 40

46.

In particular, ||¢; — (z*2)'/?|| < 1 and so (z*z)"/? is invertible in the unital C*-

algebra q; Bq,. Let y denote its inverse. Then ¢; — (2*x)"/? < 46 implies q; — 45 <
(z*z)"? s0 ||y|| < 1/(1 —46). Let w := xy. Then

w'w = yriry = q, ww" € ¢2Bgo.

Since w*w is a projection, so is ww*. Similarly to the above, xz* is invertible in
¢2Bqs. Let z denote its inverse. Now,

rrtww* = zatryist = xqat = rat,

SO
G = zxr® = zxrfww* = puw* = ww*.
Finally,
lo—z| = lp2vpr — x|l
< lgvgr — || +26
< 39,
and

lgr = yll = 46/ (1 — 49),
from which it follows that
[z —wll < lzllllgn =yl < (14 6)46/(1 — 49).
Thus [[v — w| <35+ (14 6)40/(1 —45) < 8(1 — 46) < e. I
8.4.6 Let A be a C*-algebra. Let m,ni,...,n, € N\ {0}. A set of elements

{egf)}lg,jg%lgkgm C A is called a system of matriz units if they satisfy the
following identities:

O = e and () = ff

The C*-subalgebra of A generated by a system of matrix units {egf)}lgkgm,lgid‘gn
is a finite-dimensional C*-algebra isomorphic to M, ® M, ®---H M, (exercise).
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8.4.7 Lemma: For any € > 0 there is a § := d(e,n) > 0 with the following
property: Suppose A is C*-algebra with C*-subalgebra B C A and that {e;;}i j=1..n
is a system of matriz units in A. If {a;j}ij=1,..n C B satisfy

llei; — aij|| < 0, for every 1 <1i,j <mn,
then there is a system of matriz units {fi;}ij=1,...» C B such that

| fi; — eijll <€, foreveryl <i,j<n.

Proof. Let ¢ := min{1/5,¢/(8—5¢),d(e,n)}, where (e, n) is given by Lemma(8.4.2]
Then there are pairwise orthogonal projections f; € B, 1 < i < n with

[ fii — eull <e
Applying Lemma 8.4.5} since ||a;; — e < 9, ef;eq; = ej5 and egel;, 1 <i# j <n,
there are partial isometries f;; € B, 1 <@ # j < n with [ fi; = fij, fi;[5; = Ju

and ||fi; — e;;|| < e. Thus {fi;}ij=1,.n is a system of matrix units satisfying the
requirements. |

8.4.8 Lemma: Foranye > 0 andn € N there ezists § = d(e,n) > 0 such that the
following holds: Let B and F be C*-subalgebras in a unital C*-algebra A, where

dim F' < n. Suppose there exists a system of matriz units {egf)}lgi,jgnk,lgkgm

generating F such that dist(egf),B) <0 forevery 1 < i,57 < mp,1 <k < m.
Then there is a unitary in the C*-subalgebra of A generated by B and F such that

|lu—1|| <€ and uFu* C B.

Proof. 1t B and F' do not contain 14 then we take their unitisations with respect
to 14, and put F':= F'@ C-(14— 1) and B := B® C- 14. Expand the system
of matrix units of F to include (14 —1r). In that case, since dist(1r, B) < nd, we

have dist(14 — 1p, B) < nd. Thus, possibly by scaling § by 1/n, without loss of
generality, we assume that 1, € F' and 14 € B.

Suppose first that £k = 1 so F' = M, is a matrix algebra. Let
0 < e < V2€/(16n2).

Let 6 := d(eg,n) > 0 be that given by Lemma|8.4.7, Then, since dist(egf), B) <9,
there are matrix units f;; € B, 1 <14, j < n which satisfy

I1fis — eisll < V2¢/(16n%).

By Lemma there is a unitary u € C*(F, B) with |[v — 14| < ¢/(4n) such
that v*e;v = f;; for every 1 < i < n. Define

n
U= E €10 f1;-
i=1
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Then

Hen' - €z‘1U€1iH + Hez‘lveu - eilvqu

lesi — einlaerill + lealllv = Lallllewll + v2¢/(16n%)
€/(4n) + €/(4n)

€/2n.

Heii - ez'lUqu

VANVANVANN VAN

Thus
114 —ul < €/2.

Furthermore, for every 1 < k,l < n, we have

n n

* *

U epu = E favte | ex E €i1v fi;
i=1 i=1

Jriv'ewernenv fu
= fuvenvfy
= fuSufu
= Ju

so u*F'u C B, which proves the lemma when F' = M,,.

For the general case, we have F' = M,, ® ---® M,,,. For 1 < k < m, let
pr = 1n,, . Then py, ... . pm € F are mutually orthogonal projections so provided
0 is small enough, Lemma tells us there are mutually orthogonal projections
Qs -+ Gm in B with ||pr, — qx|| < §/2. For each k, we have matrix units in py Fp, =
M, which are within ¢ of ¢;Bgqy. Applying the above, we obtain g, ..., u,, such
that wjur = uguj = pg. Then we simply take u = (uq, ..., uy), which is clearly
unitary and satisfies the requirements. |

8.5. Locally finite-dimensional C*-algebras. As we saw in the previous
section, there is a lot of wiggle room with projections and partial isometries.
Thanks to this, we can characterise separable approximately finite-dimensional
C*-algebras as ones in which we can always find arbitrarily large finite-dimensional
C*-subalgebras, without worrying too much about their position. The theorem
making this precise is due to Bratteli [13]. The fact that we ask that the C*-algebra
is separable is crucial; that the theorem does not hold in the nonseparable case
was shown by Farah and Katsura [44].

8.5.1 Definition: A C*-algebra A is called locally finite-dimensional if, for

every finite subset {ag,...,ax} C A and every € > 0, there is a finite-dimensional
C*-subalgebra F' C A and by, ...,b, € F such that
lai — bl| <e,

for every 1 <1 < k.
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8.5.2 Theorem: [Bratteli] A separable C*-algebra is AF if and only if it is locally
finite-dimensional.

Proof. 1t is easy to see that an AF algebra is locally finite-dimensional, so we
need only show one direction of the theorem. Let A be a separable locally finite-
dimensional C*-algebra. Fix a countable dense subset (a;);eny of the unit ball of
A with ag = 0. Let (¢;);en be a sequence of positive numbers that is monotone
decreasing to zero. If A is nonunital, we may adjoin an identity, since A is AF if
and only if A is AF. We proceed by induction. Since A is locally finite-dimensional,
there is a finite-dimensional C*-subalgebra A, and since ag = 0, clearly ag € Ay.

Assume now that for k& > 0 we have finite-dimensional subalgebras A with
A1 C A 1 <i <k, and dist(a;, Ax) < € for every 0 < i < k. Fix a system of
matrix units {eg) |1<id,j<mn,1<r<m}for A;. Let 0 := d(exy1/3,dim(Ay))
be given as in Lemma [8.4.8] Since A is locally finite-dimensional, there is a finite-
dimensional C*-subalgebra F' C A with dist(eg),F ) < 9§ for every 1 < 4,j <
n., 1 <r <m and dist(a;, F') < €x11/3 for every 0 < i < k4 1. Thus, there is a
unitary u € A with u*Agu C F and ||u — 14]| < €x41/3. Let

Apyq = uFu",

which is evidently a finite-dimensional C*-subalgebra and satisfies Ay C Agis.
Moreover,

dist(a;, Apy1) = dist(u*au, F) < 2||u — 1a|| + €xr1/3 < €1
By construction, we have that the closure of (J,.y A; contains the dense subse-
quence (a;)ien, 50 A = Uiy 4i = @(An,bn), where ¢, : A; — A, is the
inclusion map. Thus A is AF. |

In the general case, when our approximations are not by finite-dimensional
C*-algebras but rather more general classes, such a local condition will not neces-
sarily imply an inductive limit structure, even in the separable case.

8.5.3 For n € N, a C*-algebra is called n-homogeneous if all its irreducible
representations have dimension n. We call a C*-algebra homogeneous if it is n-
homogeneous for some n. A typical example is a C*-algebra of the form

p(C(X) ® M,,)p

for some compact Hausdorff space X and projection p € C(X) ® M,,. An ap-
proximately homogeneous (AH) algebra is an inductive limit of direct sums of
homogenous C*-algebras of the type p(C(X) ® M, )p, with p and X as above.

Dadarlat and Eilers constructed a separable locally homogeneous C*-algebra
which is not AH [34]. In the simple case, however, they do turn out to be the same,
provided we put some restrictions on how fast we allow the covering dimension (see
Deﬁnitionbelow) of the spaces to grow in comparison to the dimension growth
of the matrix algebras. In the case that all X have dim X < d for some d < oo
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(“no dimension growth”), this was done in [112]. For the case of “slow-dimension
growth” this was shown in [78]. The proof of this is, however, completely different
to the one for AF algebras. It relies on the heavy machinery of the classification
programme, which we will encounter in Part III.

8.6. AF algebras as noncommutative zero dimensional spaces. As was
mentioned, because of the fact that the Gelfand transform is a *-isomorphism,
C*-algebras are often thought of as “noncommutative” locally compact Haus-
dorff spaces. In the topological setting, there are several notions of the topo-
logical dimension of a space. A point should be zero dimensional, an interval
one-dimensional, an n-cube n-dimensional, and so forth.

8.6.1 In what follows, we will denote the indicator function of an open set U by
Xu, which is to say

(z) = 1 ifxzel,
XUWET=0 0 ifz¢ U

8.6.2 Definition: Let X be a locally compact Hausdorff space. We say that X
has covering dimension d, written dim(X) = d if d is the least integer such that
the following holds: For every open cover O of X there is a finite refinement O’
such that, for every z € X, >, .o xv(z) < d+ 1. If no such d exists, we say that
dim(X) = 0.

The other standard notions of topological dimension are the large and small
inductive dimensions (we won’t need their definitions). In the case that we restrict
ourselves to locally compact metrisable spaces, these three definitions coincide with
the covering dimension, so we will usually just refer to the covering dimension of
a compact metrisable space X as the dimension of X.

8.6.3 There is an alternative definition of covering dimension for a compact metric
space X which is often useful. A proof of the equivalence of these definitions can
be found in [87].

Proposition: Let X be a compact metric space. Then dim(X) = d if and only
if d is the least integer such that every continuous function f : X — R" can
be approzimated arbitrarily well by another function g : X — R for which
0 ¢ g(X).

Moving to the noncommutative setting, we would like to find an analogue of
the dimension of a space. At the commutative level, X metrisable corresponds to
the C*-algebra being separable, so we content ourselves with trying to establish
noncommutative versions of covering dimension for separable C*-algebras. These
should extend covering dimension in the sense that the noncommutative dimension
of Cy(X) should be the same as the covering dimension. There are a few such
extensions. We describe two of them below; a third is found in Chapter [17]
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8.6.4 Definition: [16] Let A be a unital separable C*-algebra A. We say that A
has real rank d, written RR(A) = d, if d is the least integer such that, whenever
0 < n < d+1 the following holds: For every n-tuple (ay,...,a,) of self-adjoint
elements in A and every € > 0 there exists an n-tuple (yi,...,vy,) C Ay, such that
> r1 Yryk is invertible and || D7, (zx — yi)* (@ — yi)|| < e. If there is no such d,
then we say the real rank of A is infinite.

8.6.5 Theorem: Let X be a compact metric space. Then RR(C(X)) = dim X.

Proof. Suppose that dim X = d. Let ¢ > 0. Suppose (fo,..., fq) is an d + 1-
tuple of self-adjoint elements in C'(X). Then each f; is real-valued, so we may
define f : X — R to be f(z) = (fo(x),..., fa(x)). Since dim X = d, there
exists a function g € C(X,R%!) such that 0 ¢ g(X) and ||f — g| < ¢/(d + 1).
Since g € C(X,R¥*1) there are continuous functions go, ..., gq : X — R such that
g(x) = (g0(2),...,g4(x)) for every x € X. Let h := Zizo g?. Then h € C(X)gq
and h% > 0 so h is invertible. Furthermore,

< (d+ D fe — gl <e.

Z(fk — g8)" (fr — gr)

Since € was arbitrary, this shows that RR(C(X)) < d = dim X.
We leave the reverse argument as an exercise. |

8.6.6 The stable rank has a very similar definition, dropping the fact that the
n-tuples need be self-adjoint, and we only look at n-tuples from 1 < n < d (rather
than d + 1).

Definition: [98] Let A be a unital separable C*-algebra A. We say that A has
stable rank d, writen SR(A) = d if d is the least integer such that, whenever
1 < n < d the following holds: For every n-tuple (ay,...,a,) of elements in A
and every € > 0 there exists an n-tuple (y1,...,y,) C A such that >/, yiyx is
invertible and || Y °,_, (zx — yr)*(2x — y&)|| < €. If there is no such d, then we say
the stable rank of A is infinite. A comparison of the stable rank of C(X) to the
covering dimension of X is given in Exercise [8.7.17]

8.6.7 We should think of AF algebras of “zero-dimensional” objects. Note, how-
ever, that there is no definition for “stable rank zero”. We get the following
theorem for AF algebras. The proof is an exercise; see the exercises at the end of
the chapter for a bit of a hint.

Theorem: Let A be a unital AF algebra. Then A has real rank zero and stable
rank one.

8.6.8 If A is nonunital, we can define its real and stable rank by putting RR(A) :=

RR(A) and SR(A) := SR(A). Then the above theorem is also true for nonunital
AF algebras.
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8.7. Exercises.

8.7.1 Let A be a finite-dimensional C*-algebra. Then A is simple if and only if
A = M, for some n € N. (Hint: See Exercises [2.5.10{ and [4.4.16|)

8.7.2 Let A be a C*-algebra.

(i) Let n € N\ {0}. Suppose A contains a set of elements {e;; }1<ij<n C A
satisfying
eqer; = e;; and (e;)" = ey.
Show that C*({e;; }1<ij<n,) = M,. (Hint: use the previous exercise.)
(ii) Now suppose m,nq,...,n, € N\ {0} and {egf)}lgmg%lgkgm CAisa
system of matrix units . Show that the C*-subalgebra of A generated by

this system of matrix units is a finite-dimensional C*-algebra isomorphic
to Mn1®Mn2@@Mnm

8.7.3 Let F = @;., M,, be a finite-dimensional C*-algebra. If p € F is a
projection, show that there are projections p, € M,,, 1 < k < m such that

P =251 Pr-
8.7.4 Let A = lim(Ay, ¢,) be the inductive limit of a sequence of C*-algebras and

let B be a C*-algebra. For every n € N let (™) : A, — B be a *-homomorphism
satisfying (™1 o o, = (™ and let ¢ : A — B be the induced *-homomorphism.
Then

(i) ¢ is injective if and only if ker(y™) C ker(¢™) for every n € N, and
(ii) 4 is surjective if and only if B = U 1™ (A,).

8.7.5 Let U be a UHF algebra. Show that the tracial state constructed in Propo-
sition [8.3.4] is unique.

8.7.6 Let (A,,p,) be an inductive sequence of C*-algebras. Let (ng)rey C N be
an increasing sequence of natural numbers. Show that

hgl(Ana Spn) g @(Ank, Spnk,nk_u)'

8.7.7 Show that the definition of a UHF algebra of type p is independent of the
choice of UHF sequence (ng)xen for p. Thus any UHF algebra is uniquely identified
with a supernatural number p.

8.7.8 Let A = lig(An,gpn). For k£ € N, by abuse of notation, also denote the
induced map on k x k-matrices over A by ¢, : Mi(A,) = My(A,+1). Show that
hﬂ(MMAn): on) = M, (A).

8.7.9 Let U be a UHF algebra. Show that A®pinUd = AR U for any C*-algebra
A, that is, that UHF algebras are nuclear (see Exercise 5.4).



8. INDUCTIVE LIMITS AND APPROXIMATELY FINITE (AF) C*-ALGEBRAS 122

8.7.10 Let U, be a UHF algebra of infinite type p. Show that U, @ U, = U,.
Suppose that p divides q. Show that U, absorbs U, in the sense that U, @ U, = U,,.
The universal UHF algebra, denoted Q is the UHF algebra associated to the
supernatural number Hp prime P°°- Then the above shows that the universal UHF
algebra absorbs all other UHF algebras (including all matrix algebras!).

8.7.11 Show that if A is an AF algebra, then there exists an inductive sequence
(As, ©n)neny With @, injective and A = liﬂ(An, ¢n), and if A is moreover unital,
the ¢,, can be chosen to be unital.

8.7.12 Show that an inductive limit of AF algebras with injective connecting maps
is again AF.

8.7.13 Show that an AF algebra is always nuclear.

8.7.14 Let A and B be AF algebras and let n € N\ {0}.

(i) Show that M, (A) is AF.
(ii) Show that A ® B is AF.

8.7.15 Let A = B(H).

(i) Show that two projections p,q € A are Murray—von Neumann equivalent
if and only if dim(pH) = dim(qH).

(ii) Show that a projection p € A is finite if and only if pH is finite-

dimensional. Deduce that A is finite if and only if H is finite-dimensional.

(iii) Show that if H is finite-dimensional then every isometry in A is unitary.

(iv) Prove Theorem [8.3.14
8.7.16 Finish the proof of Theorem by showing that for any compact metric
space X, dim X < RR(C(X)).
8.7.17 Let X be a compact metric space. Show that if dimX = n then
SR(C(X)) = [dimX/2] + 1 where [dim X/2] is dim X/2 if n is even and
(dim X — 1)/2 if n is odd.
8.7.18 By Definition we have that a unital C*-algebra A has real rank zero
if the invertible self-adjoint elements are dense in A,,.

(a) Let X be the Cantor set. Show that X has covering dimension 0. Show that
[0, 1] has covering dimension at most 1. Show that C'(X) has real rank zero but
C([0,1]) does not. (See Exercise 4.5.)

(b) Let a € M,, = M,5n(C), b € M,»1(C), ¢ € M1x,(C) and d € C. Let € > 0.
Suppose that d is invertible and there is ' € M, that is invertible which satisfies
|la’ — (a — bd~'c)|| < e. Show that

a+bdc b\ [ I, 0
c d “\ —dte 1)
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as elements in M, 1 (where I, is the n x n identity matrix) and

(o))

(c) Let A be a unital C*-algebra. Suppose b € Inv(A) and there is a € Ay, with
la —b|]| < e. Show that there is ' € Az, N Inv(A) with |ja — V|| < e.

< €.

(d) Prove that any AF algebra has real rank zero.
8.7.19 Show that an AF algebra has stable rank one.
8.7.20 Show that if A = @An is a simple AF algebra with

F, = Mk(n,l) D - D Mk’(n,mn)

then
lim min{k(n); | 1 <i <m(n)} — .

n—oo

8.7.21 Let A be a unital C*-algebra with stable rank one. Show that A is stably
finite.

8.7.22 Let € > 0 and n € N. Show that there exists a § = d(e,n) > 0, depending
only on € and n, such that the following holds: Suppose A is a C*-algebra and
ao, - .., 0, are positive elements of norm at most one and ||a;a;|| < § for every
0 <i# j < n. Then there are positive elements by, ...,b, € A with b;b; = 0 for
every 0 <i# j <mnand |a; — b <¢,0<i<n.

8.7.23 Let A be a C*-algebra and h € A a nonzero positive element. Let € > 0
satisfy € < 1/4. Suppose that ||h — h?|| < e. Show that there is a projection
p in the C*-subalgebra generated by h such that ||p — h|| < 2¢ and that php is
invertible in p C*(h)p and ||p — (php)~'/?|| < 4e. (Hint: show that there is a gap in
the spectrum of h of distance & on either side of 1/2 where § = (1 — 4¢)'/2/2.)
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9. Group C*-algebras and crossed products

The group C*-algebra and crossed product construction provide a plethora of
interesting examples of C*-algebras. They provide links to harmonic analysis,
topological dynamics, quantum groups, and beyond. As such, it is unsurprising
that they continue to receive a large amount of attention in the literature. In
this chapter, we mainly focus on the constructions themselves. We begin with
topological groups and the various ways one may associate an algebra to a group.
To construct a group C*-algebra, one must consider first unitary representations,
which are interesting objects to study in their own right. To avoid too many tech-
nicalities and the chapter growing too large, we focus mainly on discrete groups,
particularly once we move to crossed products. Crossed product C*-algebras can
be seen as a generalisations of group C*-algebras, where now we take into ac-
count further information of how the group acts on a C*-algebra. A group acting
on a commutative C*-algebra C'(X) corresponds to the group acting by homeo-
morphisms on X which links the study of such crossed products to the study of
topological dynamical systems. Of particular interest are dynamical systems con-
sisting of a space X and a single homeomorphisms. These give rise to Z-actions
on C(X), and the corresponding crossed products are always unital and nuclear.

Following the construction of group C*-algebras in the first section, we introduce
the notion of amenabliity of a discrete group. Amenable groups are particularly
nice because the reduced and full group C*-algebras coincide and are nuclear. In
the third section, we show that the reduced group C*-algebras of a discrete abelian
group is isomorphic to the C*-algebra of continuous functions on its Pontryagin
dual. This partially motivates the study of quantum groups. In the fourth section,
we consider the construction of crossed products by group actions. In the final
section, we look more closely at the structural properties of crossed products by Z,
their link to topological dynamical systems, and characterise simplicity for crossed
products by homeomorphisms.

9.1. Group C*-algebras. A topological group is a group together with a
topology which makes group operations continuous. In particular, any group is
a topological group with the discrete topology. We will assume throughout this
chapter and the next that the groups are Hausdorff.

9.1.1 A Borel measure on a group G is left-translation-invariant if, for any Borel
set £ C G and any s € G, we have pg(sE) = ug(E).

Theorem: [Haar [60]] Let G be a locally compact group. Then there is a left-
translation-invariant Borel measure on G, denoted j, which is unique up to scalar
multiple.
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This measure is called a (left) Haar measure of G. When G is compact, u(G) is
finite and so we normalise with u(G) = 1. If G is infinite and discrete, then we
normalise so that u({e}) = 1.

9.1.2 In general, a left-translation-invariant measure need not be right-translation-
invariant. However, if this is the case, then we call G unimodular. Unimodular
groups include the cases that G is abelian, discrete, or compact. For the sake of
brevity, we will stick to the unimodular case, though most of what we’ll do can be
generalised.

9.1.3 There are a number of noncommutative algebras that we can associate with
a group. The first is the group algebra of GG, which is the algebra of formal finite
C-linear combinations of elements of G, and is denoted CG. The multiplication in
CG extends the group multiplication. (Here we do not topologise G.)

9.1.4 We also have the function algebra of compactly supported functions on G,
denoted C.(G), which comes equipped with convolution as multiplication,

frglt) = /G £(5)g(s~ ) du(s),

and inversion for involution,

£1(5) = FG.

There is a norm on C.(G) given by || fll1 = [, |f(t)|dp(t). One must of course check
that this multiplication and involution are well defined (that is, that convolution
and inversion in fact define elements in C.(G), as well as that the multiplication
is associative). This requires some facility with vector-valued integration. We will
use some of this below, but will quickly switch to discrete groups and later on, the
integers. We leave it as an exercise to check this, at least in the case of discrete
groups where the integrals become sums.

9.1.5 Given s € G, define 6, : G — C by
55(75):{1 if t =s,

0 otherwise.

For every s € GG, the function d, is continuous if and only if G is discrete. Thus, by
identifying s with d,, we see that CG = C.(G) if and only if G is discrete. When
G is locally compact, C.(G) will not be complete with respect to the || - ||; norm.
Completing with respect to || - ||; gives us yet another group algebra, L'(G, u).

9.1.6 The space L'(G, p) consists of functions f : G — C such that

/ FOldu(t) < .
G

This is a Banach *-algebra when equipped with || - ||;, convolution and inversion
as in the case of C.(G).
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9.1.7 Observe that C.(G) is a dense *-subalgebra of L!(G). If G is finite, then
LY(G,u) = CG. Since a left Haar measure is unique up to a scalar multiple, for
any two left Haar measures u, 1/ we have L'(G,p) = L'(G, ') (exercise). Thus
henceforth we will write L'(G) for any L'(G, 1) defined with respect to a left Haar
measure.

When G is a discrete group, then L'(G) is denoted by ¢!(G) and simply consists
of those functions f : G — C satisfying

D 1f@)] < oo,

teG

The algebra of compactly supported functions, C.(G), which densely spans ¢}(G),
is just the group algebra.

9.1.8 Proposition: Let G be a locally compact group. Then L'(G) is unital if
and only if G is discrete. In any case, L'(G) always has a norm one approxvimate
unit.

Proof. If G is discrete, then a unit 171 is given by the function d., where e is
the identity in G and &, is the function defined in [9.1.5] Conversely, if L'(G) is
unital then
L@+ £0) = [ L&) (s duls) = fc),
G
for every f € L*(G, p) only if 171()(s) = 0 for every s # e. But then if G is not
discrete 171y = 0 a.e.p, thus is not a unit in L'(G, ).

For the second statement, let G be an arbitrary locally compact group and let O
be the collection of open neighbourhoods E of e. For E € O, let fg be a function
in LY(G) with f(e) = 1, supp(fg) C E, f; = f* and ||f|]1 = 1. Since the set of
all such neighbourhoods is upwards directed with respect to reverse containment,
(fe)E is an approximate unit for L'(G). |

The || - ||; norm is not a C*-norm in general, so L*(G) is not a C*-algebra (see for
example [2.1.4)). Thus we would like to find a *-homomorphism from L'(G) into a
C*-algebra so that we can complete the image of L'(G) to a C*-algebra.

9.1.9 Definition: Let G be a locally compact group. A unitary representation
of G is given by a pair (H,u) consisting of a Hilbert space H and a strongly
continuous homomorphism v : G — U(H), where U(H) is the group of unitary
operators on H. Here, strongly continuous means that s — u(s)¢ is continuous
for every £ € H. To simplify the notation, we often write u, for u(s), s € G.

The condition of strong continuity can be equivalently stated as requiring the
continuity of the function

Gx H—H, (s¢) —u(s).

We leave the proof of this equivalence as an exercise.
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9.1.10 Definition: We say that a unitary representation is irreducible if u(QG)
does not commute with any proper projections in B(H).

9.1.11 As with Theorem [5.3.6| the definition for irreducibility of a unitary repre-
sentation can be equivalently given by there being no proper closed linear subspace
K C H that is stable under u(G). We leave it as an exercise to check the details.

Proposition: Let G be a locally compact group and u : G — U(H) a unitary rep-
resentation. Then the C*-subalgebra of B(H) generated by u(G), written C*(u(G)),
is trreducible (with respect to the identity representation on H ) if and only if u(G)
15 irreducible.

Proof. Exercise. |
9.1.12 If u : G — U(H) is a unitary representation then 7 : L'(G) — B(H) given
by

ﬂﬁf:[yum@@mmm feLlG)ce .

is a representation of L'(G).

To see that this is a representation, we must check that it preserves multiplication
and adjoints, and that it is norm-decreasing. It is a easy to see, since u(t) is unitary
for any t € G, that

Hﬂﬂuszgﬂmwzuﬂm

so the map 7 is norm-decreasing. Let f,g € L'(G). Then

wrea) = [ ([ soats o) uta

_ /G F(s)u(s) /G (s~ )u(s~ ) dtds

= /Gf(s)u(s)ds/Gg(r)u(T)dr
m(f)m(g)-

Note that the third line uses the fact that the Haar measure is left-invariant. We
were also able to use Fubini’s theorem since 7(f * g) is bounded.
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To see that 7 is a *-representation, we calculate

w()Em = (Enlf)n) = (€ /G F(tyu(tyn di)

- / FO(u(t e, n)dt = /G ) (u(r)E, n)dr

= </f r)édr, 77> < Gf*(r)u(r)fdr,77>

= (w(f)Em).

Conversely, if we have a nondegenerate representation 7 : L'(G) — B(H) then
we can find a unique unitary representation of G as follows: Let (fg)gco be the
norm one approximate unit as given in the proof of Proposition [9.1.8. We have

lim 7(fg)m(9)¢ = 7(g9)§,

EeO

for every g € LY(G) and every ¢ € H. It follows that m(fg) SOT, 1g(). Now

define u: G — B(H) b
u(s)m(g)é = m(gs)€ for s € G, € € H,

where g,(t) = g(s~'t). In this case we have that u(s) = sor-limgeo 7((f£)s),
which in turn implies that u is contractive. Furthermore, it is not hard to check
that u(s) is unitary for every s € G (this uses the assumption of nondegeneracy).
Note that the construction ensures that this v is unique.

9.1.13 Definition: Let G be a locally compact group with Haar measure ;. The
left reqular representation of G on the Hilbert space L*(G), A : G — U(L*(G)), is
given by

A(s)f(t) = f(s™'1).

We leave it as an exercise to check that this is indeed a unitary representation of

G.

9.1.14 In the case of a discrete group G, we write £*(G) for L*(G). The standard
orthonormal basis will be denoted {d;}scc, where d, is the function defined in
9.1.5| In that case, we get A(s)d; = dg.

9.1.15 Definition:  The reduced group C*-algebra of G, written C:(G) is the
closure of A\(LY(G)) in B(L*(G)). The full group C*-algebra, denoted C*(G) is
the closure of L'(G) under the direct sum of all unitary equivalence classes of
irreducible representations.
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As was the case for the maximal and minimal tensor product, the full and reduced
C*-algebras are not in general isomorphic. This is often the case for C*-algebraic
constructions that involve taking the closure of a *-algebra.

9.1.16 We denote A(s) by ug for any s € G. Then, for a discrete group G, elements
of the form ZseG bsus where b, € C and by = 0 for all but finitely many s € G,
are dense in C(G).

The norm on the full group C*-algebra is given by
1 £1l := {7 ()lsn | 7: L' (G) — B(H) is a *-representation}.

That this defines a norm follows from the fact that ||7(f)|| < ||f]j1 for any
*-representation w. Note that the left regular representation extends to a sur-
jective *~homomorphism, which we call the canonical surjection

m : C(G) = CH(G).

Thus we get CH(G) = C*(G)/ ker ().
9.1.17 Recall that a state 7 is faithful if 7(a*a) = 0 implies a = 0 (4.1.1)).
Theorem: Let G be a discrete group. Then C:(G) has a tracial state T which is

faithful and satisfies T(u.) =1 and 7(u,) = 0 for every g € G\ {e}. Moreover T
1s the unique tracial state with these properties. .

Proof. Elements of the form . byu, where by € C and b, = 0 for all but finitely
many g € G, are dense in C,(G). Thus if such a map 7 exists, it must be unique.

Let g € G and let §, € (*(G) be the standard basis unit associated to g. Define
7:C*G) = C by
7(a) := (ade, 0e), a € CHQ).
Then 7(u.) = (uede,de) = (0e,d.) = 1 while if g € G\ {e} we have 7(u,) =

(Uugle, 0e) = (d4,0.) = 0. It is clear that 7 is a linear functional. Now let g,h € G.
Then

1 ifg=nht
7(ugun) = 7(ugn) = { 0 otherwise.
Since g = h™! if and only if h = g~ we have T(ugup) = 7(upu,). Extending by
linearity and continuity, we have 7(ab) = 7(ba) for every a,b € C*(G), which is to
say, T is tracial.

Finally, we must show that 7 is faithful. Suppose that {b,},e¢ € C and b, =0
for all but finitely many g € G. Let b= 3_ byu, € C;(G). Then

boy1 =Y byugb. = bd,.

geG geqG
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Since such elements are dense in (*(G), it follows that CGd; is dense in (*(G).
Suppose that a € C:(G) satisfies 7(a*a) = 0. Then, for any ¢,b € CG we have

[{abde, coe)| = |{(c"abd.,de)| = |T(c"ab)]
= |r(abe")| < 7(a")2r((be")" (b)) = 0,

where we have applied the Cauchy—Schwarz inequality of Proposition [£.1.6] Thus
[(a&,n)| = 0 for every &, n € *(G), and so a = 0. Thus 7 is faithful. I

In general, the reduced group C*-algebra of an arbitrary locally compact group
might not have a trace. A characterisation for when C!(G) admits a trace is
given by Kennedy and Raum [64], which generalises results of Forrest, Spronk
and Wiersma [46]. One is also interested in when a given C*-algebra has a unique
tracial state, as is the case, for example, for a UHF algebra. Breuillard, Kalantar,
Kennedy and Ozawa characterise the case of a unique tracial state for reduced
group C*-algebras of discrete groups. In particular, if Cf(G) is simple, then it has
a unique tracial state [15].

9.2. Amenability. We observed above that, in general, the canonical sur-
jection my : C*(G) — Ci(G) is not injective. It is, however, when the group is
amenable. Amenabilty of a group also implies other nice properties for its group

C*-algebras, such as nuclearity (Theorem [9.2.7)).

9.2.1 Let G be a discrete group. For f € £>°(G) and s € G, define s.f € £°(G)
to be the function s.f(t) = f(s7't),t € G. A mean on £*(G) is a linear functional
m : G — C satisfying

(i) m(f) = m(f),
(ii) m(e) =1, and
(iii) if f > 0 then m(f) > 0.

If m(s.f) = m(f) for every f € {>°(G) and every s € G, then m is left-invariant.

9.2.2 Definition: Let G be a discrete group. We say that G is amenable if
(>°(@G) admits a left-invariant mean.

9.2.3 A discrete group G satisfies the Fglner condition if for any finte subset
E C G and every € > 0, there exists a finite subset F' C G such that

|sF-NEF|
max ———— > 1 — €.
sek |F|

Proposition: Let G be a countable discrete group that satisfies the Folner con-
dition. Then G is amenable.

Proof. Since G is countable, we can find, for every n € N, subsets F,, C G, such
that E,, C E, 1 and exhaust G. Then, since G satisfies the Fglner condition, there
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are finite subsets F,, C G such that

|sF, N E,|
g;%ﬁi———Tji:f——— > 1 — 1/7L
In other words
Y |sE, N Fyl ]
im ——— =1.
n—o00 |Fn|

(The sequence (Fy,),en is called a Folner sequence.) For s € G, let
evs 1 I°(G) — {0,1}

denote the evaluation map at s, that is, evs(f) = f(s) for f € £*°(G). Let
my, : £°(G) — [0, 1] be defined by

ma(f) = [Fal 7' ) evi(f), f € £7(@).

SEFn

Then one checks that m,, is a mean for every n € N. Let £ C G be a finite subset
and let € > 0. Observe that for every f € (*°(G) with || f|| < 1 and every n € N
we have |m,(f)] < ||f|| < 1. Thus (my)nen is a bounded sequence and hence has
a weak-* convergent subsequence. Let m € (*°(G)* be a limit point of (my,)nen.
Note that m is also a mean.

Let f € (*(G). Choose n € N to be sufficiently large that 2||f]|/n < e. By
choosing larger n if necessary, we may assume that £ U E~! C E,. Then, for
t € E and we have

mn(t.f) = ‘Fnrl Z ev(t.f) = |Fn‘71 Z evi-14(f) = ’Fnrl Z ev,(f).

seF, s€Fy, ret—1F,

We then estimate

ma(tf) —ma (] = |FT] Y. evi(f) = ) evi(f)

SEF\(t71Fy) ret=1F,\F,
[ fIFnDt Fy
- | £l
< 2[fll/n
< €.
Since m is a limit point of (m,),en, it follows that m is left-invariant. |

9.2.4 There is also a notion of amenability for locally compact groups which are
not necessarily discrete, as well as a Fglner condition in this more general context.
In both the discrete case and the more general case, the existence of the Fglner
condition is in fact equivalent to amenability. The converse to Proposition is
a little more difficult to prove, even in the case of a discrete group. A proof of the
equivalence, as well as further properties equivalent to amenability, can be found
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in various places, see for example [18] for the discrete case, or [89), 130] for the
general case.

9.2.5 Theorem: Let G be a locally compact group. Then G is amenable if and
only if G satisfies the Faolner condition.

9.2.6 Examples: [t is a good exercise to check that the following examples are
amenable.

(i) Finite groups are amenable.
(ii) Z is amenable.
(iii) Subgroups of amenable groups are amenable.

We have the following two important consequences of the Fglner condition.

9.2.7 Theorem: Let G be a discrete group. Then C:(G) has the completely
positive approzimation property if and only if G is amenable. In particular, C:(G)
15 nuclear.

Proof. Again we will only prove one direction: we will show that if G has the
Folner condition, then C*(G) has the c.p.a.p. The converse is not so difficult, but
it does rely on some von Neumann theory which, for the sake of brevity, we haven’t
introduced.

Let A : G — B(f*(G)) denote the left regular representation, and let {d,}scq
denote the standard orthonormal basis for (2(G) as in [9.1.14 Let (F,)nen be a
Folner sequence in G. For n € N, let p, € B(¢(*(G)) be the projection onto the
linear subspace of ¢*(G) spanned by {4, | s € F,,}. Then p,B((*(G))pn, = Mg,
Let eg;) denote the matrix with 1 in the (s,#)"-entry and 0 elsewhere, that is, let
(egft))s,te r, be the canonical set of matrix units for p,B(¢*(G))p, after identifying
it with M|g,|. Notice that eg?s), s € F,, is just the projection onto the subspace

spanned by ds and that > _p egf? =py. Forr € Gand f =3 _;ug04 py € C,

we have

n n n n 58
€g’s)>\(r)e§7t)(f) = Nteg,s)/\<7’)<5t> = Mteg,s)ért - { MB

if s =rt,
otherwise.

Also,

el (f) = psel) (8) = puds.
Thus,

and from this we get

PP = D el = Y e

s,teEFy, s€FpNrky,
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Define
on : CHG) = pB(G))pn, ar> pap.
It is straightforward to see that this is a u.c.p. map. Now we define
on the generators of p,B(¢*(G))p, as follows:
1
A(S)A(E).

(n)y _
wn(es,t ) - |Fn|

It follows from Proposition that v, is a completely positive map, which is
easily seen to be unital. We have

%osonu(r»:wn( S ”>:ﬁ< 3 A<r>>=Ww>.

seb,Nrky, seF,NrFy,

Thus the sequence 1, o ¢, converges pointwise to the identity. It follows that
C:(G) has the c.p.a.p. |

9.2.8 Remark: In the case that G is locally compact but not discrete, then if G
is amenable again C,(G) is nuclear, but the converse need not hold. An example

is G = SLy(R).

9.2.9 The proof of the next theorem is omitted for the sake of brevity. For the
discrete case, a proof of the following can be found in [18, Section 2.6]. The “if”

direction when G is discrete is also covered in [32, Chapter VII|. The general
theorem can be found in [89] Chapter 7] or [130, Appendix A.2].

Theorem: Let G be a locally compact group. Then the canonical surjection
7 1 C(G) — CX(Q) is ingective if and only if G is amenable.

9.3. Group C*-algebras of abelian groups and duality. When a locally
compact group is abelian, we can determine its reduced group C*-algebra com-
pletely using Pontryagin duality. In fact, abelian groups are always amenable (the
proof uses the Markov—Kakutani fixed point theorem, see for example [32, Theo-
rem VII.2.2]). Thus in light of Theorem [9.2.9, we need not make the distinction
between the full and reduced group C*-algebras.

9.3.1 Definition: Given a locally compact abelian group G, a character of G is
a continuous group homomorphism G' — T. The set of all characters of G has the
structure of a compact abelian group, which we call the Pontryagin dual of G and
denote by G.

9.3.2 Let f € L*(G). The Fourier-Plancheral transform (or sometimes simply
Fourier transform) f on G is given by

f(7) = /G T (B (o).
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For f,g € L*(G) one can show that (f/>5) — fg and (7”\*) = f (exercise).
9.3.3 We will require the following result from abstract harmonic analysis, which
we use without proof in Theorem [9.3.4]

Theorem: [Plancheral Theorem| The Fourier—Plancheral transform extends from
a map L'(G) — LY(G) to a unitary operator from L*(G) — L*(G).

9.3.4 Theorem: Let G be an abelian group. Then C*(G) = CH(G) = Cy(G).

Proof. Let f,g € L'(G). Then fxg(t) = [, f(s)g(s~'t)du(s) and putting z = s~ 't,
we get s =tz ' =27t so

/G F(8)g(s )dpu(s) = /G Fa (@) du(z) = / g(x) f(z )dp().

and we have f * g = g * f, that is, L!'(G) is commutative.

Let T': LY(G) — Co(QL'(G)) be the Gelfand transform. Recall that Q(LY(G))
is the character space of L'(G) and notice that a character is exactly a one-
dimensional representation. As we saw above, every representation of L'(G) cor-
responds to a unitary representation of G on the same Hilbert space; here the
Hilbert space is C. The one-dimensional unitary representations of GG are just the
characters of @, that is, G. Thus the Gelfand transform maps L*(G) — Cy(G).
Moreover, we have

f=17
where f is the Fourier Plancheral transform of f. The range of I'(L'(G)) is clearly
self-adjoint. Moreover, by definition of the Fourier—Plancheral transform it sep-
arates points. Thus I'(L(G)) is dense in Cy(G). By Plancheral’s Theorem, this
extends to a unitary operator u : L*(G) — L2(G). Then,

u(A(F))u* () = u(MF))g = (F *9) = 19,
when f € LY(G) and g € L*(G) N LY(G). Thus Co(G) > f — M; € B(LX(G)),

where M i denotes the operator given by multiplication f . Since this is isometric,

A is an isometric isomorphism. Thus C*(G) = C*(G) = Co(G). |
9.3.5 Let G be a compact group. Since G is in particular a compact Hausdorff
space, one can form the unital C*-algebra C'(G) of continuous C-valued functions
on (G. Can we see the group structure in the C*-algebra? Consider group multi-
plication, m : G x G — G. Since passing to the function algebra is a contravariant
functor, we reverse the arrows and get a *~-homomorphism, called the “comultipli-
cation” or “coproduct”, which reverses the arrows

A:C(G) = C(G x G) = C(G) ® C(G)

defined by
A(f)(s,t) = f(st), s, teq.
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(The identification of C'(G x G) with the tensor product C(G) ® C(G) comes from
Exercise [6.5.6, and we need not specify which C*-tensor product here, since com-
mutative C*-algebras are nuclear.) Since m is associative, we have a commutative
diagram

mxid

GxGx(@——GxG

Jiaxm |

GxG uu G.

Reversing arrows gives us “coassociativity” of the comultiplication,

A

C(G) C(G)® C(G)

|s Jiasa

Q) C(G) —=224 . (@) ® C(G) ® C(G),
which we leave as an exercise to show commutes.

9.3.6 The observations above lead to the notion of compact quantum groups which
were introduced by Woronowicz, see [141, 142], 143].

Definition: [Woronowicz] A compact quantum group is a pair (A, A) consisting
of a unital C*-algebra A and a unital *-homomorphism A : A - A Qi A, called
the coproduct, satisfying the following two conditions.

(i) A: A— A®mun A is coassociative, that is (A ® id) o A = (id ®A) o A,
(ii) the linear spans of the sets

{la®@1)A(b) | a,be A} and {(1®a)A(b)]|a,be A}
are both dense in A @i, A.

9.3.7 Remark: Here (i) just says that, after replacing C'(G) with A, the (second)
diagram of commutes, hence the term coassociativity. The role of the second
condition is not as transparent. A first guess for the definition of a compact quan-
tum group might replace (ii) with the existence of a counit map and a coinverse
map. However, these maps in general are only defined on a dense *-subalgebra
(where the coinverse is also called the antipode), where they are unbounded and
hence can’t be extended. To get the definition above, Woronowicz uses the equiv-
alent formulation of a group as a semigroup with right and left cancellation. Thus
(i) alone tells us we have a quantum semigroup, and (ii) tells us we have the non-
commutative version of right and left cancellation, giving us a quantum group.

9.3.8 Remark: In the literature, the Definition 9.3.6] is often stated only for
separable C*-algebras.

9.3.9 If G is any second countable compact group, then C(G) can be given the
structure of a compact quantum group, which we see from the above after checking
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the density conditions in Definition [9.3.6] If G is countable, discrete and abelian,
then by Theorem [9.3.4, C*(G) = C(G), so C:(G) can also be given a compact

quantum group structure.

Let G be a discrete group. Recall from(9.1.16|that elements of the form » ., byu,
where b, € C and b, = 0 for all but finitely many g € G are dense in C(G).

Proposition: Let G a discrete group. Then
Aug) =uy®@uy, g€aG,
extends to a coassociative coproduct
A CHG) = CHE) Din C(G).
Moreover, the linear spans of the sets
{la®@1)A() | a,be C(G)} and {(1®a)A)]|a,be CHG)}

are dense in CHG) Qmin Ci(G). In particular, (CH(G),A) is a compact quantum
group.

Proof. 1t is straightforward to see that A extends to a *-homomorphism. If e
denotes the identity of G, then u, = lcx). We have A(u.) = ue ® ue, so A is
moreover unital. The two density conditions are obvious. Finally, to see that A
satisfies the coassociativity condition, we appeal to the associativity of the minimal
tensor product, which was established in Exercise [6.5.2] |

Using this proposition, we see that it makes sense to think of the reduced group
C*-algebra of a countable discrete group as the C*-algebra of continuous functions
over its Pontryagin dual, even though, since the C*-algebra is noncommutative,
there is no actual group underlying the construction.

A more detailed and accessible treatment of group C*-algebras, including many
examples, can be found in [32]. A good introduction to compact quantum groups
is given in [119].

9.4. Crossed products. An important and interesting generalisation of a
group C*-algebra is the crossed product of a C*-algebra by a locally compact
group G. The construction of the crossed product has a lot of similarities to the
construction of group C*-algebras, but now we have to take into account things
like the representations of the C*-algebra on which the group is acting. Again we
will restrict ourselves to unimodular groups.

By an action « of G on a C*-algebra A we always mean a strongly continuous
group homomorphism a : G — Aut(A), where Aut (A) denotes the group of
*~automorphisms of A. The triple (A, G, «), where A is a C*-algebra with an
action « of G on A, is called a C*-dynamical system.
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9.4.1 Definition: Suppose that G is a locally compact group acting on a C*-
algebra A. A covariant representation is a triple (H,w,u) where H is a Hilbert
space, (H, ) is a representation for A, (H, ) is a unitary representation for G and
7w and u satisfy the covariance condition

u(g)m(a)u(g)” = m(ay(a)),
for every a € A and g € G.

9.4.2 For a C*-dynamical system (A, G,a), the space L'(A,G,«a) is defined as
follows.

First, take compactly supported continuous functions C.(G, A) with twisted con-
volution as multiplication

(Pt = [ fs)aulols™0)ds
and with involution given by
f(s) = as(f(s71)).

LY (G, A, «) is the completion of C.(A, G, «) with respect to the 1-norm

1l —/ 1£(5) |ds.

Note that the norm inside the integral is the norm of the C*-algebra A.

9.4.3 Similar to the way a unitary representation of locally compact group G
gives rise to a representation of L'(G), we can relate a covariant representation for
(A, G, a) to a representation of L'(A, G, ) on an L? space, which can be defined
as the completion of C.(A, G, a) with respect to the norm

i1 = ([ 1) "

Given a covariant representation (H, 7, u), the integrated form of (H,m, u) is

defined to be
w(£)(9) = [ w(F()uls)gds,
a
where f € L'(A,G,a) and g € L*(4,G, a).

Proposition: Let G be a locally compact group, A a C*-algebra and o : G —
Aut (A) an action of G on A. For any covariant representation, the associated
integrated form is a representation of L*(A,G,a) on H = L*(A,G, ).

In the opposite direction, a representation 7 : L'(A,G,a) — B(H) also gives
a covariant representation of (A, G, «) using an approximate unit for L'(G, A).
Since the details are similar to the case for unitary representations, they are left
as an exercise.
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9.4.4 Given a Hilbert space Hy, the space L*(G, Hy) consists of square-integrable
functions from G to Hy. It is a Hilbert space with respect to the inner product

(f.g) = /G (F(), 9(5)) s,

Let H := L*(G, Hy). The (left) regular covariant representation (H,m, u) corre-
sponding to my : A — Hy is given by 7 : A — B(H) defined by

w(a)(f)(s) = mo(as-1)f(s), f € LG, Ho),s €G,
and u : G — U(H) defined by
u(s)()(t) = f(s7't), [fe€ LG Hy) t€G.

9.4.5 Definition: Let a: G — Aut (A) be an action of a locally compact group
G on a C*-algebra A. Let A\ : L'(A,G,a) — B(H) denote the direct sum of all
integrated forms of regular representations. The reduced crossed product of A by

G, written A x,., G, is the closure of A\(L'(4,G,a)) C B(H).

The full crossed product of A by G is the closure of m,(L'(G, A, «)) C B(H,)
where (H,,7,) denotes the universal representation, that is, the direct sum of all
irreducible representations of L'(A, G, «a).

9.4.6 When G is a discrete group, calculations become easier because the Haar
measure is simply counting measure. Thus all our formulas containing integrals
are simply sums, and it will usually suffice to consider elements in the crossed
product of the form

Z agugy where a, € A and a, = 0 for all but finitely many g € G,
geG

as such elements are dense. Henceforth we will restrict to discrete groups and in
particular the special case where G = Z and A is commutative. A good reference
for more general crossed products is the book by Williams [130].

9.4.7 [Universal property of the full crossed product] Let A be a C*-algebra,
G a discrete group and G — Aut (A) an action. The full crossed product is
universal for covariant representations in the following sense. Given any covariant
representation (H,7,v) there is a *-homomorphism

p:Ax,G— C(m(A),v(q)),
satisfying

p (Z agug) = Zﬂmg)vga

geG geG
and then extended by continuity. When A is unital, this map is surjective. If G
is locally compact but not necessarily discrete, one can also define the analogous
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universal property, though it is slightly more complicated. The interested reader
can see, for example, [130, Section 2.6], which is based on work by Raeburn [97].

Note that in particular that when A is unital we get a map A x, G — A x,, G.
When G is amenable [144), 115], or more generally, when the action is amenable
(see [2]), then this map is in fact a *-isomorphism.

9.4.8 In the case of discrete group acting on a unital C*-algebra, the associated
reduced crossed product contains a isometric copy of A as well as a isometric copy
of C,(G) via unital embeddings

i A= Ax, G, 161 CHG) — Ax,G.

As a vector space, we have that A x,, G is linearly isomorphic to the vector
space tensor product A ® C,.(G), and we define the multiplication restricted to
either tensor factor as simply the multiplication in those C*-algebras. However,
the multiplication of elements a ® 1g with 14 ® b, a € A and b € C:(G) will be
twisted by the action a. In particular, unlike in the usual algebraic tensor product,
a® lg with 14 ® b will not commute. For example, for a ® 15 and 14 ® u, the
multiplication will be given by

(CL &® 1g)(1A X ug) = (1A & ug)(&g_l(a) ® 1@).

In this way, we can think of the crossed product of as a type of “twisted tensor
product.”

9.4.9 Example: When G acts on a locally compact Hausdorff space X, it
induces an action on the C*-algebra Co(X) by ay(f)(z) = f(¢7'z),z € X, g € G,
f € Co(X). This provides the following examples:

(a) Let G act trivially on a point . Then the associated crossed products C x,.G
and C x; G are just C;(G) and C}(G), respectively.

(b) Suppose that « is the action of G on itself by translation: ay(s) = gs. Then
C()(G) X fa G= C(](G) Ao G= K(Lz(G))

9.5. Crossed products by Z and minimal dynamical systems. In this
section we will consider the case that G = Z. In this case, GG is amenable so the
full and reduced crossed products coincide. Thus we will just denote the crossed
product by A x, Z. Given a C*-algebra A, a crossed product by Z arises from a
single automorphism on A: If o : A — A is an automorphism, then we define an
action

Z — Aut (A), n—a".
We've already seen that there is a map A< A %, Z. There is also a map in the

other direction A x, Z — A which is not a *~-homomorphism but nevertheless has
some very good properties.
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9.5.1 Definition: Let A be a C*-algebra and B C A a C*-subalgebra. A
conditional expectation is a c.p.c map ® : A — B satisfying ®(b) = b for every
b € B and ®(bjaby) = b1 P(a)by for every by,by € B and a € A. (This last
requirement is equivalent to saying that & is a left and right B module map, or
just B-linear for short.) A conditional expectation @ is faithful when ®(a*a) =0
if and only if a = 0.

Proposition: Suppose that A and B are C*-algebras and ® : A — B is a positive
B-linear idempotent map. Then ® is a conditional expectation.

Proof. We just need to show that ® is contractive and completely positive. Since ®
is positive, we have that ®((a—®(a))*(a—P(a))) > 0. Expanding using B-linearity
together with the fact that since ® is positive it is also *-preserving, this gives us
®((a—®(a)"(a —®(a))) = @(a’a—P(a)’a—a"®(a) + P(a) ®(a))
= ®(a"a) — @(a)"®(a) — P(a”)P(a) + (a)"P(a))
®(aa) — ®(a”)®(a)
®(a*a) — P(a)*P(a)
Thus ®(a)*®(a) < ®(a*a). Suppose that |®|| > 1. Then there exists a € A with
la|l =1and 1 < ||<I>(a)||2 But if ||a|| = 1 then also ||a*a|| = 1 and so

1 < [[®()]]® = [®(a)®(a)]| < [|P(a’a)| < [|P]],
a contradiction. Thus ® is contractive.

Now let us show that ® is completely positive. Let n > 1 and observe that for
a1y Qp, 1 ..., T, € A we have

Z P(x;) ajajP(x;)) (Z a;®(z; ) (Z aiQD(xi)) >0

Assume that B C B(#) is a concrete C*-algebra and let £ € H. Then

Z@(mi)*@(afaj)¢>(a:j)£,£> = Z(q’(@(%)*@f@ﬂ’(%))é@
= < <Z®$l a;a; )>§§>
> 0, N

where the final inequality follows from the positivity of ®. Thus by Proposi-
tion [7.1.5] ® is completely positive contractive. It follows that ® is a conditional
expectation. |

9.5.2 Theorem: Let A be a unital C*-algebra and let o € Aut (A). Then there
1s a conditional expectation ® : A X, Z — A.
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Proof. Let u := uy; € A X, Z be the unitary implementing « in A %, Z, that is,
u is the unitary satisfying uau* = «a(a) for every a € A (where we regard A as
a C*-subalgebra of A x, Z). For t € R let A\ = > Assume that A x, Z is

represented on a Hilbert space H. Then
uy:Z —->UAXNLZ), n— (Au)"

determines a unitary representation of Z, and (H,id,u,) is a covariant represen-
tation. Thus, using the universal property of the crossed product , there is
a surjective map

T AXeZ — C (A un(Z)) C Ax,Z,
such that my(a) = a for every a € A and my(u) = Au. It is easy to check that
is injective, hence is an automorphism of A X, Z.

Suppose that zo = Z;{L_N apu® for some N € N and a;, € A. For \ = ¥,
define a function from R to A %, Z by
N
fuo (t) = Toomie (x0) = Z Xk g
k=—N

Observe that f,, is continuous. Now if z € A %, Z, we can also define the function
fz(t) = Teu(x). By approximating x by an element of the same form as x
(which is possible since these are dense), it follows that f,(t) is continuous for
every v € A X, Z.

Define ® : A x, Z — A %, Z by

B(z) = /0 ()t

Since Teexit(x) = fi(t), this makes sense. Now, 7.2r: is a *-isomorphism so in
particular is positive and faithful. It follows that & is positive and faithful (to con-

*

vince yourself of this, check what happens on elements of the form Zng ~ axu®).
It is also straightforward to check that ®(144,7) = 14.

Let a,b € A. Then

1 1
(I)(CL{Eb) = / 7T€27rit(a)WeQWit(x)WeQWit<b)dt = / (17T62m't<l‘)bdt = (Z(D({E)b,
0 0
so ® is A-linear and ®(a) = a®(lax,z) = a.
We now show that ®(A x, Z) C A. First, note that, for & # 0, we have

1
d(uh) = / M thykdt = (2mik) T (€™ — 145, 2)u” = 0.
0

Thus, for x = Z]kV:_N aruf we have ®(z) = ay € A. Since elements of this form
are dense, we see that ®(A x, Z) C A. Finally, since ® is the identity on A, we
have ®2 = ®. Thus ® is a conditional expectation by Proposition [9.5.1] |
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9.5.3 Let X be an infinite compact metric space and o : X — X a homeomor-
phism. Then « induces a Z-action on the C*-algebra C'(X) via

Z — Aut (C(X)), ne— (f—= foa™).

By slight abuse of notation, since we will rarely write down the action specifically,
we write C'(X) X, Z for the corresponding crossed product. Note that C(X) x,Z is
generated by C(X) and a unitary u satisfying ufu* = foa™! for every f € C(X).

9.5.4 Proposition: Let X be an infinite compact metric space, o : X — X a
homeomorphism, and E a nonempty proper closed a-invariant subset, that is, a
nonempty closed subset E # X such that a(E) C E. Then the ideal

Ip:={feCX)| fle =0} CCX)

generates a proper ideal in C(X) X4 Z.
Proof. Let

N
Jg:={a € C(X) x4, Z| thereis N € N such that a = Z fouf, fi € Ig).

k=—N

Note that Jg is closed under addition. Suppose that a = fo:_ v fruF € Jp and
b=S"1_,, geu” for some M € N and g, € C(X). Then

ab = Z fruFgu M = Z Sulgro a ™ )uMH
k,l k,l

For every k and every [, we have fi(g; 0 a )| =0, so ab € Jg. Also,

ba = ngukflu_kukH = Z gr(fo a P yutt.
k.l k,l

Since E is a-invariant, we have (f), o a™*) € I for every k, and hence for every k

and every [ we also have g(f; o o) € Ig . It follows that ba € Jg. Thus Jg is
an ideal in C'(X) %, Z.

To see that Jg is a proper ideal, consider its image under the conditional ex-
pectation ® : C(X) x4 Z — C(X) from Theorem [9.5.2 We have ®(Jg) = I so

®(Jg) = Ig. Thus Jg # A, that is, Jg is proper. |

9.5.5 Given a homeomorphism « : X — X of a locally compact Hausdorff space
and a point x € X, the orbit of x is the set {a™(z) | n € Z}. We also define
the forward orbit of x to be {a"(z) | n € N} and the backward orbit of x to be
{a™™(x) | n € N}.

Definition: Let X be a locally compact Hausdorff space. A homeomorphism
a: X — X is minimal if X has no proper closed a-invariant subsets. We also say
that the topological dynamical system (X, «) is a minimal dynamical system.
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9.5.6 Proposition: Let X be a compact metric space and let o : X — X be a
homeomorphism. The following are equivalent:

(i) The homeomorphism « is minimal.

(ii) For every x € X, the orbit of x is dense in X.
(iii) For every x € X, the forward orbit of x is dense in X
(iv) For every x € X, the backward orbit of x is dense in X.

Proof. For (i) implies (ii), suppose that « is minimal and let x € X. Suppose
there is some open set U C X such that o”(z) ¢ U for every n € Z. Let
E = X\ U,eza(U) and note that a(E) C E. Thus minimality implies F = X, or
E = (). If the latter holds, then x € a"(U) for some n € Z. But then o "(z) € U,
a contradiction. Thus we must U = (), so the orbit of z is dense.

For (ii) implies (iii), we will show that for every z € X and for any open set
U C X thereis an € N such that o”(z) € U, which implies that the forward orbit
of z is dense. By assumption, every orbit is dense and so {a"(U) | n € Z} is an
open cover of X. By compactness of X there is N € N such that

{a"(U) | =N <n < N}
is also an open cover of X. Since « is a homeomorphism, we have that o (X) =

X. Thus {a"(U) | —2N < n < 0} is an open cover of X and therefore there is
some m, —N < m < 0 such that x € &™(U). So a~™(z) € U.

Suppose x € X and U C X is an open set. If forward orbits are dense, then
{a™(U) | n € N} is an open cover of X. Thus there is some m € N such that
x € a™(U). So a™™(x) € U. Since x and U were arbitrary, this shows (iii) implies
(iv).

Finally, suppose that (iv) holds. Suppose that E C X is a closed subset with
a(E) C E. Then o™(E) C E for every n € N. Let U = X \ E. If U # (), then
{a™™(U) | n € N} is an open cover for X. Let z € E. Then there is some n € N
such that z € a~™(U) and so a"(z) € U, contradicting the fact that ENU = 0.
Thus U = () and £ = X, which shows that « is minimal. I

9.5.7 Lemma: Let X be an infinite compact metric space and o : X — X a

minimal homeomorphism. Suppose that J C C(X) X4 Z is a nonzero ideal. Then
JNC(X)#D0.

Proof. For a contradiction, suppose J N C(X) # 0. Let a € J be nonzero. Then
since ® is faithful, ®(a*a) € C(X) is also nonzero. We can approximate a*a by
an element b = Z;.V:_N fiu? for some N € N and f; € C(X) with ||b — a*al| <
|®(a*a)||/4. Let x € X satisty |®(a*a)(z)| > 3||P(a*a)| /4.

Let B = C(X) + J. Note that B is subalgebra of C(X) X, Z and J is ideal in
B. Let pg : C(X) 4+ J — C be the map given by the composition of the maps

C(X) + J —(C(X) + J)/J = C(X)/JNCOX) = C(X) - C,
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where the final map C'(X) — C is the evaluation at z, that is ev,(f) = f(z). Then
po is a state on C'(X) + J and so we can extend it to a state p : C(X) x,Z — C.
Note that p(a*a) = 0 since a*a € J.

Since = has dense orbit, there is an open set U containing x such that the sets
{a"(U) | =N < n < N} are pairwise disjoint. Let f, € C(X) satisty f.(z) =1
and supp(f,) C U. Let —N < j < N and j # 0. Since p is multiplicative on
C(X), by Exercise [7.3.3[ and [7.3.5| and the fact that x ¢ supp(f), we have,

p(fiu’) = po(f)p(w’) = po(fufi)p(u’) = p(u! ((faf;) 0 7)) =0,
since = ¢ supp((f..f;) o o). It follows that p(b) = p(fo). Then
®(a*a)/4 > [|b—a’al < |lp(b—a’a)]| = [lp(b)]
= |fo(2)] = |®(a"a)(x)] = [|b — a*a]
> ®(a*a)/2,
a contradiction. Thus J N C(X) # 0. |

9.5.8 Theorem: Let X be an infinite compact metric space and let o : X — X
be a homeomorphism. Then C(X) X, Z is simple if and only if o is minimal.

Proof. The fact that simplicity implies minimality follows from Proposition [9.5.4]
Now assume that « is minimal and let J C C(X) %, Z be a nonempty ideal. Since
I:=JNC(X) is an ideal in C(X), it follows from Exercise that there is a
closed subset £ C X such that I = {f € C(X) | f|g = 0}, or, equivalently, there
is an open U C X such that I = Cy(U), where

U={z e X | thereis f € I such that f(z) # 0}.

By the previous lemma, U must be nonempty. Let h € [ and let x € X be such
that h(x) # 0. Then there is some open set U C X containing = such that h(y) # 0
for every y € U. Since the orbit of z is dense, {a(U) | n € Z} is an open cover of
X, and since X is compact, there is N € N such that {a™(U) | —-N <n < N} is
an open cover of X. Let g = ij:fN u"hu~". Then g € J and g(z) > 0 for every
r € X, so g is invertible. Thus lo(x)w.z € J, and so C(X) x4 Z is simple. |

9.6. Exercises.

9.6.1 Let G be a discrete group.

(i) Show convolution and involution in C.(G) is well defined.
(ii) Show that convolution is associative.
(iii) Show that if G is countable, then C!(G) is separable.

9.6.2 Let G be a topological group and suppose that pu,p’ are two left Haar
measures on G. Show that L'(G, n) = LY(G, 1/).

9.6.3 Let G be a topological group and H a Hilbert space. Suppose that u : G —
U(H) is a strongly continuous homomorphism, where U (H) is the group of unitary
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operators on H. Show that s +— u(s)¢ is continuous for every £ € H if and only if
the function G x H — H, (s,&) — u(s)¢ is continuous.

9.6.4 Let G be a locally compact group and u : G — U(H) a unitary representa-
tion.

(i) Show that w is irreducible if and only if there are no proper closed linear
subspaces K C H that are stable under u(G).

(ii) Show that C*-subalgebra of B(H) generated by u(G) is irreducible if and
only if u is irreducible.

9.6.5 Let GG be a locally compact group. Show that the left regular representation
A : G — B(L*(@)) is a unitary representation.

9.6.6 For f € L'(G), let f denote its Fourier-Plancheral transform. Show that
when f,g € LY(G) we have (f % g) = fg and (f*) = /.
9.6.7 Show that the following discrete groups are amenable.

(i) Finite groups are amenable.

(ii) Z is amenable.
(iii) Subgroups of amenable groups are amenable.

9.6.8 Let k € N\ {0}. What is C(Z*)? What is C*(Z*)?

9.6.9 Let H = (*(Z x N) and let {£,x | n € N,k € Z} be an orthonormal basis.
Set 0 < g < 1. Define a,c € B(H) as follows:

agn,k = 1B(H) - q2”§n—1,k7 an,k = qngn,k—l-l-
Let A = C*(CL, C, 1B(H))-

(i) Show that a*a + c*¢c = gy, aa* + ¢*c*c = lpm), ¢'c = cc*, ac = gca
and ac* = qc*a. Deduce that

(474 ) et

is a unitary.

(ii) Define A: A - A®@uin A C B(H ® H) by
Ala)=a®a—qc*®@c, Alc)=c®Ra+a" Rc.

Show that (A, A) is a compact quantum group.

(iii) Suppose that H is a Hilbert space and a,c € B(H) satisfy the rela-
tions in (i) with ¢ = 1. Show that C*(a,b,1) = C(SU(2)) (equivalently,
C*(a,b,1) =2 C(S3)). (Hint: Use that fact that the Hilbert Nullstellen-
satz says that Cla, b, c,d]/ < ad — bc — 1 > is the ring of polynomials on
SU(2).)
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9.6.10 Let G be a discrete group acting trivially on a point x. Show that the
associated crossed products C x, G and C x; G are just C;(G) and C7(G), respec-
tively.

9.6.11 Let 0 € R. Define g : T — T by pg(z) = €™z, which is a homeomor-
phism. Show that (T, ¢y is minimal if and only if 6 is irrational. Thus C(T) x,, Z
is simple if and only if 6 is irrational. If 6 is irrational, then C(T) %, Z is called
an irrational rotation algebra. What happens when 6 is a rational number? An
integer?

9.6.12 Let X = {0,1}. Then X is a Cantor set and we can define a homeo-
morphism ¢ : X — X as follows. If x € X we think of = as a sequence (z,)nen
of zeros and ones. If (z,),en is the sequence consisting only of ones, then ¢(x) is
the sequence consisting of all zeros. Otherwise, let m > 0 be the least integer such
that 2, = 1 for every n < m. In that case, p(x) = y where y, = 0 for n < m,
Ym = and y, = x, for every n > m. (In other words ¢ is addition modulo 2 with
carry-over.) The dynamical system (X, ) is called the 2-odometer.

(i) Show that (X, ) is minimal and hence C'(X) X, Z is simple.

(ii) For n > 2, define the n-odometer (X, ¢,) where ¢, is a homeomorphism
on the Cantor set X = {0,1,...,n — 1} and show that C(X) x,, Z is
again simple.

9.6.13 Let (X, ) be a minimal dynamical system where X is an infinite compact
metric space.

(i) Let Y C X be a nonempty closed subset. For x € Y, define the first
return time of x to Y to be

ry(z) :=min{n > 0| ¢"(z) € Y}.

Show that for any set Y, there are only finitely many different first return
times, that is,

{ry(z) [z €Y}
is finite.

(ii) Show that if Y1 D Y5 then ry, (z) < ry,(x) for every z € Y.

(iii) For the rest of the exercise let (X, ) be the Cantor 2-odometer of Ex-
ercise [9.6.12, Suppose Y C X is a nonempty clopen subset. Show that
there is an n € N such that any x € Y has return time 2.

(iv) Show that o*(Y)Na?(Y) = 0 when j # k € {1,...,2"} and Ui_,a*(Y) =
X.

(v) For 1 <k < 2" let x,(Y) denote the indicator function on o*(Y) C X,
which is in C(X) since Y is clopen. Let u € C(X) %, Z be the unitary
satisfying ufu* = foa™!, f € C(X). Show that the elements

uj_an’“(Y)a 1<y, k<2"
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are a system of matrix units in the C*-subalgebra C*(C(X),uC(X\Y)) C

C(X) Xo Z = C*(C(X),u) and use this to show that
C(C(X),uC(X\Y)) =ZC(Y)® M

is an AF algebra.

(vi) For a clopen subset Y C X, let Ay := C*C(X,uC(X \Y)). Let y € X
and let Y7 D Yy D --- be a nested decreasing sequence of clopen subsets
with NpenY, = {y}. Show that Ag, = lim Ay, and Ay is isomorphic
to the UHF algebra M.

9.6.14 Let (X, ¢) be a minimal dynamical system where X is an infinite compact
metric space. Let u be a p-invariant Borel probability measure on X, that is,
w(X) =1and pu(p ' (E)) = u(E) for every Borel set E C X. Show that

T(a):/XCD(a)d,u

defines a tracial state on C(X) %, Z.
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10. Cuntz algebras

The Cuntz algebras are a well-studied class of unital simple C*-algebras, named
after Joachim Cuntz who constructed them in [28]. Cuntz constructed them to
show the existence of a simple separable C*-algebra A which is infinite, which is
to say, contains an element x € A such that z*x = 14 and xx* # 14. Previous
examples of infinite C*-algebras included the Calkin algebra B(H)/K(H) or came
from the theory of von Neumann algebras—the so-called type III factors—and
were never separable. Thus it was unclear if this phenomenon could occur unless
the C*-algebra was big enough. We will also see that the Cuntz algebras realise
the property of being infinite in a particularly strong way: they are purely infinite.
Purely infinite simple C*-algebras have many peculiar properties. For example,
projections display a strange Banach—Tarski-type paradoxical behaviour in the
sense that any given projection can be chopped up into subprojections the same
size as the original projection. Following the construction of the Cuntz algebras,
many generalisations emerged which could also be used to construct purely infinite
C*-algebras. Of particular note are Cuntz—Krieger algebras, graph algebras and
Cuntz-Pimsner algebras, which are not always purely infinite, but for which con-
ditions are known that imply pure infiniteness. In fact, it turns out that there are
many purely infinite C*-algebras. One of the first major results of the classifica-
tion programme was the Kirchberg—Phillips classification of purely infinite simple
C*-algebras. Two of the Cuntz algebras we meet in this section, Oy and O play
a particularly interesting role in the classification. We won’t have too much to say
about that in this book, however there is some discussion in Chapters [I6 and [1§|

In this chapter, we construct the Cuntz C*-algebras as universal objects, and
so the first section focusses on the notion of a universal C*-algebra. In the next
section, we collect some facts about purely infinite simple C*-algebras. The final
section contains the construction of the Cuntz algebras and the proof that they
are purely infinite and simple.

10.1. Universal C*-algebras. Interesting examples of C*-algebras are often
described as universal objects given by generators and relations. This has to be
done with some care, because some generators and relations cannot be used to
construct C*-algebras. This is because the generators and relations have to be
realisable as bounded operators on a Hilbert space. Thus relations, which will
usually be algebraic relations among the generators and their adjoints, will require
a norm condition. A good discussion on the nuances of universal C*-algebras can
be found in [81].

10.1.1 Definition: Given a set of generators G and relations R, a representation
of (G, R) on a Hilbert space H is amap 7 : G — B(H) such that 7(G) are operators
satisfying the relations R.
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10.1.2 If A is the free *-algebra on the generators G subject to the relations R then
this induces a representation (H,mg) of A on H. Let (G, R) be a set of generators
and relations and let A denote the free algebra on generators G. Suppose that, for
every a € A,

p(a) = sup{||mg(a)|| | mg is a representation of (G,R)}

is finite. Then p(a) is a seminorm on on A.

10.1.3 Definition: Given a set of generators and relations (G, R) such that the
p(a) < oo for every a € A, where A and p are defined as above. The universal
C*-algebra of (G, R), written C*(G, R), is the enveloping C*-algebra of (A, p).

By the universal unital C*-algebra on (G, R) we mean the universal C*-algebra
generated by F U {1} with relations R U{1lg = g1 = g for every g € G}

10.1.4 The universal C*-algebra A = C*(G, R) has the following universal prop-
erty: If a C*-algebra B contains a set of elements X in one-to-one correspon-
dence with G which also satisfies the relations R, then there is a surjective *-
homomorphism A — C*(X) where C*(X) is the C*-subalgebra of B generated by

X.

10.1.5 Examples: 1. The first example is a nonexample. There is no universal
C*-algebra generated by a self-adjoint element. Throughout the book we have
repeatedly made use of the fact that a self-adjoint element a in a C*-algebra
generates a commutative C*-subalgebra, and so there are plenty of representations
(x,z = x*). However if A is the free *-algebra generated by x subject to the
relation # = x*, then for any a € A we can find a representation of (z,z = z*)
where the norm of a is arbitrarily large. Thus p(a) will not be finite, and the
universal C*-algebra cannot exist.

2. Let G = {a,1} and R = {|la|| < 1,a* = a,1 =1* = 1?>,1a = al = a}. Then
C(G | R) = C([-1,1]).

3. Let G = {u} and R = {u*u = wu* = 1}. The universal unital C*-algebra— the
unital universal C*-algebra generated by a unitary—is then isomorphic to C(T).
Note how this is related to the the group C*-algebra construction for T =~ Z.
Here there is no explicit mention of a norm bound, however this is implied by
the relation u*u = 1 since any operator u on any Hilbert space H satisfying this
relation will have to also satisfy |lul| = 1.

10.1.6 An important example is the following. Let n € N and let G = {e;; | 1 <
i,7 <n}U{1} and R be the relations {e;je = djreq, €5; = €5 =€, > " e =1}
The universal C*-algebra generated by these generators and relations is of course
just M,,. Thus, whenever we find elements satisfying these relations (nontrivially)
in a given C*-algebra A, we get a copy of M, sitting inside of A, as we observed
in [8.4.6
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10.2. Purely infinite C*-algebras. This definition for purely infinite, sim-
ple, unital C*-algebras appeared as [29] Definition 2.1]. The definition was later
generalised to include simple C*-algebras which are not necessarily unital as well
as C*-algebras which are not necessarily simple, see for example [68].

10.2.1 Definition:  Let A be a unital simple infinite-dimensional C*-algebra.
We say A is purely infinite if for every x € A\ {0} there is a,b € A such that
arhb =14.

10.2.2 Lemma: Suppose that A is a unital simple C*-algebra. Then, for any
nonzero positive element a € A there are n € N\ {0} and elements x1,...,x, € A
such that Y, wgaxy = 14.

Proof. Since A is simple and unital, it has no nontrivial algebraic ideals (Exer-
cise 2.5.11)). Thus there are m € N\ {0} and y1,...,Ym, 21, ..., 2m € A such that
> e yrazg = 14. Note that for each i <k < m we have (y, — z;)a(y; — z1) > 0.
Thus

Z Yk — z)alyy, — zx)) Z YrQYy + Z02k) — Z(ykazk + zpayy)-
k= k=1 k=1

It follows that

NE

2= (yraz, + zrayy) < Z(ykay,’; + zfazy).
=1

i

1

Thus, for n = 2m, by scaling the ¥y, and z; by 1/\/5, there are wy,...,w, € A
such that

14 < Zwkawz.
k=1
Let ¢ := Y, wraw} and for 1 < k <n and j € N\ {0} set 7 = ¢~*/2w;. Then

E TRaxy = c’l/zwkaw,tc’l/2 =14,
k=17

which completes the proof. |

10.2.3 Recall that a projection p in a C*-algebra is called infinite if it is not finite
(Definition [8.3.11]), that is, there exists v € A such that v*v = p and vv* < p. We
will see that a simple unital purely infinite C*-algebra has many infinite projections.

Theorem: Let A be a unital simple infinite-dimensional C*-algebra. Then the
following conditions are equivalent.

(i) A is purely infinite.
(ii) Every nonzero hereditary C*-subalgebra contains a projection that is
Murray—von Neumann equivalent to 14.
(iii) Every nonzero hereditary C*-subalgebra contains an infinite projection.
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Proof. First assume that A is purely infinite. Let B C A be a hereditary
C*-subalgebra and choose a nonzero element x € B. First we claim that there is an
element ¢ € A such that cz*xc* = 14. Since A is purely infinite, there are a,b € A
such that axb = 14. Then 14 = b*z*a*axb < ||al|*b*z*xb, so b*z*xb is invertible.
Let ¢ = (b*z*zb)~Y/2b*. A simple calculation shows that cx*xc* = 14, which proves
the claim. Let v = z¢*. Then v*v = 14, so vv* is a projection (Exercise and
vv* is Murray—von Neumann equivalent to 1,4. Since vv* = xc*c*z* € xAx* C B,
this shows that (i) implies (ii).

Now suppose that (ii) holds. Let B C A be a hereditary C*-subalgebra. There
are a nonzero projection p € B and v € A such that v*v = p and vv* = 14. The
hereditary C*-subalgebra pAp is a nonzero, so there is a projection ¢ € pAp, hence
g < pand w € A such that w*w = g and ww* = 14. Then (v'w)*(v*w) = w*w = ¢
while (v*w)(v*w)* = w*w = p, so p € B is infinite, showing (ii) implies (iii).

We show (iii) implies (ii). Suppose (iii) holds and B C A is a hereditary C*-
subalgebra containing an infinite projection p. Let ¢ < p and v € A satisfy v*v = p
and vv* = ¢. By the previous lemma, there are xy, ..., x, such that

ZM:(P —q)zy, = la.
k=1

Let z := Y_1"  v*(p — q)x}. Note that v*(p — q)v = v*vv*(v*)vv*v — v* (Vv*)v =
v*qpqu = v*qu = 0. We have
Io- @) veo-olt
= =)@ -a@)vEe-al* o
= [llp = @)V (p = )@) v (p— () (p = ¢ (') ' (p = ||
If i > j then (v")*0/(p — ¢)(v?)*v" = 0 and if j > 7 then (v/)*v'(p — ¢)(v*)*v? =0,
so in either case, if i # j then (p — q)(v?)*v'(p — ¢) = 0. Thus

Fr=Y 3 mp— )@V (p— qrx = xp(p — g)x; = 1a.
k=1 j=1 k=1
On the other hand, 2z* =7/, 37" | v (p—q)zizi(p—q)(vV)* € vAV* = quAv*g,
so zz* € B as ¢Aq C pAp C B. So we have that (iii) implies (ii).

—4q
—4q

Finally, we show that (ii) implies (i). Let 2 € A be nonzero. There is a projection
p € z*Ax and v € A such that v*v = p and vv* = 14. Let 0 < € < 1 and choose
b € A such that ||p — 2*cz|| < e. Then 2*bz is invertible in the corner pAp. Let

a:=vr*c and b := (z*cx) w*. Then axb = vr*cr(r*cr) w* = vpv* = 14. |

10.3. Cuntz algebras. In this section, we're interested in universal alge-
bras that result in C*-algebras that are, on the one hand, very far removed from
the UHF algebras we've already encountered—they are never stably finite, for
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example—yet on the other hand bear some interesting similarities: they are sim-
ple and, like some of our UHF algebras, some of the Cuntz algebras have a certain
self-absorbing property, which we will see in Chapter [I6] They were originally
introduced by Cuntz in [28], whence the name. Most of this section follows that
paper.
10.3.1 Definition: Let n € N\ {0} and let G = {s1,...,s,}. Define relations
on G by

Ro=1{>"j_15i8;=1,8is; = 1,1 <i <n}.
Then the universal unital C*-algebra on G subject to R is well defined and we call
C*(G | R) the Cuntz algebra of type n and denote it by O,.

10.3.2 We can also define a Cuntz algebra of type oo, denoted O, in the obvious
way.

Definition: The Cuntz algebra O, is the universal unital C*-algebra generated
by a sequence of isometries (s;);en such that » 7, s;s7 <1 for every n € N.

10.3.3 Remark: The relations described above give norm bounds on the gener-
ators, so these universal C*-algebras are well defined (exercise).

10.3.4 Let H be a separable Hilbert space. For n € N U {0}, fix a sequence
of isometries si, ..., s, satisfying R,. Let B := C*(sy,...,s,) be the C*-algebra
generated by the isometries sy, ..., s,. Since O,, is a universal C*-algebra, we have
a surjective map O,, - B.

The next lemma implies that the range projections s;s} of the defining isometries
are pairwise orthogonal.

Lemma: Suppose that K € N and qo, . ..,qx are projections in a C*-algebra A
satsifying ||qo + -+ + qx|| < 1. Then qo,...,qx are pairwise orthogonal.

Proof. Passing to the unitisation if necessary, we may suppose that A is unital.
The proof is by induction. We have ||go + ¢1|| < 1, so 1 — (g0 + ¢1) > 0. Thus

qo(1—qo—q1)q0 > 0. But also qo(1 —qo—q1)q0 = —qoq190 < 0, 80 goq19o = 0. Thus
liqoll? = llgoi190ll = ||goq190]] = 0. So qo and ¢, are orthogonal projections.

Suppose that [|go 4+ -+ + qx|| < 1 for some k > 1 implies qo, . .., g are pairwise
orthogonal. Then ¢ + -+ - + g is a projection so if ||go + -+ + qx + qra1]] < 1, we
have that gy + - - - + qx and g1 are mutually orthogonal. Then, for any 0 <7 < k
0=qi(qo+ 4+ q)qk+1 = Giqr+1- Thus qo, ..., qry1 are mutually orthgonal. 1

10.3.5 For k£ € N, we denote by W} the set of k-tuples (ji,...,Jx) where, for
i =1,...,k, we have j; € {1,...,n} if n < oo and j; € N if n = oo. Let
We = UkeN Wi

For pn = (j1,...,jk) € W} we denote the element s;,sj, - - - s;, € O, by s,. Out

of notational convenience, we will also sometimes denote 1o, by so. If p € W}/
then the length of p, written ¢(u), is k. If p = 0 then set () := 0.
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Lemma: Let pu,v € WZ. If {(p) = ((v) then sjs, = d,, lo,.

n

Proof. If {(p) = £(v) = 0, then this obvious. Suppose that (i) holds for any p,v €
W2 with ((p) = €(v) =k > 0. Let () = l(v) = k+1. Then p = (i1, ..., 0%, ik+1)
and v = (J1, -, Jks Jet1). Put g/ := (i1,..., 1) and v/ := (ji,...,jx) if £ > 1 and
V' = i’ = 0 otherwise. By the previous lemma,

Sik+1sjk+1 - Sik+1 <Slk+lsik+1)(8]k+1 Sjk+1)8.7k+l - Sik+1 S]k:+1
- 61k+1:]k+18ik+18.7k+1 - §1k+1:.7k+1 1(9n-
Thus
* _ * * i
5,5, = SikH(S#/Sw)Sng
*
5#'7V/Sik+1sjk+1
- 5,[1,7V 1On7
smce 6M/7V16ik+1ajk+l = 6)“71/. I

*

10.3.6 Lemma: Let p,v € W3 and let p = s,s}, and ¢ = s,s,. Suppose
s;,sy # 0. It holds that

) ={(v) then s, = s, and p = q,
) < l(v) then s, = sus with ' € Wy, ) and ¢ <p,
) > (v) then s, = s,s, withv' € Wy, ., and p <q.

v

Proof. For (i) the proof is again by induction on the length of p = v. If
l(p) = L(v) = 0 then s, = s, = lp, = p = ¢q. Suppose that (i) holds
for any p,v € W2 with ¢(u) = ¢(v) = k > 0. Suppose ¢/, € W2 and
Up') =L('") =k+1. Then p/ = (i1, ... ik, igr1) and v/ = (j1, .. ., Jk, jrs1) for some

L <ityeeoyipsts g1y - Jee1 < n (where we allow n = 00). Let p = (iq,...,14) and
v = (j1,--.,Jk). By the previous lemma,
10n = S;/Sy/ = (Sik+1)*SZSV$jk+1

= (Sik+1)*3jk+1 = 5ik+17jk+1'
Thus 711 = jrs1 and, applying the induction hypothesis to p and v implies that
s = s, and hence p = q.

Now suppose that ¢(u) < ¢(v). Then v = au’ where {(a) = ¢(v) and (1) =
((v) — £(p). Since s3s, # 0 and s},5, = s},545,/, we clearly have sys, # 0. Thus
by (i), we have o = p and

q= 5,8, = su(sw8,,)8,, < sulo,s;, =P
The proof of (iii) is similar and left as an exercise. |

10.3.7 Lemma: Ifw # 0 isaword in {s; | i€ {l,...,n}}U{s; |ie{l,...,n}}
then there are unique elements p,v € W2 such that w = s,s;,.
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Proof. Let w = xy---x, with x; € {s; | i € {1,...,n}}U{s] | i € {1,...,n}}.
Since s}s; = 6;; 1lo,, and w # 0, we can reduce w by cancelling any instance of
sfs;. Thus we can write w = y; -+ -y, with ¢ < r and such that for some 7y, if
y; = Si, then y;_1 = s; for some i € {1,...,n}. Let 0 < j, <t be the integer
such that y;, = s;, and satisfies y; = s;(;) for every j with 7 > 1 and j < jo
and y; € Si0) for any j with jo < j and j < t. Let p € W} be the given by
(i(1),4(2),...,i(jo) = 40) and v € W}, be given by (i(jo +1),i(jo +2),...,i(t)).
Then w = s,s;,, which shows existence.

Suppose that there are a, 5 € W with w = s,85. Since w*w # 0, we must
also have s}s, # 0. Then, by the previous lemma, o« = p. Applying the same
argument to ww*, we also have = v. This shows uniqueness. |

10.3.8 Let F* = C and for k& > 0 let

FP=C(sus, | pyv € W) and  F" := UenFy.

Theorem: Ifn < oo then F! = M,x. Moreover I}’ C F}! | and F" = Uy, the
UHF algebra of type n>™. If n = oo the F}} = K and F™ is an AF algebra.

Proof. Let p, p/,v,v/ € W}. It follows from above that (s,s5)(s,/8%) = 0y,8,5%.
Also, (sus;)* = susy. Thus s,s), p,v € W' are a system of matrix units. If

n < oo, then |Wp| = n*, and so F' & M,x. Furthermore, if n < oo we have
n *
Zj:l §j8; = 1o, so

n

* oF ok mn
5,8, = E SuSjs;s, € Fiiy.
J=1

Thus F}’ C F}?,,, and it is not hard to see that under the identification Fj} = M,
these embeddings are just the connecting maps from [8.3.1] Thus F" = U,,~.

Suppose now that n = oco. Then F}' = |J, oy F}* and F" C F,g”“ where
the embedding is into the top left my x my, corner of M¥ . Thus F' = K.
The inductive limit of an AF algebra with injective connecting maps is again AF

(Exercise [8.7.12]), so F™ is an AF algebra. |

10.3.9 The proof of the following theorem should look familiar: it is quite similar
in construction to the conditional expectation on a crossed product by Z. (One can
construct the Cuntz algebra as a crossed product by N, a generalisaton of crossed
products by the integers we saw in [9.5] In fact if, one tensors with the compact
operators, O, ® K is isomorphic to a crossed product by Z. The interested reader
should see [29] Section 2].)

Theorem: For everyn € NU{oo}, there exists a faithful conditional expectation
d:0, — F".



10. CUNTZ ALGEBRAS 155
Proof. Let t € R. Then e*"is;,e* sy, ... satisfy the relations R, of Defini-
tion [10.3.1] so, by the universal property, there is a *~homomorphism
pr: O, — C* (2™ sy, sy, ..., 2™ s,) C O,

which maps the generators s; — e?™s;. Note that p; 0 p_; = idp, so in particular,

pr is injective. Since py(s}) = e 2mitg* a straightforward calculation shows

7
Pt(SMS;) _ eQﬂit(ﬁ(u)—((u))sus;

It follows that for arbitrary x € O, the function f : R — O, defined by f.(t) =

pi(x) is continuous. Thus we may define

o) - [ ()it = / (0t

Since p; is an injective *~homomorphism, ® is positive and faithful. Now
1 .
N 2t (0()—E(v) . _ 0 ifl(u) #L(v),
D(s,s,) = </0 e dt) 5,55 = { S5t i ) = £00)

so by extending to O, we see that ®(0,) C F™ and that ®(z) = x for every
x € F". Finally, we get that for a,b € F™ and x € O,

(axb) = /0 ' ou(ab)dt = /0 @ (@) pe(B)d = a ( /0 1 pt(x)dt) b= ad(a)b,

so @ is a conditional expectation by Proposition [9.5.1} |

10.3.10 Lemma: Suppose that k € N and p,v € W2 satisfy (), l(v) < k with
() # (V). Let s, := sisy. Then s%(s,s5)sy = 0.

Proof. We have that (s})*s, = 0 unless s, = s‘i(“). Thus s3(s.s;)s, =
s’g(slf_ﬁ(”))*szsv. Similarly, s}s, = 0 unless s, = (s7). Thus

c(htiyegiet | s s i) > (),
S8 51 §2 = 8*<S€(V)_£(#))*S if /0 /¢
2($1 o if £(p) < L(v).

However, s3s1 = 0 = s7sy. Thus s}(s,s;)s, can only be nonzero if {(u) = ((v),
which is not the case by assumption. Thus s%(s,s;)s, = 0. I

10.3.11 Proposition: For every k € N\ {0} there ezists an isometry w € O,,
commuting with F}', such that

d(x) = wrw™,
for every x € span{s,, s} | {(n), £(v) < k}.

Proof. Assume first that n < oo. Let s, = s?"sy and define

w = E SaS~ 5.
L(a)=k
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Then
w'w = Z Z SaS,SaSpS, S5
t(a)=k £(8)=k
= Z Sa S5 Sy Sy = Z SaS5n = 1o,
L(a)=k La)=k

Furthermore, when ¢(u) = ¢(v) = k we have

E sasvs Su = SuS~,

()=
while
S, W = Z 81505y Sy = 545,
L(a)=k
Thus

WSS, = 5,545, = S,5,W.
Since s,,s;, are a system of matrix units generating F}’, it follows that wF]' = FJlw
Thus w*zw = z for every x € F}'. On the other hand, if ¢(u) # ¢(v) then

w*s,s,w = Z SaS,SaSus,sps — vep = 0,
Ua)L(B)=k
by the previous lemma. It follows that for every = € span{s,s} | {(n),¢(v) < k}
we have ®(z) = w*zw, which proves the lemma in the case that n < oco.

Suppose now n = oo. Let N be the largest integer appearing in p and v.
Let § € B(H) (where O, C B(H)) be an operator satisfying §*s = 1o and
lo, — Zjv 1 8587 = 88", Then, with s, as above, let

w = E 50575,

La)=k

where a € {1,..., N, N +1}* and we interpret sy;; = 5. Then one checks that w
satisfies the requirements of the lemma. |

10.3.12 Proposition: Suppose that n < oo and x € O,, is nonzero. Then there
exist a,b € O,, such that axb = 1p, .

Proof. Let x € O, be nonzero. Then, since ® is faithful, we have ®(z*z) > 0.
Multiplying by a scalar if necessary, we may assume that ||®(z*z)|| = 1. Find
some N € N and p;,v; € W2 such that y = Zﬁvzl Su; sy, 1s self-adjoint and
satisfies ||z*x — y|| < 1/4. Then

O(y) > O(a"z) —1/4 = 3/4.

Let k := max{l(u;),¢(v;) | 1 < j < N}. By Proposition [10.3.11] there exists
an isometry w € O, which satisfies ®(y) = wyw* € F}'. From Theorem [10.3.8

Y

we have F' = M, if n < oo and FJ' = K if n = co. In either case, ®(y) is
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positive and hence diagonalisable. Thus there exists a minimal projection g € F}’
(corresponding to the entry with value ||®(y)|| in the diagonalisation) such that

q®(y) = 2(y)g = [I2(y)llg > (3/4)q,
and u € F satisfying uqu* = s7"(s)™ (since s7*(s7)™ is identified with the ey
matrix unit for F}'). Define
2= || @(y) |2 (1) M uqu™.
Then

* *

et = [0yl () " uqu ywau”sT = [ (y) [ (s7) " ug®(y)qu” st
= eI ()™ ulle(y)llqu’sy = (s1)"uqu’st" = lo,.
Thus
lewtaz — 1 = llzows — 2yz"| < |12]2/4 < @)™ /4 = 1/3.
It follows from Theorem m that zo*xz is invertible. Let b = 2*(z2*x2)~"/? and
let @ = b*z*. Then

azb = (zx*x2) Vear ez (zatzz) V% = 1o,

completing the proof. |

Putting all the above results together, we arrive at the final theorem of this
chapter.

10.3.13 Theorem: For anyn € NsoU{oo}, the Cuntz algebra O,, is simple and
purely infinite.

10.4. Exercises.
10.4.1 Let 0 € R. Let G = {u,v} and define relations R by

wr=vuu=1 w' =vv=1 w =

If €2 = 1, then C*(G | R) =& C(T?). For this reason, when €™ # 1, then
C*(G | R) is called a noncommutative torus. Show that if 6 is irrational, then
C*(G | R) =2 C(T) 1, Z is the irrational rotation algebra of Exercise |9.6.11}

10.4.2 Let g € (0,1). Consider four generators a, b, ¢, d and relations R given by

*

aa+ce=1, a"+¢ce=1, cc=cc*, ac=qca, ac*=qcta.

(i) Show that the universal C*-algebra C*({a,b,c,d}, R) exists.
(ii) Show that C*({a,b,c,d}, R) can be given a comultiplication making it
into a compact quantum group. (Hint: see Exercise[9.6.9))

The universal C*-algebra C*({a, b, ¢, d}, R) is denoted C,(SUsy) or C'(SU,(2)) and
is thought of as “continuous functions on quantum SUjy”.
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(iii) Show that as a C*-algebra, C,;(SU,) does not depend on the parameter
€ (0,1). Show that if ¢ = 1 then C*({a,b,c,d}, R) is commutative.
(iv) What’s a good definition for the compact quantum group C,(SU,,), for
n e N>2?

10.4.3 Let A be a unital C*-algebra. Show that if T'(A) # 0 then A is not purely
infinite.

10.4.4 Show that the relations for the Cuntz algebras do allow one to define
universal C*-algebras by showing that the generators and relation can be realised
as bounded operators on some Hilbert space, and that there is a bound on the
norm of the generators in every representation.

10.4.5 Let ® be any C*-tensor product.

(i) Show that if n > 2 is an integer, then O, = O, ® O,,.
(ii) Show that Oy = Op ® O

10.4.6 Show that there is an injective unital *-homomorphism ¢ : O3 — Os.
(Hint: Consider the elements {s;,s2s1,53} C Os.) More generally, show that
there is an injective unital *-homomorphism ¢ : Oyn—1)41 — O,, for every k > 1.
10.4.7 Suppose that n > 2 and k divides n. Show that M;(0,,) = O, ®@ My, = O,
(Hint: consider the matrix ag;jt+; = (@m)im=1,.. x defined by a;,,, = 0 if [ # ¢ and
Qjm = Skj+m Otherwise.)

10.4.8 Show that

77777

0O 0 0 S1  S981 s%
1 0 O , 0 0 0
0 S1 S 0 0 0

generate a copy of M3(0;) = Oy ® Mj inside Oy. Conclude that there are
*-isomorphisms M3(03) = Oy @ M3 = O,.

10.4.9 More generally, show that

(i) For every n > 1 we have Oy ® M,, = O,.
(ii) For every UHF algebra U we have Oy @ U = Os.

10.4.10 A projection p is called properly infinite if there exists orthogonal pro-
jections ¢i, g2 such that ¢; ~ p ~ go. A unital (not necessarily simple) C*-algebra
A is called properly infinite if 14 is properly infinite.

(i) Show that the Cuntz algebras are properly infinite.

(ii) Show that if A is a properly infinite, then there is a unital embedding
Os — A. (Hint: if s; and sy are orthogonal isometries, consider the
isometries {shs; | n > 0}.)
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(iii) Show that every projection in a simple unital purely infinite C*-algebra
is properly infinite.
10.4.11 Let A, B,C, D be unital C*-algebras and let #: A - Cand ¥V: B — D
be conditional expectations. Show that the tensor product
PRV A®min B —= C Qmin D,

is again a conditional expectation.
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11. Quasidiagonality and tracial approximation

This chapter is somewhat different from the previous three chapters. Instead of
constructing C*-algebras which we then show are simple (or find conditions un-
der which they are simple), here we start with a simple C*-algebra and show it
has a particular structure. This is useful if we can also prove things about the
C*-algebras with this structure. For example, if we are given some C*-algebra A
and are able to show it is isomorphic to an AF algebra by finding an appropriate
inductive limit model, then we immediately know that A has real rank zero, stable
rank one, admits a tracial state, and so forth. In this chapter, instead of approxi-
mating a C*-algebra by building blocks, such as finite dimensional C*-algebras, in
terms of the norm via an inductive limit structure, we will see that C*-algebras
can also be approximated in more measure-theoretic way, by asking for building
blocks that are arbitrarily large with respect to all traces. This turns out to be
much easier than trying to construct an inductive limit, as we won’t have to deal
with things like connecting maps. The concept of tracial approximation also plays
a key role in the classification programme (which we’ll meet in Part III), as it
allowed a way around complicated intertwining arguments (see Chapter .

In this chapter, we begin in Section by investigating an approximation
property known as quasidiagonality. Quasidiagonal C*-algebras are always stably
finite, and it remains an open question whether or not all separable, stably finite
nuclear C*-algebras are quasidiagonal (this is often called the Blackadar—Kirchberg
problem, as the question was originally posed in [10]). In Section we will see
that in the simple unital case, provided a C*-algebra has enough projections, a
C*-algebra is quasidiagonal precisely when it is a Popa algebra. Popa algebras are
simple, unital C*-algebras with a local approximation property. They are the pre-
cursor to the tracially approzimately finite (TAF) C*-algebras, which, along with
tracial approximation by more general building blocks, is the subject of the final
section. We finish the chapter by showing that certain approximately homogeneous
C*-algebras are TAF.

11.1. Quasidiagonality. As we will see in this chapter, quasidiagonal C*-
algebras admit certain “external” approximations by matrix algebras. We have
already seen some “internal” approximations by matrix algebras when we defined
the completely positive approximation property, which plays a fundamental role
in the classification programme. Indeed, quasidiagonality has strong links to nu-
clearity, and with an eye on the final section, we will develop some results for
simple quasidiagonal C*-algebras. Of particular importance are the Popa algebras
(which, for some simple C*-algebras, characterise quasidiagonality) as well as the
refined notion of tracial approximation by finite-dimensional C*-algebras.

11.1.1 Definition: Let H be a Hilbert space and let S C B(H) be a collection of
operators. We say that S is quasidiagonal if, for every finite subset F C S, every
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finite set {&1,...,&,} € H, and every € > 0, there exists a finite rank projection
p € B(H) such that

(i) |lps — sp|| < € for every s € S, and
(i) [|p& — &l <efor 1 <i<mn.

11.1.2 Definition: A C*-algebra A is said to be quasidiagonal if A has a
faithful representation m : A — B(H) such that m(A) is a quasidiagonal collection
of operators.

Thanks to Voiculescu [127], instead of the definition given above, we can (and
usually will) use the characterisation of quasidiagonality given by Theorem
(ii). The theorem also says that if there is one faithful representation which is
a quasidiagonal collection of operators, then in fact every faithful unital repre-
sentation, provided it does not contain a nonzero compact operator, is also a
quasidiagonal collection of operators. An accessible proof can be found in [18].

11.1.3 Theorem: Let A be a separable unital C*-algebra. Then the following
are equivalent:

(i) A has a faithful representation m : A — B(H) such that w(A) is a qua-
sidiagonal collection of operators.

(ii) If m: A — B(H) is a faithful unital representation which does not contain
a nonzero compact operator, then w(A) is a quasidiagonal collection of
operators.

(iii) There is a net of c.p.c. maps @y : A — M, such that
(a) [[ea(ab) —pa(a)ox(D) = 0, for every a,b € A,

(b) leaa)ll = llall, for every a € A.
11.1.4 Lemma: Suppose A is a unital quasidiagonal C*-algebra. Then the maps
in Theorem (#ii) can always be chosen to be unital.
Proof. Exercise. (For a hint, see the exercises at the end of the chapter.) |

11.1.5 Although Theorem [11.1.3] (ii) provides a definition of quasidiagonality in
terms of limits, it is actually a local property. We can give another equivalent
definition as follows, the proof of which is an exercise.

Proposition: A C*-algebra A is quasidiagonal if and only if, for every finite
subset F C A and every e > 0, there is a c.p.c. map ¢ : A — M,, such that

(i) llp(ab) = p(a)pd)l| <€, for every a,b € F,

(i) |le(a)|l > ||a|| — €, for every a € F.

11.1.6 Lemma: Let A be a unital C*-algebra and let 2 < n € N. Then A is
quasidiagonal if and only if M, (A) is quasidiagonal.
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Proof. We have M, (A) = A ® M, (Exercise [4.4.15). Suppose that A ® M, is
quasidiagonal. Then there is a net ¢y : A ® M, — M, of completely positive
contractive maps satisfying

lea((a ® 1ar,)(b® 1ar,)) = @ala ® La, )oa(b @ 1ag, ) || = 0,

and such that ||\ (a®1yy, )| — ||a]| for every a € A. Then the maps ¢, : A — M,
defined by ¢y (a) = ¢r(a®1yy,) give a net of c.p.c maps satisfying the requirements.
So A is quasidiagonal.

Now suppose that A is quasidiagonal and let ¢, : A — M;, be the associated
net of completely positive maps. Then ¢y ®id : A ® M, — M;, ® M, is a net
satisfying the requirements for quasidiagonality of A ® M,, = M, (A). |

We saw in Theorem [8.3.14] that unital AF algebras are stably finite. The same
is also true for quasidiagonal C*-algebra. We show this in the unital case.

11.1.7 Theorem: Let A be a unital quasidiagonal C*-algebra. Then A is stably
finite.

Proof. We will show that, for every n € N, every isometry v € M,,(A) is a unitary.
This will show that A is stably finite by Proposition [8.3.13, The proof is by
contradiction. Suppose v € M,(A) is an isometry which is not unitary, that is,
v*v = 1y, (a) but vv* # 17, (4). Since A is quasidiagonal if and only if M, (A) is
quasidiagonal, we may assume without loss of generality that v € A. Choose a
net ¢y : A — Mj, of c.p.c. maps satisfying the requirements for quasidiagonality
of A. By Lemma we may moreover choose the ¢, to be unital. Then

lea(vo® = 1)l = llea(or”) — @a(1a)]

< leave?) = ea@)ea)l + loa(v™)ea(v) — pa(la)]

< loa(or”) = pa(w)eawi)l + lea(v™)eA(v) — ea(v™0)|

— 0.
But also ||px(vv* — 14)|| = ||lvv* — 14| > 0, a contradiction. So A must be stably
finite. |

11.1.8 Remark: This means that purely infinite C*-algebras, such as the Cuntz
algebras, are not quasidiagonal.

11.2. Popa algebras. In the case that a C*-algebra is unital, simple, and
has “sufficiently many” projections (for example, if A has real rank zero), there
is an intrisic charaterisation of quasidiagonality, that is, a characterisation which
makes no mention of maps into matrices or projections on an ambient Hilbert
space. Popa algebras were introduced in [95].

11.2.1 Definition: Let A be a simple unital C*-algebra. We call A a Popa
algebra if for any finite subset /' C A and any € > 0 there exists a finite-dimensional
C*-subalgebra F' C A and projection p € A with 1r = p satisfying
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(i) |lpa — ap|| < € for every a € F, and
(ii) dist(F,pap) < € for every a € F.

11.2.2 Lemma: Let A be a simple unital C*-algebra. Suppose that A is a Popa
algebra. Then A is quasidiagonal.

Proof. Exercise. |

11.2.3 Recall from Definition that a C*-algebra has real rank zero if the
invertible self-adjoint elements of A are dense in the self-adjoint elements of A.
The next proposition is due to L. Brown and Pedersen [16, Theorem 2.6]

Proposition: Let A be a C*-algebra. The following are equivalent:

(i) A has real rank zero,
(ii) every self-adjoint element a € A can be approximated by elements with
finite spectrum,
(iii) every hereditary C*-subalgebra of A has a (not necessarily increasing)
approximate unit consisting of projections.

Proof. Suppose A has real rank zero. By definition, if A in nonunital then RR(A) =
RR(A) , so we may assume that A is unital. Let a € A,,. Normalising if
necessary we may assume that sp(a) C [—1,1]. Let ¢ > 0 be given. Choose
to=—-1<t, <--- <t,=1satisfying |t; — t;11] < €/2. Since a — 1 is self-adjoint,
there exists an invertible self-adjoint element ay € A approximating a — ty up to
€0 = €/4.

Let ag = ap+ty and observe that a—t, is invertible and ||a—aop|| < €. The element

ap — to is invertible, so ¢y is not contained in the spectrum of ay. Since sp(ag)U{0}
is closed, there exists €; > 0 with €; < €/8 such that (to — €1, to + €1) Nsp(ag) = 0.

Now we repeat this with ¢; and ag to get a; such that a; — t; is invertible and
lar — apl| < €1 < €/8. Since a; is within ¢ of ag, the choice of e implies that

to ¢ sp(ay). Thus {to,t1} Nsp(ay).

Repeating this for each t; we arrive at an element a, € A with a,, —t,, invertible,
lan — an_1|| < €, < €/2"%* and {t1,...,t,} Nsp(a,) = 0. Furthermore,

n—1 n—1
la—anll < lla—al <> /2" <e/2.
1=0 =0

Let X(t¢ denote the indicator function on the interval (¢,#] (see [8.6.1]). Since
ti & sp(an), f(t) =30 tin X(t:,t:+1)(t) is continuous on sp(a,) and approximates
the identity function ¢(t) = ¢ within ¢/2. Applying the functional calculus we then
have that [|a, — f(an)|| < €/2. Since f(t) takes finitely many values, f(a,) has
finite spectrum. Let b = f(a,). Then [|b — a|| < [|[b — an|| + ||an — a]| < e. This
proves (i) implies (ii).
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Assume that (ii) holds. Let B C A be a hereditary C*-subalgebra. Let
bi,...,b, € B. Without loss of generality, we may assume that each b; is pos-
itive. Let b = >"" | b;. Rescaling if necessary, assume that b has norm one.

Let 0 < € < 1/4, and define the continuous function f, : [0, 1] — [0, 1] by

0 te|0,¢/2],
fe(t) ;== < linear t € (€/2,¢),
1 t € le1].

Let a,b € A, with |la]| < 1. Approximating f. by polynomials, we can find
a 0 > 0 sufficiently small so that |[f.(a) — fc(b)|]] < € provided |la — b]| < 4.
Shrinking ¢ if necessary, we may assume that 0 < e. Since b is positive, we
may choose such an a to be self-adjoint, and since self-adjoint elements of finite
spectrum are dense, we can moreover assume that a has finite spectrum, say
sp(a) = {A,..., \n} C RN [=1,1] for m € N\ {0}. It follows that for every
i, 1 <1 < m, the indicator function on {\;}, which we denote by x;, is continuous
on the spectrum of a. Note that x;(a), 1 < i < m are mutually orthogonal
projections, and a = > " Aixi(a). Let I :={i | \; > €} C {1,...,m} and define
a projection by p:= .., x;(a). Then p satisfies

lpa —all <€, fla)p =p.
Thus
[pb — b < |lpb — pa| + |lpa — al| < 2e.

We estimate

[fe®)pfe(b) = pll < [If(0)pfe(b) = fe(b)pfe(a)ll + [ f(b)pfe(a) — P
<

€+ || fe(b)p — pll
= e+ |[[fe(b)p — fe(a)p]|
< 2e.

Since € < 1/4 and f.(b)pf.(b) is evidently self-adjoint, we may apply Lemma
to find a projection ¢ in the C*-subalgebra generated by f.(b)pf.(b) satisfying

lp = gl < 4e.
Now f.(b)pfe(b) € B, so also ¢ € B. Furthermore,
lgb — bl < |lgb — pb|| + ||pb — b|| < 4e + 2¢ = Ge.

Thus for every 1 < i < n we have ||gb; — b;|| < |[¢b — b||. Since by,...,b, and €
were arbitrary, it follows that B has an approximate unit of projections.

Finally, we show that (iii) implies (i).  Suppose that every hereditary
C*-subalgebra of A has an approximate unit consisting of projections. Let a € A
be self-adjoint and put a = b — ¢ where b,c > 0 and bc = ¢b = 0. As usual, we
may assume that a has norm 1. Let 0 < € < 1/2 and find a projection p in the
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hereditary C*-subalgebra generated by b such that ||pb—b|| < e. Since bc = ¢b = 0,
we have that c¢p = 0. Define
a’ = pbp + 2ep + (14 — p)a(la — p) — 2¢(14 — p).
Then |ja — d|| < 3e. We have
pa'p = pbp + 2ep > 2ep.
Thus
Ip = pa'pl| < 11— 2[[]pl] <1,
so pa'p is invertible in pAp, that is, there x € pAp with pa’px = xpa’p = p. Also
(la—=pa(la—p) = (1a—p)b(la—p) = (1a—p)e(la —p) — 2¢(1a — p)
< 0—e(la—p)—2¢(1a—p)
< —e(la—p).
Thus
I(1a=p)+ (Ia—p)a'(la—p)| <1 —¢| <1,
so —(14—p)d’(14—p) and hence (14 —p)a’(14—p) is invertible in (14 —p), that is,
there is y € (14—p)A(1a—p) such that (14 —p)a’(1a—p)y = y(la—p)a'(la—p) =
1A —P.
Notice that a’ commutes with p. Then,
d(x+y) = (dp+d(la—p)(z+y)

= (pa'p+ (1a—p)d(la—p))(z+y)

= ptla—p

— 1
Thus a' is invertible. |

To prove the reverse implication of Lemma [11.2.2 we will follow the strategy of
proof due to N. Brown [17], which allows us to avoid the von Neumann algebra
theory in Popa’s original proof. First, we will require some background.

11.2.4 Definition: Let A be a C*-algebra. A state ¢ : A — C can be excised
if there exists a net (hy)a of positive norm one elements in A such that, for every
a€ A,

lim 1Y 2ahy* — ¢(a)hy|| = 0.

If the hy can be taken to be projections, then we say that ¢ can be excised by
projections.

11.2.5 Recall that a state ¢ on a C*-algebra A is pure if, whenever ¢ : A — C is
a positive linear functional with ¢ < 1) then ¢ = t1) for some ¢ € [0,1]. We will
require the following theorem of Glimm [52], which, for the sake of brevity, we will
use without proof.
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Theorem: [Glimm]| Let A be a C*-algebra acting irreducibly on an Hilbert space
H. Suppose that ANK(H) = {0}. Then the pure states of A are weak-* dense in
the state space of A.

11.2.6 Corollary: Let A be a simple unital infinite-dimensional C*-algebra.
Then the pure states of A are weak-* dense in the state space of A.

Proof. Let m : A — B(H) be an irreducible representation of A. Then, since
A is simple, 7 is faithful. If 7(a) € 7(A) is a compact operator, then so is the
operator defined by 7(zay) = w(z)r(a)n(y) for any x,y € A, since K(H) is an
ideal in B(H). But then also 7(A) N/KC(H) is an ideal in m(A). The faithfulness of
7 implies m(A) NKC(H) is either 0 or 7w(A). Since A is unital, 7(14) is a projection
in B(H) which is a unit for 7(A). If 7(A) N K(H) = 7(A) then 7(1) is a finite-
dimensional projection. But then A would have to be finite-dimensional. So A
does not contain a compact operator. Thus A satisfies Glimm’s theorem and the
pure states of A are indeed weak-* dense in the state space of A. |

11.2.7 Again we do not include the proof of the next proposition to keep this
chapter from growing too long. For a proof of the next proposition, the reader
should consult Section 2 of [1].

Proposition: [Akemann-Anderson-Pedersen| Let ¢ : A — C be a state on a
C*-algebra A. Suppose that ¢ is a weak-" limit of pure states. Then ¢ can be
excised.

11.2.8 Proposition: Let A be a simple unital infinite-dimensional C*-algebra
with real rank zero. Then any state on A can be excised by projections.

Proof. Let ¢ be a state on A. Then, combining Corollary [11.2.6] and Proposi-
tion |11.2.7, ¢ can be excised. Let (hy)a be a net of positive norm one elements in
A such that

li/l\rn Hhiﬂozhi/2 — ¢(a)hy]| = 0 for every a € A.

Since A has real rank zero, by Proposition [11.2.3] we may assume that each h)
has finite spectrum. In that case, there are finitely many mutually orthogonal
projections pg/\), 1 <i<k(A),and 1= 049) > ag‘) > > a,(:(‘z\) > ( such that

k(X
hy = Z ag/\)pz()\)‘
i=1

(To see this, look at the proof of Proposition |11.2.3[where we did something similar
using functional calculus.) Observe that pthy = py. Thus we calculate

A A A 1/2 1/2 A
IPNap — p(@pd = 1P (hy?aby® — d(a)ha)pV|
1/2 1/2
< [|hy%ahy? — d(a)hey |,
A
1

which implies that the projections p7 excise ¢. |
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11.2.9 Let ¢ be a state on an infinite-dimensional C*-algebra A. For y € A let
y denote the image of y in A/Ny C H, corresponding to the GNS construction

(4.2.1 |4.2.2)). Note that we can choose, for any n € N elements vy, ..., y, € A such

that ¢(yjy:) = di;; this simply amounts to finding n many orthonormal elements
in Hy (we leave it as an exercise to show such elements always exist). If p is the
orthogonal projection in B(H,) onto the span of i, ..., ,, then

®: A — pB(Hg)p, a— pry(a)p

defines a unital completely positive map. We will use this notation in the next
proposition.

Proposition: Let A be a unital C*-algebra and suppose that ¢ is a state on
A which can be excised by projections. Let yi, ...,y € A be elements satisfying
o(yiyi) = 6ij and let p € B(Hy) denote the orthogonal projection onto the span
of the vectors 11, ...,Un. Then, for any finite subset F C A and any € > 0 there
exists a *-monomorphism

Y pry(A)p — A
such that
[¥(p)arp(p) — v(®(a))|| <€, for everya € F.

Moreover, for every unitary element u € A we have

[ (p) = ¥ (PIull® < Ipmo(u) — mo(w)pll* + 2l (p)urd(p) — (2 (u)]-

Proof. Let F C A and € > 0 be given. We may assume that F is composed of
norm one elements and that 14 € F. Choose § > 0 satisfying

§ < min{d(e/4m? m),e/2m?},

where §(e/4m? m) is as given in Lemma [8.4.5 Since ¢ can be excised by projec-
tions, there is a projection p € A such that, for every 1 <1, j < m, we have

Ip(y;ay:)p — ¢(y;ay:)p| < 6, for every a € F.

Put w; := y;p. Then by Lemma [8.4.5| we can perturb the w; to partial isometries
v; € A, 1 <1 < m satisfying

viv; = 0gp and |Jw; — vyl < €/4m?.

Set e;; == VU] Then e;per; = e;; and e;; = €ji, 1 < 1,7,k < m, so the e;; are a

system of matrix units (8.4.6) generating a C*-subalgebra of A isomorphic to M,,.
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Let ¢ := > " e;i, which is just the unit of this matrix algebra. Now

qaq — Z o(y;ay;)eij|| = Z(Uivfwﬂ; - ¢(y£"ayj)vw}“) ‘
i,j=1 4,j=1
< Z ([Joaw; av;vr — o(yfay; v} || + [|vvfavjv; — viw]avv]])
ij=1
< e/d+ Yy (lowiawgo; — ¢lyfay;)vivs|
ij=1
+|lviwfav;v; — viw}aw;v|)
< e/24 ) |lviplyay;)pv; — by ay; ) vipv) |
ij=1
< €/2+¢/2<e
Observe that, with respect to the orthonormal basis {71, ..., ¥n}, we have
pro(a)p =Y _(m(a)iy, i) = Y dlyiay;).
ij=1 ij=1

It follows that

) prg(A)p = C*({ey | L<d,j <m}) CA, prgla)p = Y dlyiay;)ei,

ij=1
is a well-defined *-monomorphism, and
1 (p)avs(p) — ¥ (®(a))[| = |lgag — > dlyiay;)ei || < e.
ij=1
Now let u € A be a unitary. Then,
lug — qul* = |lug — qug + qug — qul®

= |lqu(1a —q) — (14 — q)uq|]?

Since qu(14 — q) and (14 — q)uq are orthogonal, the above gives

lgu(la — q) = (1a = QJuall* = max{[lqu(la —)|I* (14 — @)ual}
= max{||(La — @)u’ql*, [(La — q)uq|*}.
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Applying the C*-equality and approximating qug and qu*q by ¥ (®(u)) and
(P (u*)) respectively, we get
max{[|(1a — q)u"ql*, [(1a — q)uq|*}
= max{|[qu(la — q)uq|, lqu”(1a — qJuq||}
< max{llg — P(@(w)p(u))]], [lg — L ((a”)p(w) [} + 2[lqug — (P (w))|
= max{||p — my(u")pmy (u)p|lp — 7o (w)pme (w)pl| + 2llqug — P (2(w))]]
= |pmg(u) — mo(uw)pll® + 2[lgag — P (@(w))].

Thus,
luto(p) — b(p) ull* < [lpmo(u) — mo(w) plI* + 2[l¢(p) wib(p) — (@ (w))]],

which proves the lemma. |

11.2.10 Corollary: Let A be a unital C*-algebra and suppose that ¢ is a state on
A which can be excised by projections. Let p € B(Hy) be a finite rank projection.
Then, for any finite subset F C A and any € > 0, there exists a *-monomorphism

Y :pry(A)p — A
such that
I (p)aw(p) — (P(a))|| <€, for everya € F.

Moreover, for every unitary element u € A we have

[ (p) = ¥ (PIull® < Ipmo(u) — mo(w)pl* + 2l (p)urd(p) — (2 (u)]-

Proof. Let (Hy,ms) be the GNS representation corresponding to ¢. Then H, is
the completion of A/N,, so if p is finite rank it can be approximated by a finite

rank projection onto the span of vectors 9,...,%, where y1,...,y,, € A. The
result then follows from Proposition [11.2.9] |
11.2.11 Theorem: Let A be a simple separable unital infinite-dimensional

C*-algebra which is quasidiagonal and has real rank zero. Then A is a Popa alge-
bra.

Proof. Let ¢ be a state on A. Since A is simple and unital, the GNS construction
applied to ¢ yields a faithful representation containing no compact operators.
Since A is unital, separable and quasidiagonal, m(A) is a quasidiagonal collection
of operators. Let 7 C B(Hy) and € > 0. Since A is unital, it is linearly spanned
by its unitaries (Proposition , so without loss of generality, we may assume
F is composed of unitaries. Let p be a finite rank projection satisfying

lpmy(a) — my(a)p|| < €/2 for every a € F.
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Since ¢ can be excised by projections, there is a *-monomorphism v : prgs(A)p — A
with
[¥(p)av(p) — ¥ (pmy(a) p)|| < €/4 for every a € F,
and

lutp(p) = (p) ull® < llpmo(w) — 74 (u) plI* + 2l[1(p) avo(p) — L(2(w)]l,

for every unitary u € A. In particular, this is satisfied for every element in the
finite subset F.

Let F' := ¢(pmy(A)p) C A, which is a finite-dimensional C*-subalgebra of A
with 1p = 9(p). Then,
Itra—alpl® = [¢(p)a—ay(p)|
lpmo(a) — mo(a) plI* + 214 (p) ar(p) — P(pmo(a)p)|
€/2+ 2¢/4

€,

for every a € A, showing that A satisfies (i) of Definition [11.2.1} Also,

A A

|1ralp — Y(pmy(a)pll < €/4 <,

for every a € F, so dist(1lpalp, F') < €, showing (ii) of Definition [11.2.1 Thus A
is a Popa algebra. |

11.2.12 It is useful to know when a C*-algebra has arbitrarily “small” projections,
which is made precise by the following definition.

Definition: A C*-algebra A has property (SP) if every nonzero hereditary
C*-algebra has a nonzero projection. Note that if A has real rank zero, then by
Proposition [11.2.3] A has property (SP), however (SP) does not imply real rank

zero in general.

11.2.13 We will show that Popa algebras have property (SP), but first we need a
perturbation lemma.

Lemma: For any ¢ > 0 there exists a 6 > 0 such that for any C*-algebra A and
any a € Ay with 0 < a < 1, if there exists a projection p € A with

lap — pll <0,
then there exists a projection q in the hereditary C*-algebra generated by a satisfying

lp—q| <e

Proof. Let § < min{e/4,1/4}. Then
lapa — pl| = llapa — ap + ap — p|| < 2[lap — p|| < 20.
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So ||lapal| > 1 — 26 > 1/2 and therefore by Lemma there is a projection ¢ in
the hereditary C*-subalgebra generated by a satisfying

lapa — q|| < 2||lapa —p|| < 45 <.
|

11.2.14 Lemma: Let f € C([—1,1]). For anye > 0 there exists a 6 = §(f,€) >0
satisfying the following: For any C*-algebra A and any self-adjoint element a € A
with ||a]| <1 and projection p € A such that

lpa — ap|| <6,

we have

| f(a)p — f(pap)|| < e.

Proof. We leave the details as an exercise. Hint: use the functional calculus and
the fact that any such f can be approximated by polynomials. |

11.2.15 The next lemma is easy to prove, but will come in useful. As with the
previous lemma, the details are an exercise.

Lemma: Let A be a finite-dimensional C*-algebra. Suppose a,b are nonzero pos-
itive elements satisfying ab = b. Then a is a projection.

11.2.16 We will make use of the functional calculus with respect to the following
function. Let 0 < r < 1 and define f, : [0, 1] — [0, 1] by

0 telo,r/4),
Lt):=q 3t—1 ter/4,r/2),
1 te(r/2,1].

11.2.17 Proposition: Let A be a Popa algebra. Then A has property (SP).

Proof. Let B be a hereditary C*-subalgebra of A. If B is finite-dimensional,
then B contains a nonzero projection. So assume that B is infinite-dimensional.
Then B contains a nonzero positive element a with infinite spectrum and norm 1
(Exercise [3.4.10). Choose some r, 0 < r < 1/4 and define a; := f,(a), az := fo.(a)
and ag := fy.(a) where f, is the function defined in Then 0 < a; < 1y,
1 =1,2,3 and satisfy
ajag = ag, o203 = ag.

Let F := {ai,ai/2 |i=1,2,3} and let ¢ < min{1/8,9/3} where 6 = §(1/8,2) is
as given by Exercise [8.7.22] Then, since A is a Popa algebra, there is a projection
p € A and a finite-dimensional C*-subalgebra F' C pAp with 1z = p satisfying

(1) |lpf — fpll < € for every f € F, and
(ii) dist(pfp, F') < € for every f € F.
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Let b; € F be elements satisfying ||pa;p — b;|| < €, 0 < i < 3. Then,
[b1b2 — ba|| < |lparpasp — pasp|| + 260 < [[parasp — parp|| + 3eg = 3eo < 6.

Similarly, ||b2b3 — b3|| < 6. Thus ||(p— bl)bQH = ||b2 — b1b2|| < 0. Then, by
Exercise and the choice of ¢, there exists z,co € F such that coz = 0 and
|(p—b1) — z||, |lca — bao|| < 1/8. Let ¢ := p — 2. Then cj¢5 = ¢o. It follows from
Lemma that ¢; is a projection. Moreover,

lay?pay’® — ]| < 260+ |lparp — i)

< 26+ |[paip — by || + [|by — c1|
< 3€0+1/8<1/2

Thus, by Lemma there exists a projection in the hereditary C*-subalgebra

a}/Qpa}/Q which is contained in aAa C B. I

11.3. Tracial approximation by building blocks. We already saw, in the
chapter on inductive limits, that we can often approximate a C*-algebra in norm by
tractable “building block” algebras, for example the finite-dimensional C*-algebras
approximating an AF algebra. Here will see that we can also approximate a C*-
algebra in a tracial way: instead of asking that our building blocks are large in
terms of a norm estimate, as happens in inductive limits, we simply ask that they
are “large” when measured by tracial states.

Let S be a class of separable unital C*-algebras. The next definition, due to
Lin, was originally defined for the class & = F' of finite-dimensional C*-algebras.
In that case, the definition asks that A is a Popa algebra and that we can always
choose the finite-dimensional subalgebra F C A to be “large”, by asking that
14 — 1p can be made small enough to be twisted under any prescribed positive
element.

11.3.1 Definition: [cf. [74]] A simple separable unital C*-algebra is said to be
tracially approzimately S, or TAS for short, if the following holds. For every finite
subset F C A, every € > 0, and every nonzero positive element ¢ € A there is a
projection p € A and a C*-subalgebra B C pAp with 13 = p and B € § such that

(i) |lpa — ap|| < € for every a € F;
(ii) dist(pap, B) < € for every a € F;
(iii) 14 — p is Murray—von Neumann equivalent to a projection in cAc.

Despite the name, the definition above seems to make no mention of traces.
However, (iii) implies that 7(14 —p) < 7(c) for every 7 € T(A), which implies that
14 — p can be made arbitrarily small in trace. In other words, the C*-subalgebra
B is large inside A, when measured by tracial states.

11.3.2 Remark: If § = F'is the class of finite-dimensional C*-algebras, then a
C*-algebra which is TAF is often said to have tracial rank zero. It is not hard to
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see that if A is a simple, unital AF algebra, then A is TAF. However, TAF algebras
are more general; we will see an example in Theorem [11.3.12] More generally, if Z*
denotes the class of C*-algebras which are finite direct sums of C*-algebras of the
form p(M,(C(X))p, where X is a finite CW complex with dimension k and p is
a projection in M, (C(X)), then a C*-algebra that is TAZ" is said to have tracial
rank no more than k. Tracial rank was introduced by Lin in [73]. If I denotes
the class of interval algebras, that is, C*-algebras which are finite direct sums of
C*-algebras of the form M, (C([0,1])), then a simple unital C*-algebra is TAT if
and only if it has tracial rank no more than one [73, Theorem 7.1].

11.3.3 Lemma: Let A be a C*-algebra. Suppose p,q,r € A are projections and
a € AL a positive element. Suppose that r € aAa, q is Murray-—von Neumann
equivalent to r, and p is Murray—von Neumann equivalent to a projection in rAr.
Then p is Murray-von Neumann equivalent to a projection in aAa.

Proof. Ezercise. |

11.3.4 Theorem: Suppose S is a class of unital C*-algebras which is closed
under passing to unital hereditary C*-subalgebras. Then, if A is a simple separable
unital C*-algebra which is TAS, so is any unital hereditary C*-subalgebra of A.

Proof. Let A be tracially approximately S and suppose that e € A is a projection.
We must show that eAe is also a tracially approximately S. Let F C eAe be a
finite subset, € > 0 and ¢ € eAe,. Without loss of generality we may assume that
the elements in F have norm at most one. Let ¢ < min{1/11,€/65}. Since A is
TAS there is a projection p € A and a C*-subalgebra B C pAp with 15 = p such
that

(i) ||lpa — ap|| < € forevery a € F U{e},
(ii) dist(pap, B) < € for every a € FU{e}, and
(iii) 14 — p is Murray—von Neumann eqiuvalent to a projection in aAa.

From (i), we have ||(epe)? — epe|| = ||epepe — epe|| < €, so by Lemma [8.7.23| there
is a projection ¢; € eAe such that ||¢; — epe| < 2€¢/. Then

lgy —pepll < [lq1 —epll +¢€
< |lq1 — epel| + 2¢€
< 4€.

From (ii), there is an x € B, which we may assume is self-adjoint, such that
|z — pep|| < €. Then

|z — z|| < |lzpep — pep|| + €

< |lpepep — pep|| + 2¢
< 3€.
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Thus, again by Lemma [8.7.23 there is a projection ¢o € B with [|ga — z|| < 6¢’.
Then

lar — @2l < llgr — pepl| + [[pep — || + ||z — gof| < 11€".
Since 11€¢ < 1, by Lemma there exists a unitary u € A satisfying ¢; = ugau*
and |14 — ul < 11v/2¢€ < 16¢.

Let B" = uBu*, which is evidently a finite-dimensional C*-subalgebra. Define
C := ¢1B’q;. This is finite-dimensional since B’ is, and moreover, since ¢q; € eAe,
it is a finite-dimensional C*-subalgebra of eAe.

If a € F, there exists x, € C satisfying ||pap—pzx,.p|| < €. Define ¢’ := qrux,u*q
and observe that ' € C. We compute
laqy — d'|| = |lqag —ugr.gu”| = gagq — ugeprapgau”||
< |lqiaqi — ugepapgu®|| + € = |[qrag — ugoagu®|| + €
= |lqaq — quan*q || + € < ||la — vau®|| + €.
Moreover,
la — uau™|| 114 = ullllal| + [[ua — au™[| + [lal[[[14 — u"]]
32¢' + [lu — Lallllall + llall|1a — u|
= 64¢.
so dist(qraq1, C') < 65€¢’ < ¢, showing (ii) of Definition [11.3.1} holds. To show (i) of
Definition [11.3.1] we have

<
<

lqia —aqi]| < |[pepa — apepl| + 2¢
< |lppea — aeppl| + 4¢
= |lpa — ap|| + 4¢
< b€ <,
for every a € F.
Finally, we have
(e —q1) = (La—ple(la—p)ll = lle —q —e+pe+ep—pep|

< llpe — qill + llep — pep||
< |lpep —aqu|| +€ + ¢
< 6€ <1,

so € — q; is Murray—von Neumann equivalent to a projection in (14 —p)A(14 — p).

Since 14 — p is Murray—von Neumann equivalent to a projection in cAc, it follows

from Lemma [11.3.3| that e — ¢y is as well, which shows (iii) of Definition [11.3.1]
Thus eAe is TAS. |

11.3.5 We've already seen that AF algebras have real rank zero. The same turns
out to be true for TAF C*-algebras.
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Theorem: Let A be a simple unital TAF C*-algebra. Then A has real rank zero.

Proof. Let a € A be a self-adjoint element and let € > 0. Without loss of generality,
assume that € < 1. We need to show that there is € A which is invertible, self-
adjoint and such that |ja —z|| < e. Let f € C(—|a, ||al]|) be a continuous function
satisfying 0 < f < 1 and f(t) = 1 for every ||t|| < /128 and f(t) = 0 for |t| > €/64.
Observe that if f(a) = 0 then 0 cannot be in the spectrum of a, in which case we
simply take b = a since a itself is invertible. Thus we may assume that f(a) # 0.

Let B be the hereditary C*-subalgebra generated by f(a). By Proposi-
tion (11.2.17, A has property (SP), so B contains a nonzero projection ¢. Let

b = fe2(a), where f.5 is defined as in Then feo(t) f(t) = f(t)fe2(t) for

every ¢ € [—|lall, [[al]], so bg = ¢b =0, and
I|b —al| < €/2.
By Theorem [11.3.4] the unital hereditary C*-subalgebra (14 —q)A(14—q) is also

TAF. Thus, there is a projection p € (14 — q)A(14 — ¢) and a finite-dimensional
unital C*-subalgebra C' C p(14 — ¢)A(14 — q)p such that

(i) llpb — bpl| <€/8,
(ii) dist(pap, C) < €/8,
(iii) 14 — ¢ — p is Murray—von Neumann equivalent to a projection in gAgq.

We have that
[b—pbp — (1a —q—p)b(la —q—p)|| = || —pbp— (—bp — pb+ pbp)|
< |lpbp — bpl| + [[pb — pbp]|
< €/2.
Now, C'is finite-dimensional, so in particular has real rank zero. Thus, using (i),
we can find an invertible self-adjoint element ' € C' such that
lpbp — V|| < €/4.

Let v € A be a partial isometry satisfying v*v = 14 — ¢ — p and vv* < ¢, which
exists by (iii). Set ¢ := (14 —q — p)b(1a — g — p). We claim that the element

z:=by+ (¢/16)v + (¢/16)v" + (¢/4)(q — vv*)

is invertible in (1 — p)A(1 — p). First, note that y := (¢ + €¢/16)v + (¢/16)v* is
contained in ((14 —q) +vv*)A((14 — ¢) + vv*). In matrix notation, we have

o= (ten ).

It is easy to check that this has inverse given by

(e o84 )
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which we will denote by d. Since (14 — ¢ + vv*)(¢ — vv*) = 0 and d is contained
in ((1a — q) + vv*)A((1a — q) + vv*), we have
zd = (y + (¢/4))(q — vv))d = ((1a — p) +v07),
and so
(d+ (4/€))(q —vv*) = (d + (4/€)) (¢ — vv")c = 14 —p,
which shows that ¢ is invertible in (14 — p)A(14 — p). Finally, one checks that
2 := 0 + ¢ is a self-adjoint element which is invertible in A and
la ==l = lla—b—c|

= lla=bt —(1a—q—p)b(ls—q—p)|

= |la—b —b+bp+ pb— pbp|
la = bl + llbp = U'[| + [[pb — pbp|
€/2+¢/8+¢€/4+€/8 <k,

as required. |

A A

It is straightforward to see that a simple unital AF algebra is always TAF. The
reader might question whether or not the class of simple unital TAF algebras
contains anything else. It contains many approximately homogeneous C*-algebras
as well.

11.3.6 Recall from that an approximately homogeneous (AH) algebra is an
inductive limit A = liﬂ(An, ©n) where each A, is finite direct sum of C*-algebras

of the form p(C(X) ® M,,)p for some compact Hausdorff space X and projection
p € C(X)® M,.

Note that in the above we allow that X is a single point so that any AF algebra
is also AH. (One could also compose connecting maps with point evaluations, but
by allowing points we can restrict to the case where the maps are injective.) It is
not immediately clear that the class of simple unital AH algebras is strictly larger
than the class of simple unital AF algebras. However, this does turn out to be true.
In Chapter [9] we saw that if X is an infinite compact metric space and o : X — X
is a minimal homeomorphism, then the crossed product C*-algebra C(X) X, Z is
unital and simple (Theorem[9.5.8). If X is a Cantor set and o : X — X is minimal,
then Putnam showed that C'(X) %, Z is an inductive limit of circle algebras (an
AT algebra) [96], which is an AH algebra with each X = T in the definition above.
Similarly, the irrational rotation algebra (Exercise is an AT algebra ([39)]
Theorem 4]). None of these examples can be AF algebras. One way to see this is
by looking at the unitaries: an AF algebra will always have a connected unitary
group (see Exercises|12.6.3|and [12.6.4]), while any crossed product by the integers
will not [14, Proposition 4.4.1]. This can also be seen by the nontriviality of the
Ki-group (which we introduce in Chapter , which can be computed via the
Pimsner—Voiculescu exact sequence [94].
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11.3.7 The definition for covering dimension was given in Definition [8.6.2] Let
d < oco. If each compact metric space in the direct sum of each A, has covering
dimension at most d, then we will say that the AH algebra A = liﬂ(An, ©n) is an
AH algebra with bounded dimension. The class of simple unital AH algebras with
bounded dimension is already quite large, note for example that it contains all the
crossed products of the previous paragraph.

We will show that many simple unital AH algebras are TAF. However, we will
cut a few corners and use a slightly different characterisation of TAF C*-algebras
due to Winter. First, we need to introduce comparability of projections. Recall
that in a matrix algebra M,,, the canonical trace determines the rank of a projec-
tion, and that furthermore rank completely determines the Murray—von Neumann
equivalence classes in M,, (Exercise[3.3.1] (c)). So the trace is an accurate measure
of the size of projections in M,,. This is not necessarily the case in an arbitrary
C*-algebra, so we introduce the definition below.

11.3.8 Definition: [cf. [7, 1.3.1]] A C*-algebra A has comparison of projections
if, whenever two projections p,q € A satisfy 7(p) < 7(q) for every tracial state
7 € T(A), then p is Murray-von Neumann equivalent to a projection p’ < q.

In the literature, this property is sometimes called Blacakadar’s second funda-
mental comparability property. It is implied by a property called strict comparison
of positive element, which will be introduced in Chapter [14]

11.3.9 We will use the following lemma, which gives an alternative characterisation
of simple unital TAF algebras in the case of real rank zero and comparison of
projections. For a proof see [132].

Lemma: [132] Lemma 3.2] Let A be a simple unital C*-algebra with real rank zero
and comparison of projections. Then A is TAF if and only there is n € N\ {0}
such that for any finite subset F C A and € > 0 there exists a projection p € A
and finite-dimensional unital C*-subalgebra B C pAp satisfying

(i) |lpa — ap|| < € for every a € F,
(ii) dist(pap, B) < € for every a € F,
(iii) 7(p) > 1/n for every T € T(A).

11.3.10 Lemma: Let (X, d) be a compact metric space with dim(X) < m < oo.
Suppose that i is a Borel probability measure with full support. Then, for any
finite subset F C C(X) and any €, there are n € N and pairwise disjoint open
subsets Uy, ..., U, such that

(i) 1f() = F(y)| < € for every 2,y € Uy, 1< < n, and
(i) p(UL, U) = 1/m.

Proof. Choose § > 0 so that |f(z) — f(y)| < € whenever d(x,y) < §. For x € X,
let B(x,0) denote the open ball of radius ¢ and centre x. Then {B(z,d) |z € X}
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is an open cover of X. Since X is compact, it has find a finite subcover, and
since X has covering dimension at most m, we can furthermore assume that the
finite open cover is of the form {U;; | 0 < i < m,1 < j < n(i)} for some
n(i) € N, where U;; NU; j = 0 for every 0 < i < d, 1 < j # j' < n(i). Since
(UL, U?g Ui ;) = (X) = 1, there must be some i such that ,u(U;Lg Ui;) > 1/m.
Then the open sets Uy, ..., U; ) satisfy the requirements. |
11.3.11 Let A be a C*-algebra. Suppose that X is a compact metric space such

that C(X) C A is a C*-subalgebra. If 7 € T'(A) is a tracial state, then by the
Riesz Representation Theorem there is a unique Borel measure p, on X satisfying

(f) = / fdu,  feC(X).

For any open set V' C X and any € > 0, let U C V be an open subset such that
UcUcVand p(U) > u(V)—e Let f: X — [0,1] be a continuous function
that is identically 1 for every = € U and zero for every z € X \ V. Then f satisfies
T(f) = n(V) —e

11.3.12 The following is a simpler case of a more general theorem, implicit in
[41]), rephrased in the language of tracial approximation. See also [76] for a similar
statement about AH algebras without real rank zero. The results of Chapter
will imply that any AH algebra with a bound on the dimensions of the spaces
in the inductive limit will have strict comparison of positive elements. Thus the
assumption of comparison of projections below is in fact unnecessary.

Theorem: Let A= (lim Ay, ) be a simple unital AH algebra such that each

mn

An = @ C(Xn,k> ® Mfr(n,k)
k=1

and that
max{dim(X, ;) | n € N1 <k <m,} <d< 0.

Suppose that A has real rank zero, has a unique tracial state, and comparison of
projections. Then A is TAF.

Proof. By Lemma|[I1.3.9] it is enough to show that for any finite subset F C A and
€ > 0 there exists a projection p € A and finite-dimensional unital C*-subalgebra
B C pAp satisfying

(i) |[pa — ap|| < € for every a € F,
(ii) dist(pap, B) < € for every a € F,
(iii) 7(p) > 1/d for every 7 € T'(A).

Let F C A and € > 0 be given. Without loss of generality, we may assume that
F=A{f,.... fr} C P, C(Xy) ® M,, with dim(X;) < d. Going further out in
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the inductive sequence if necessary, we may assume that

T (1 — <Z lox,) ® 1nk>) < 1/4,
k=1

where 1,, denotes the unit in M, .

Let i denote the Borel measure on Xj induced by 7. For every £ € N, use
Lemma|l1.3.10[to find pairwise disjoint open subsets Wy, 1, ..., Wi, 44 and pairwise
disjoint open subsets Uy ; C m C Wi, 1 <i < s(k) of X}, such that

|fi(x) — fi(y)] < e forevery x,y € Up;, 1 <i<s(k),1<j<m

and

U Uri | = 7(lox,) ® 1n,)/d > 3/(4d).

Let Vi, C m C Uy, and

11 (Upi \ Vi) < <8dZs(k)) .

Let 4, € C(Xg) be a function supported in Uy, such that v ,(x) = 1 for every
x € Vi, and let ay; € C(X) be a function supported in Vj; with 0 < ay; < 1.
Then, for each £ =1,...,m, we have

m Sk)

T D) ek @l | =D m(Vir) = 5/(84).

k=1 =1 k=1

Let e < ¢€/4. Extend Ugi,...,Ursk to a finite open cover of X,
Ukis - Ukse)s Uk,si)+15 - - - Ukgry such that for every 1 < j < r and every
s(k) +1 <1 < t(k), we have |fj(x) — fi(y)|| < e for every z,y € Uy, and
so that {7k}, (kl) extends to a partition of unity {yx.}; (kl) subordinate to this open
cover, where supp(yx,;) C Uy, for every s(k) +1 < i < (k).

For every k=1,...,mand i = 1,...,s(k), we can find a function g, € C(Xy)
satisfying vi,iBri = Bk, and By o, = Q.
Define, for every 1 < k < m and every 1 <i < s(k),

A = i @ Ly b = Bri @ Loy Chi = Vi @ 1y,

Since A has real rank zero, the hereditary C*-subalgebra by ;Abs; contains an
approximate unit of projections. In particular, there is a projection py; such that
| Pr.ibri — bes|| < min{e;, 1/(8d)}. Note that the py; are pairwise orthogonal and,
by approximating py; by elements in by ;Aby ;, we have py;cr; = D
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Let

|
7

(k)
br = Zpk,i; and b
i=1
Set

B:=p (@ Loy ® Mnk> p= @pk(lc(xk) ® My, )pr. C pAp.
k=1 k=1

We will show that p and B satisfy (i) — (iii) with respect to the finite set F =
{fi,-...fr}, e > 0and 1/(2d). Let f; € F. For every k = 1,...,m and ¢ =
1,...,s(k) there exist matrices m*? C M,, such that || f;j(z) — m*D| < €. Let
95 = Y i @ mFD. Then we have || f; — g;|| < e; and

(k,i) (k)

Drij = PriCrilo(x,) @ m™Y = prilox,) @ m™Y.
We have

Ipfi — firll = 2e+ |lpg; — g;pl]
261 + max |Pk,i9; — 9Pkl

< 26 + max |Pk,ibrile(x,) ® m) Loy ® m(k’i)bk,z‘pk,i |
< 2Ze +2max 1Pk,ibriloco) ® mPD — byl © m*9)|
< 4
< €,
showing (i).
For (ii),
m  s(k) '
pgip = Y > prillec,) @ m*)py;
k=1 i=1
= max Pk, 9Pk — Pri(Leix,) ® m(k’i))])k,i
- Pricriloca) © mP e ip: — pei(logoy @ m%)pyl|
= 0.
Thus

dist(pfip, B) < |lpfip — pg;p| < e <e.
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Finally,

T(p) = T(Zpk,ick,i) > T(Zpk,ibk,i) = T(Z bri) — 1/(8d)
> 73 ari) — 1/(8d) > 5/(8d) — 1/(8d) = 1/(2d).

ki
showing (iii). Thus A is TAF. |

11.4. Exercises.

11.4.1 Suppose that A is a unital quasidiagonal C*-algebra. Show that there is
a net of unital completely positive maps ¢y : A — M,, such that [[¢,(ab) —
or(a)pa(d)] — 0 and ||pr(a)|] — |la|| for every a,b € A. Hint: Use functional
calculus on the operators ¢,(14) to show that there are projections p, satisfying
oA — ©a(14)]] = 0 and that ¢(14)py is invertible in pyM,, p.

11.4.2 Prove Proposition [11.1.5} that quasidiagonality can be reframed as a local
property.

11.4.3 Let A be a simple unital C*-algebra. Suppose that A is a Popa algebra.
Show that A is quasidiagonal. (Hint: see Exercise [7.3.7])

11.4.4 Let ¢ be a state on an infinite-dimensional C*-algebra A. Show that, for
any n € N elements, there are yy,...,y, € A such that ¢(y;y;) = dij;

11.4.5 Let A be a unital quasidiagonal C*-algebra. Show that A has a tracial
state.

11.4.6 Prove Lemma [11.2.14; Let f € C([—1,1]). For any € > 0 there exists a
d = d(f, €) > 0 satisfying the following: For any C*-algebra A and any self-adjoint
element a € A with ||a]| <1 and projection p € A such that

lpa — ap|| <6,

we have

| f(a)p — f(pap)|| < e.

11.4.7 Let A be a finite-dimensional C*-algebra. Suppose a, b are nonzero positive
elements satisfying ab = 0. Show that a is a projection.

11.4.8 Let A be a C*-algebra. Suppose p,q,r € A are projections and a € A, a
positive element. Suppose that r € aAa, ¢ is Murray—von Neumann equivalent to
r, and p is Murray—von Neumann equivalent to a projection in rAr. Show that p
is Murray-von Neumann equivalent to a projection in aAa.

11.4.9 Let C denote any class of unital C*-algebras. Suppose that A is a simple
unital inductive limit of C*-algebras in C and that A has at least one tracial state.
Show that A is TAC.
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11.4.10 Let A be a simple unital C*-algebra. Suppose that A is TAF. Show that
A has stable rank one. (Hint: see the proof that TAF implies real rank zero.)

11.4.11 Let A be a simple unital C*-algebra. Suppose that for every finite subset
F C A, every € > 0, and every nonzero positive element ¢ € A, the following
holds: There exist a projection p € A and a unital AF C*-subalgebra B with
1p = p satisfying

(i) |lpa — ap|| < € for every a € F,
(ii) dist(pap, B) < € for every a € F, o
(iii) 14 — p is Murray—von Neumann equivalent to a projection in cAc.

Show that A is TAF.

One can use this to show that the AF' algebra of Exercise [9.6.13|is arbitrarily
“tracially large” in the crossed product given by the Cantor 2-odometer and hence
the crossed product is TAF. More generally, a similar technique was used in various
contexts to show that a crossed product by a minimal homeomorphism can be
classified by tracial approximation techniques, see for example [80, 114, 124
113, [79]
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Introduction to classification theory



12. K-theory

It would be difficult to talk about the classification of C*-algebras without talk-
ing about K-theory. For the reader familiar with topological K-thoery, K-theory
for C*-algebras can be thought of its noncommutative version. For a commutative
C*-algebra C'(X), the C*-algebraic K-theory of C'(X) turns out to be the iso-
morphic to the topological K-theory of X, although in general (once moves to the
noncommutative setting) there is no ring structure for C*-algebraic K-theory. The
K-theory for C*-algebras consists of two functors K, and K; which take the cate-
gory of C*-algebras with *-homomorphisms to the category of abelian groups with
group homomorphisms. It is an important isomorphism invariant and plays a fun-
damental role in the classification programme for separable nuclear C*-algebras, as
we will see. In this chapter, we provide a very basic introduction, focusing only on
the constructions as well as some on results we will require later on. More involved
introductions to the K-theory for C*-algebras, which should be easily accessible
to the reader, can be found in [103] and [128]. A very thorough development is
given in [§].

In Section [12.1] we introduce the Ky-group of a unital C*-algebra and see that it
has an order structure whenever A is stably finite. In the second section, we prove
that Kj is continuous with respect to inductive limits, a property which often
makes computation of K-theory for C*-algebras relatively easy. In Section [12.3| we
show how to construct the Ky-group for a nonunital C*-algebras and prove that
Ky is half exact, another useful property for computational purposes. Section
constructs the Kj-group. In the final section, we collect a number of other useful
facts and properties about K-theory, such as split exactness, Bott periodicity and
the six term exact sequence.

12.1. The abelian group Ky(A). Let A be a C*-algebra and let M, (A) =
Unen Mn(A) where M, (A) is included into M, ,(A) by copying M, into the top
left corner of M, 1(A), that is,

l_)aO
a 00 |

If pe M,(A) and g € M,,(A) then we define p ® ¢ € M,4.,(A) to be

(P O
p@q_(o Q)

Recall that two projections p,q in a C*-algebra A are said to be Murray—von
Neumann equivalent if there exists a partial isometry v € A such that vv* = p
and v*v = ¢ (Definition [8.3.11)). For projections p,q € M (A), set p ~ g if there
is some m,n € N and some v € M, ,(A) such that v*v = p and vv* = ¢. This is
an equivalence relation on the projections in M. (A).
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It is easy to see that p @ 0 ~ p, so we may identify p with p® 0. If p € M,,(A)
and ¢ € M,(A), m < n we can add n —m = k zeros to p to consider it as a

projection in M, (A). Then p @ 0y, ~ ¢ is just Murray—von Neumann equivalence
in M, (A).

12.1.1 The next proposition collects some useful facts. The details are left as an
exercise, which is not too difficult but should be helpful familiarising the reader
with the concepts.

Proposition: Let p1,p2, q1,q2,7 € Mo (A) be projections.

(i) If p1 ~ p2 and qu ~ gz then p1 © g ~ pa © go.
(ii) Up to equivalence, & is commutative: py & q1 ~ q1 D p1-

(iii) If p1,q1 € Mp(A) and p1gy =0, then p1 +q1 ~ p1 D q1,

(iv) Up to equivalence, @ is associative: (py B q1) ®1r ~p1 ® (1 D).

12.1.2 Let A be a unital C*-algebra and let [p] denote the ~ equivalence class of
the projection p € M (A). Denote by V(A) all ~ equivalence classes of projections
in M, (A), that is
V(A) = Ma(A)/ ~

By Proposition[12.1.1] (i), (iii), (iv) and (vi), we can endow V/(A) with the structure
of an abelian semigroup. We call V(A) the Murray-von Neumann semigroup of
A. Moreover, V(A) has an identity element given by the equivalence class of 0,
so in fact it is a monoid. We put an equivalence relation on the set of formal
differences of elements in V(A) by declaring [p] — [q] ~¢ [P/] — [¢] if and only if
there is [r] € V(A) such that [p] + [¢] + [r] = [p] + [q] + [r] € V(A).

Ky(A) is now defined to be
Ko(A) = {lp] =[] | [}, [d] € V(A)}/ ~a -

The construction of a group from a semigroup via this equivalence on formal dif-
ferences is called the Grothendieck construction. Thus Ky(A) is the Grothendieck
group of the semigroup V(A).

12.1.3 Suppose that A is unital and p, g € M (A) are projections such that p@r ~
q @ r for some projection r € M,(A). Let 1, denote diag(1la,...,14) € M,(A).
Then

pBly,~pdr®(l,—r)~qdrd (1, —r)~qd1,,
so [p] = [g] if and only if p® 1,, ~ g ® 1,, or some n € N.

At this point, we move from projections to unitaries. It is easy to see that if
A is unital and p € A is a projection, then for any unitary v € A, we have that
= upu* is also a projection. If such a unitary exists, we say that p and ¢ are
unitarily equivalent. If ¢ = upu* then define v := up'/? and observe that ¢ = vv*
and p = v*v. In other words, unitary equivalence implies Murray—von Neumann
equivalence. In general, the reverse implication does not hold in a C*-algebra A,
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however, when we consider projections in all of M (A), we can show that Murray—
von Neumann equivalence is enough to establish unitary equivalence. This is part
of the content of Proposition [12.1.5, where we show that Murray—von Neumann
equivalence classes, unitary equivalence classes and homotopy equivalence classes
in M, (A) coincide. First, we require a lemma.

12.1.4 Lemma: Let A be a unital C*-algebra and let uw € My(A) be a unitary.
Suppose that sp(u) # T. Then there is a continuous path w : [0,1] — My(A) such
that

(1) w(t) is unitary for every t € [0, 1],
(i) w(0) = u,

(iii) w(1) = ( 10A 1(1‘ )

In other words, w is homotopic to 1pg,(a)-

Proof. Let uw € My(A) be a unitary with sp(u) # T. Since sp(u) # T, there is
some 0 € R such that e ¢ sp(u). Thus e has a well-defined inverse function for
t € (0,2m + 0) (by taking the appropriate branch of the complex logarithm). In
particular, ¢(e') = ¢, for t € (6,27 +0) is a real-valued function that is well defined
and continuous on sp(u), which moreover satisfies A = ¢ for every A € sp(u).

Using functional calculus we have u = (¢*()). Define w(t) = ™ for t € [0, 1].
Since u is unitary, we have ¢(A) € R for every A € sp(u) and so ¢(u) is self-
adjoint. Thus w(t) is a unitary for every ¢ € [0,1]. Since w(-,A) : [0,1] — T given
by w(t,\) = e is continuous for every A € sp(¢(u)), it follows that w(t) is a
continuous path from w(0) = Lyza) to w(l) = w. I
12.1.5 This next proposition tells us that we could have also defined Ky(A) for
a unital C*-algebra A using either unitary equivalence or homotopy equivalence
of projections in M (A), in place of Murray—von Neumann equivalence. In what
follows, for n € N we denote

O0p =08 B0 € M,(A)
—_———

n times

Proposition: Let A be a unital C*-algebra. Suppose p,q € My (A) are projec-
tions. The following are equivalent:

(i) there are k,l,m € N and there is a continuous path of projections
r:[0,1] = M, (A),

such that r(0) = p® 0 and r(1) = q ® 0,
(ii) there are k,l,m € N and a unitary u € M,,(A) such that

u(p ® 0p)u™ = q @ 0y,
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(iii) [p] = [q] in V/(A).
Proof. For (i) implies (ii), suppose there are k,l,m € N and a path of projections
r:10,1] = U, ey Mn(A) such that r(0) = p @ 05 and (1) = ¢ ® 0;. Choose § > 0
such that if [t —#'| < ¢ then ||r(¢)—r(t)'|| < 1. By Lemma8.3.6} if |t —¢'| < § there
exists a unitary u(t) € M,,(A) such that u(t)r(t)u(t’)* = r(t'). Thus (ii) holds by
compactness of the interval and the fact that the unitaries in M,,(A) form a group
under multiplication.

For (ii) implies (iii), if there are k,[,m € N and a unitary u € |J, oy Mn(A)
such that u(p © 0,)u* = ¢ @ 05, then v := u(p ® 04)"/? satisfies v*v = p @ 0 and
vv* = ¢ @ 0;. Hence [p] = [¢] in V(A).

For (iii) implies (i), if [p] = [¢] in V(A), we can choose k,l,m so that both
p® 0k, q®0; € M, (A) and there is a partial isometry v € M,,(A) satisfying

v'v = p D O, vt =qP 0.
Put p' :=p@® 0, and ¢ := ¢ ® 0;. It is straightforward to check that

o ( v Infy(a) — v0* )
U= . X
v — a4 v

is a unitary in My, (A). Let

w(t) — COS(%)U le(A) — (1Mm(A) - Sin(%))vv* > .

( (1Mm(A) — sin(%))v*v — 1Mm(A) COS(%)U*

Then w : [0, 1] = Ma,,,(A) is a continuous path of unitaries with

w(0) = u, w(t):( 0 1M8<A>).

—1as,,(4)
It now follows from the Lemma [12.1.4] after rescaling paths, that there is a con-
tinuous path of unitaries w’ : [0, 1] — My, (A) with w(0) = w and w(1) = 1, (a)-
Since
u(p ® 0 B 0p)u™ = q® 0; ® 0y,

(i) follows. |
12.1.6 Recall that a unital C*-algebra is stably finite if M, (A) is finite for every
n € N, that is 15,4 is a finite projection for every n € N (Definition [8.3.12). By

Proposition |8.3.13] A is finite if and only if every isometry in A is a unitary. Here,
we give another equivalent condition for finiteness of a unital C*-algebra.

12.1.7 Proposition: Let A be a unital C*-algebra. Then A is finite if and only
if every projection p € A 1s finite.

Proof. If every projection is finite, then this is in particular true for 14, so A is
finite. Conversely, assume that A is finite. Let p,q € A be projections with ¢ < p
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and suppose that v*v = p and vv* = ¢, for some v € A. We need to show that
p=gq. Let

s:=v+(la—p).
Since ¢ < p, by Proposition [3.1.14] we have pqg = gp = q. Thus

[v* = v"pl* = |[(v" = v"p)* (v = vp)|

= |lvv* — vv*p — pov* + puv*p||

= lla —ap —pa — pap||

= 0,
so v*(14 —p) =0, and also (14 — p)v = (v*(14 — p))* = 0. From this it follows
that

s =W+ (1a—p)w+(1a—p) =vv+(1a—p)=1a,
which is to say, s is an isometry. Since A is finite, every isometry is a unitary by
Proposition [8.3.13] Thus
la = ss"=(v+(La—p))(v+(1a—p)

v +v(la—p)+ (Lo —p)v" + (14— p)
= g+v—wv+ovr—vvt+1—p
= q+la—p,

sop—q=0. |

12.1.8 A ordered abelian group is an abelian group G together with a partial order
that respects the group structure (in the sense that if z < y then x + 2z <y + 2
for every x,y, 2z € G), and which satisfies

G={reG|0<a}—{reG|0<z}.

As for C*-algebras, we denote the positive elements of G by G .

Of course, (G, G ) should properly be called a partially ordered abelian group, but
in the C*-algebra literature—particularly the classification literature—the adverb
“partially” is usually dropped for brevity. Since this is the general convention, it
is the terminology that we will use.

12.1.9 A cone in an abelian group G is a subset H such that H + H C H,
G =H —H and HN (—H) = {0}. If G has a partial order, then G is a cone.
Conversely, if H is a cone in GG, then setting x < y if and only if y —x € H, defines
a partial order on G.

12.1.10 Theorem: Let A be a unital stably finite C*-algebra. Then
Ko(A)y :=A{[p] | p € Ms(A) is a projection}

is a cone and hence Ko(A) is an ordered abelian group with the induced partial
order.
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Proof. That Ko(A); + Ko(A)+ C Ko(A)+ and KO(A) = Ko(A), — Ko(A), is
immediate. So we just need to show that Ky(A); N (—Ky(A)) = {0}.

Let x € Ko(A)+ N(—Ko(A)+). Then z = [p] —[0] = [0] —[q¢ ] for some projections
p,q € My (A). Thus there is a projection r € M, (A) with [p® ¢ @ r] = [r].
Let n € N be sufficiently large so that p & q dr e M,(A ) Then, addmg Z€eros
where necessary, we can find projections p/, ¢',r" € M, (A) with p’ ~ p, ¢’ ~ ¢, and
r’ ~r, with p/, ¢, mutually orthogonal. Then p'+¢ 47’ is Murray—von Neumann
equivalent to r’ in M, (A). Since A is stably finite, p’ 4+ ¢ + 1’ cannot be equivalent
to a proper subprojection by Proposition [12.1.7 It follows that p’ + ¢ = 0, and
hence p' =¢ = 0. Thus z = [p] = [¢] = 0 € Ko(A) . |

12.1.11 Lemma: Let p and q be projections in a unital C*-algebra A. Then
q = u*pu for some unitary u in A if and only if p~q and 14 —p~ 14 —q.

Proof. Suppose ¢ = u*pu. Set v = up and w = u(l4 — p). Then

v'v = putup =p, vv* =upput =q
and
ww=(1a—pluu(la —p)=1a—p, ww"=u(ls—p)(la—pu"=1s—q
Hence p~qgand 14, —p~ 14 —q.
Conversely, if p ~ g and 14 — p ~ 14 — ¢ then there are v,w in A with p = v*v,
=w*, 1y —p=w'wand 14 — ¢ = ww*. Let z =v + w. Then
2z =v'v 4+ 0w+ wv+ ww
=p+vig(la—Quw+w (la—g)qu+ (1a —p)
= 14.
Similarly, zz* = 14, so z is a unitary. Conjugating ¢ by z gives
gz = (Vg +w'g) v+ w) = (0 + w1 — Q)q)(v + w) = 0o+ v'q(Ls — qhw = p,
as required. |
12.1.12 We say that a C*-algebra A has cancellation of projections if, for any
four projections p, q, e, f € A satisfying pe = 0,qf =0,e ~ fand p+e ~ q+ f,
we have p ~ q. When A is unital we have p(14 — p) = 0 for any projection p,
so cancellation of projections implies that p ~ ¢ if and only if 14 — p ~ 14 — q.
By Lemma [12.1.11] this holds if and only if there is a unitary u € A such that

q = u*pu. If M,(A) has cancellation of projections for all n € N, then A has
cancellation.

Recall that a C*-algebra has stable rank one if the invertible elements of A are
dense in A (Definition [8.6.6). C*-algebras with stable rank one are particularly
well behaved. In particular, Theorem [12.1.14] shows that they have cancellation of
projections.
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12.1.13 Proposition: Let A be a unital C*-algebra with stable rank one. Then
M, (A) has stable rank one for every n € N.

Proof. The proof is by induction. If n = 1 then M, (A) = A has stable rank one
by assumption. Assume that n > 1 and that M, (A) has stable rank one. Then,
identifying M, 1(A) with A ® M, 1 (Exercise [4.4.15)), set p := 14 ® e, where
e, = 1, ® 0 denotes the embedding of the identity matrix 1,, in M, into the top
left corner of M, 1. Then

pMn-i—l(A)p = Mn<A)7
and
(1n+1 - p)Mn+1(A)(1n+1 - P) = A,

so pM,+1(A)p and (1,11 — p)Mp1+1(A)(1,21 — p) both have stable rank one. Let
€ > 0. For z € M,1(A), we can write

[ a b
T=\e¢ a)
where

a € pMp(A)p, b € pMny1(A)(Ins1 —p), ¢ € (Iny1 — p)Mata(A)p,
and
d € (Lyy1 — )My (A)(Lug1 — p).

Since (141 —p)My11(A) (1,11 — p) has stable rank one, there exists an invertible
element d' € (1,41 — p)Mpy1(A) (1,01 — p) with ||d — d'|| < €. Let y = b(d') e
Then we have y € pM,1(A)p and since pM,1(A)p also has stable rank one,
there exists an invertible element z € pM,,1(A)p such that ||(a —y) — z|| < e. Let

a' =y + z and set
, [ d b
=\ )

zfl _Zflb d/)fl
_(d/)flczfl (dl)flczflb(d/)fl + (dl)fl
is an inverse for 2’ and ||z — 2'|| < max{||a — ||, |[|d — d'||} < e. Thus M, 1(A)
has stable rank one. |

12.1.14 Theorem: Let A be a unital C*-algebra with stable rank one. Then A
has cancellation.

Proof. Let p and g be projections in M,(A) with p ~ ¢ and v € M, (A) such that
v*v = p and vo* = ¢. By [12.1.12] it is enough to show that there exists a unitary
s € M,(A) such that ¢ = sps*. Since A has stable rank one, so does M, (A)
(Proposition [12.1.13). Thus there is an invertible z € M,(A) with ||z —v|| < 1/8.

Then one checks that
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—-1/2

Since ||v|| = 1, we may assume that [|z]] < 1. Let u = z(a*z)~"/?. Then u is a

unitary in M, (A) and we have

[o"2 = pl| < [lo"z — 2™l + [lz%0 — o] < 1/4.

Similarly,
|za® — q|| < ||lwa™ —av™|| + ||zv* —vv*|| < 1/4.
Thus
lupu™ =gl = [Jupu® — u(z"z)u” + u(z"z)u” —q| < |[llp — 2"zl + [[22" — ql| < 1/2.

Then by Lemma [8.3.6] there is a unitary w € M, (A) such that ¢ = w*upu*w. |

12.1.15 An order unit for an ordered abelian group G is an element u € Gy such
that, for every = € G there exists an n € N such that —nu < x < nu. Note that
in general an order unit is not unique.

Proposition: Let A be a unital stably finite C*-algebra. Then [14] is an order
unit for Ko(A).

Proof. Exercise. |

12.1.16 We will refer to a triple (Ky(A), Ko(A), [14]) as an ordered abelian group
with distinguished order unit, or sometimes as a pointed ordered abelian group.

12.1.17 Definition: An ordered abelian group (G, G) is simple if every nonzero
positive element is an order unit.

12.1.18 Proposition: Let A be a simple unital stably finite C*-algebra. Then
(Ko(A), Ko(A)1) is simple.

Proof. Exercise (see the exercises for a hint). |

12.1.19 Observe that any *-homomorphism ¢ : A — B induces a group homo-
morphism ¢y : Ko(A) = Ko(B) by simply defining ¢o([p] — [¢]) = [(p)] — [¢(9)]-
Here when we apply ¢ on the right-hand side, inside the brackets, we are actually
identifying ¢ with its inflation to the appropriate matrix algebra over A. One
needs to check this is well defined, but that is not difficult.

12.1.20 If (G, G4, u) and (H, H,,v) are ordered abelian groups with distinguished
order units, then a unital positive homomorphism is a homomorphism ¢ : G — H
satisfying (G4 ) C H, and p(u) = v. If ¢ is a group isomorphism and ¢~ is also
a unital positive homomorphism, then we call ¢ a unital order isomorphism.

Let A and B be C*-algebras and ¢ : A — B a *-homomorphism. If A and B
are stably finite, we also have ¢o(K¢(A)+) C Ko(B)4, and if ¢ is unital, then
wo([la]) = [p(14)] = [1B] so yo preservers the order unit. If ¢ : A — B is a
*-isomorphism, then g is a unital order isomorphism.

12.2. Continuity of K. As for C*-algebras, we can define inductive limits
of abelian groups. Let (G, ¢, )nen be a sequence of abelian groups together with
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homomorphisms ¢, : G,, = G,1. We call such a sequence an inductive sequence
of abelian groups. We leave it as an exercise to formulate the proper definition for
the limit of such a sequence and to verify that it is indeed an abelian group which
satisfies the universal property given in Theorem [12.2.1]

As in the case of inductive limits of C*-algebras, if G = liﬂ(Gn, ©n) we will

denote the homomorphism induced by ¢, into the limit as ¢™ : G,, — G. The
proofs of the next two theorems and proposition are effectively simpler versions of
the analogous statements for inductive limits of C*-algebras (Theorem and
Theorem , respectively), so they are also left as exercises.

12.2.1 Theorem: Let (G, pn)nen be an inductive sequence of abelian groups
with limit G = 1i_n>an. Suppose there is an abelian group H and for every n € N

there are group homomorphisms v\ : G,, — H making the diagrams

$n
Gn - Gn—i—l

(n+1)
qh lw

H

commute. Then there is a unique *-homomorphism ¢ : G — H making the dia-
grams

()

G,—G
() v
H

commute.

12.2.2 Proposition: Let (G, ¢n)nen be an inductive sequence of abelian groups
with limit G = lim G,,. Then G =,_, 0™ (G,).

12.2.3 Theorem: Let (G, on)nen be an inductive sequence of abelian groups with
limit G = lian. Suppose there is a sequence of homomorphisms v™ : G, — H

to an abelian group H satisfying ™V o ¢, = ™. Then, letting ) : A — B be
the induced *-homomorphism, we have

(i) v is injective if and only if ker(y ™) C ker(¢™) for every n € N,
(ii) 4 is surjective if and only if H = U2, 9™(G,,).
12.2.4 In what follows, if ¢ : A — B is a *~homomorphism, we will denote the

induced map Ko(A) — Ko(B) by [¢]o to avoid confusion with the *~homomorphism
o : Ag — A given in the inductive sequence.

Theorem: Let A = lig(An,cpn) be an inductive limit of unital C*-algebras.
Then lim Ko(A,) = Ko(lim A,) as abelian groups, and if each (Ko(A,), Ko(An))+,
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n € N and (Ko(A), Ko(A)y) are ordered abelian groups, then the isomorphism is
an isomorphism of ordered abelian groups. Furthermore,

(i) Ko(A) = Uf:ﬂ@(n)]o(Ko(An)%
(it) Ko(A)+ = UnZi [¢™]o(Ko(An)+),
(iii) ker([¢™]o) = Upr_,,.1 ker([@mn)o) for every n € N.

Proof. We will prove (i), (ii) and (iii) and leave the first statements, which follow,
as an exercise. For k € N, by abuse of notation, we also denote the induced map

by @, : Mi(A,) = Mi(A,y1). In that case, @(Mk(An),gon) = Mi(A).

Let g € K¢(A) be given. Then there exist k € N and projections p,q € My(A)
such that g = [p] — [¢]. For sufficiently large n, there are elements a,b € M, (A,),
which we may assume to be positive, such that

l™ (@) = pll < 1/12, [lo™(b) =gl < 1/12.

This gives ||o™ (a? — a)|| = ||¢™(a)? — ™ (a)|| < 1/4. Increasing n if necessary,
we get a € My(A,) such that ||a® —a| < 1/4 and ||¢™(a)? —p|| < 1/12. Similarly,
we find b € M (A,) such that ||b*> — b|| < 1/4 and ||¢™(b)? — ¢|| < 1/12.

It follows from Lemma that there are projections p/, ¢’ € My (A,) such that
la—p'|| < 1/4 and ||b—¢|| < 1/4. Furthermore, o™ (p') —p| < 1/4+1/12 < 1/2
s0 ™ (p') ~ p and similarly, o™ (¢') ~ ¢. It follows that

9= —ld =" @) - "™ ()] = " o(lp] - [¢])-
This shows (i).

Since each [p(™] is positive, we have the inclusion [p™]o(Ky(A,)+) C Ko(A)4.
If g € Ko(A)4, then there is some k& € N such that g = [p] for some projection
p € Mi(A). Arguing as above, we find some sufficiently large n and projection
p' € Mi(A,) such that p ~ ™ (p’), which shows the reverse inclusion, proving
(ii).

Now, let us show (iii). We have ker([¢,..]o) C ker([¢™]o) since it holds at the
level of the inductive limit of C*-algebras and so passes to the maps at the level
of Koy. If g € Ky(A) satisfies [¢™]o(g) = 0, then there are k € N and projections
p,q € M(A) such that [p™]o([p] — [g]) = 0. So [p™(p)] + 1 = [p"(q)] + r for
some r € Ky(A,). Using similar approximation arguments as in (i) and (ii), for
large enough m, we can find projections p’, ¢ € My(A,) with ¢, ,(p) ~ p and
©mn(q) ~ q. Then

[Pmn@)] +7 =™ @)+ 7 =™ (@] + 7 = [Pmald)] + 7.
[

Thus [@mn(P)] = [Pmna(¢)] = 0in Ky(A,), which is to say [p'] —[¢] € ker([©m.no)-
Hence ker([¢®™)o) = Ut ir ket ([mnlo) !
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12.2.5 Remark: We saw in Theorem that if A is an AF algebra, then A is
stably finite. If A is moreover unital, this in turn implies, by Theorem and
Proposition that (Ko(A), Ko(A)4,[14]) is an ordered abelian group with
distinguished order unit. The previous theorem now gives us an alternative proof
of this fact, without appealing to stable finiteness.

12.2.6 Recall from Theorem that any finite-dimensional C*-algebra F'is of
the form F' = M,,, ® M,, ® --- & M,,, for some k,n,...,n; € N.
Proposition: Let F = M,, &--- & M, be a finite-dimensional C*-algebra and
let e 1 <i,7<ng, 1 <k<K, be matriz units for F. The map

ij
2 (Zm’ ZT? (nla s 7nm}) — (KU(A)v KO(A)—H [1A])
given by

(r1 o) = Y rilel)]

18 a unital order isomorphism.

Proof. 1f p € M, (F) is a projection, then there are p, € Mo(M,,), 1 <k <m
such that p = > | py (this follows from Exercise . Each py is a projection
in a matrix algebra over M, , hence itself is a projection in some larger matrix
algebra, where the equivalence classes of projections are determined by their ranks
(Exercise (i)). Thus px ~ ri,[e{] for some 7, € Z, and so p ~ Yo Tk ™).
It follows that the map ¢ is surjective and that ¢ is positive. It is also clear that
P((n1, - min)) = Sy el ] = S (1] = [16].

Let m, : F — M,, be the surjection onto M, . If o((r,...,rm)) = 0,

then ., relel®] = 0. Tt follows that for each I € {1,...,m} we have
0 = [mlo(>i, relel®]) = r[el!)]. Thus the direct sum of r, copies of e is
equivalent to zero. This is only possible if 7, = 0. So ¢ is injective. |

Notice that M, has the same ordered K-theory for every n, but once we also
include the class of the unit, we can tell them apart.

12.3. K, for nonunital C*-algebras and half exactness. What about a
nonunital C*-algebra A? We could go ahead and define equivalence of projections
in M., (A) and proceed as in the unital case. However, it turns out that this does

not have the correct properties. For example, we would not get the isomorphism
of Theorem

12.3.1 Let A be nonunital and let A denote its minimal unitisation (2.2.2)). Then
there is a (split) exact sequence

0—>A—+A-"-C—0.
We define Ky(A) to be the kernel of the induced map 7o : Ko(A) — Ko(C).
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If we have a unital C*-algebra A to which we attach a new unit, then the se-
quence above induces a short exact sequence on K-theory and so ker(mg) = Ky(A)
(exercise). Thus this definition can also be used for unital C*-algebras.

12.3.2 Let A be a C*-algebra and let £ : A — A denote the section of 7: A — C
in the split exact sequence

L 1 K;\
0 A A C 0.
Let 5 : Moo(A) — My (A) denote the inflation of the composition map £ o .
Theorem: Let A be a C*-algebra. Then

Ko(A) = {[p] = [s()] | » € Msc(A) a projection}.

Proof. Let p € Mo(A) be a projection. The mo([p] —[s(p)]) = [7(p)] = [ros(p)] =0
since m = 7 o 5. Thus {[p] — [s(p)] | p € M (A) a projection} C Ky(A).

Conversely, suppose that = € Ky(A). Then there are p,q € M. (A) projections
such that [p] — [¢g] = x. Without loss of generality, assume that p,q € M, (A).

Then
(P 0 L 0 0
7"_(0 ln—q>’ t'_(o 1n>

are projections in My, (A). Moreover,

[r] = [t] = [p]+ 1o — q] = [1] = [p] — [d] = =
Then t = s(t) and by assumption, my(z) = 0, so

[s(r)] = [t] = [s(r)] = [s(t)] = so(x) = Lo o mo(z) = 0.
It follows that [s(r)] = [t] and so = = [r] — [s(r)], showing the reverse inclusion. |

12.3.3 Let C*-alg denote the category whose objects are C*-algebras and whose
morphisms are *-homomorphisms. Let Ab denote the category whose objects are
abelian groups and whose morphisms are group homomorphisms. Then

KO : C*—alg — Ab, A— Ko(A)

is a covariant functor which preserves the zero object. Moreover, it is continu-
ous, by which we mean that it preserves countable inductive limits, as we saw in

Theorem [12.2.41

12.3.4 The K, functor behaves relatively well with respect to exact sequences.
Given a short exact sequence of C*-algebras, we do not get a short exact sequence
induced on K, but we do preserve exactness in the middle. A functor with this
property is called half exact. However, split exact sequences of C*-algebras are
completely preserved. This property is called split exactness. We will delay the
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proof of split exactness (Corollary [12.5.8) until after we have learned about the
Ki-group and its interaction with K.

12.3.5 Theorem: An exact sequence of C*-algebras

0 J—~A-">B 0
induces a sequence of abelian groups
Ko(.J) == Ko(A) —= Ko(B) ,

which is exact at Ko(A), that is, im(pg) = ker(mg).

Proof. We have m o ¢g = (m o @)y = 0, so that im(yg) C ker(my). Suppose that
x € ker(mp). Then by Theorem [12.3.2] there exists n € N\ {0} and a projection
p1 € M, (A) such that x = [p;] —[s(p1)]. Let @ denote the inflation of 7 to M (A).
Since [7(p1)] — [7(s(p1))] = 0, there exists a projection r € M,,(A), for some m,
such that 7(py) & r = 7(s(p1)) & r. Now

T(P1) @ Ly ~7(p1) @7 D (L — 1) ~ 7(s(p1)) ©1 @ (L — 1) ~ 7(s(p1)) D 1,

so we can assume that r = 1,,. Let py = p1 ® L, € My4n(A). Then x =
[p2] — [s(p2)] and we have

T(p2) = 7(p1) © Ly ~ 7(s(p1)) © L = s(7(p2))-

Let p := pa ® 0y, € Mo(min)(A). Then x = [p] — [s(p)] and since 7(ps2) ~ (7(p2)),
215

(i) implies (ii) of Theorem provides us with a unitary v € Us(mn) (B) such
that um(p)u* = s(7(p)).

Consider the unitary u @ u* € M4(m+n)(é ). Since 7 is surjective, there exists a
unitary v € My(mn)(A) such that 7(v) = u ® u*. Let ¢ := v(p @ Oppyn)v*, which
is a projection in My(y,1n)(B). We have

=50 ) (V) (5 0)-(" ),
Thus s(7(q)) = m(g). Since ¢ := v(p ® Opyn)v*, we furthermore see that z =

[q] — [s(q)]-

By Exercise [12.6.11] (ii), s(7(¢)) = 7(¢) implies that ¢ € im($). So @(e) = ¢
for some € € My(min)(J), and, again by Exercise [12.6.11| (i), since ¢ is injective, e
must be a projection. Thus

z = [p(e)] = [s(@(e))] = wo(le] = [s(e)]) € im(e).

So ker(m) C im(pp), which proves the theorem. |
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12.4. The abelian group K;(A). We also associate to a unital C*-algebra
A a second abelian group, K;(A). Set U,(A) := U(M,(A)), the unitary group of
the matrix algebra M, (A), and

Uso(A) = | Un(A).
neN

As in the previous section, we define the orthogonal sum of two unitaries u € U,,(A)
and v € U,,(A) to be

uBv= ( oY ) € Uy (A) C UL(A).

Let u,v € Us(A). Then u € U,(A) and v € U,,(A) for some n,m € N. Write
u ~1 v if there is k > max{n,m} such that u & 1;_, homotopic to v & 1;_,, in
Ui (A). (That is to say, there is a continuous function f : [0, 1] — Uy (A) such that
f(0) =ue 1y, and f(1) = v & 1y_,.) Here 1, is the unit in M, (A) and, by
convention, w @ 1o = w for any w € U (A).

12.4.1 Let [u]; denote the ~; equivalence class of u € Uy (A). We will require
the following lemma for the proof of Proposition [12.4.3] What follows is called
the Whitehead Lemma because it is a C*-algebraic reformulation of the work of
J.H.C. Whitehead [129].

12.4.2 Lemma: [Whitehead| Let A be a unital C*-algebra and let u,v € U(A).

Then

u 0 N uv 0 N vu 0 N v 0

0 v Vo 1 Vo 1 Y'Wo u )
as elements in Us(A).

Proof. First note that if 1 ~1 y; and x9 ~1 Yo then 125 ~1 y1y9 by taking h = fg
where the functions f, ¢ : [0,1] — U,(A) are continuous paths from x; to y; and
o 10 Yo, respectively. It is also clear that ~q is transitive. Next we observe that

(o) =)o) (et ()
()= )G )0
()=o) Go) (o)

0 1

10
Thus it is sufficient to show that ( (1) ) 1 ( (1) ) , and this follows from
Lemma [12.1.4] |

and

(el
O =

Also,

o= = o
O =
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12.4.3 Proposition:  Let A be a unital C*-algebra. Then Ux(A)/ ~1, with
addition given by [u]; + [v]; = [u @ v]1, is an abelian group.

Proof. For any u € U, (A) and any natural number £ it is clear that u ~y u @ 1.
Since @ is associative, we have (u ®v) ® w ~; u® (v & w). By Lemma[12.4.2] if
u and v are both elements of U,,(A) for some natural number n, we have u ® v ~4
uv ~1 vu ~ v ®u. For u € U, (A) and v € U,(A), with m not necessarily the
0 1,
1, O

v 0\ (0 1, u 0 0 1,\
0w /) \ 1, 0 v 1,, O
(0 LY [0 1, u 0\ [u 0
V1, 0 l,, O 0v/) \0 v /"
Thus u ® v ~1 v D u.

We show that the addition is well defined. In that case, the above shows that
U/ ~1 is an abelian group with identity [14];, where the inverse of [u]; is [u*];
since, for u € U, (A), we have u @ u* ~y uu* ~q 1,,.

same as m, let z = ( ) Then u@® v and z are both elements of U, 1, (A),

SO

Suppose for v and «’ in U,,(A) there is a continuous path of unitaries ¢ — w;
with up = v and u; = «’ and also for v and v’ in U,,,(A) there is a continuous path
of unitaries ¢t — v; with vg = v and v; = ¢'. Then t — u; @ v; is a continuous
path of unitaries in U,,,,(A) where vy ® vg = u ® v and u; & vy = v’ @ v'. Thus
UD v~ U Do

Suppose u ~1 u' and v ~p v for arbitrary u,u’,v,v" € Usy(A). Then there
are natural numbers k and [ and continuous paths of unitaries from u @ 1;_,, to
u' @ 14—, and from v & 1;,_,, to v & 1;_,,. By the above,

(Ul ) ® W1y ~ (U B 1L p)® (V& 1)
By the first part of the proof, we have
(U@ L) DO L) = (U 1pp) DY) D Ly ~1 (WD 1y D V)
~ U@ (ud 1)
~ (VD u) ® 1y,
~NLUVD U~ UDO.

Similarly (v @ 1g_p) B (VS 1) ~ v/ ®V'. Thus udv ~1 v/ @', so the addition
is well defined. |
12.4.4 Definition: Let A be a unital C*-algebra. Then the Kj-group of A,

K;(A), is defined to be



12. K-THEORY 199

12.4.5 As was the case for Kj, any unital *-homomorphism ¢ : A — B between
unital C*-algebras A and B induces a unique group homomorphism ¢; : K;(A) —
K (B). If ¢ is a *-isomorphism then the induced group homomorphism is also an
isomorphism. (Exercise.)

12.4.6 Let A be a C*-algebra. The suspension of A is the (nonunital) C*-algebra
defined by

SA:={feC(0,1,4)| f(0) = f(1) = 0}.

Let A be a unital C*-algebra. A projection-valued function p : [0,1] — M, (A)
such that p(0) = p(1) € M,, is called a normalised loop of projections over A.

Lemma: For a unital C*-algebra A the following hold:

(i) Ko(é'jél) is generated by normalised loops of projections over A.
(i) Ko(SA) is generated by formal differences [p] — [q] where p and q are
normalised loops of projections over A satisfying p(1) = q(1) € M,.

Proof. The key observation is that the unitisation SA = {f € Cy([0,1], A) | f(0) =
f(1) € C}. Then (i) follows, and to see (ii), we just apply the definition of the
Ky-group of a nonunital C*-algebra ((12.3.1]). |

12.4.7 The next theorem gives us an alternative description of K7(A) for a unital
C*-algebra A. While in practice our original description of Kj(A) might give a
more concrete picture of the group, reframing K in terms of Ky means that much
of what we proved and will prove for Ky(A) is also true for K;(A).

Theorem: If A is a unital C*-algebra, then K;(A) = Ky(SA).

Proof. Let [p] € Ko(SA) where p is a normalised loop of projections over A such
that p(0) = p(1) € M, for some n € N. Since conjugation by a unitary does not
change the K(-class, we may assume without loss of generality that p(0) = p(1) =
1x @ 0 for some k + k' = n. The proof of (i) implies (ii) of Proposition
shows that there is a continuous path of unitaries u : [0, 1] — M, (A) such that
p(t) = u(t)p(L)u(t)*. Since p(1) = p(0) = u(0)p(1)u(0), we see that the unitary
u(0) commutes with the projection p(1) = p(0). Therefore, since p(0) = p(1) is by
assumption diagonal, we deduce that «(0) is of the form

U(O) = ( 8 ’L(L)J ) , for v EZ/{k(A),w Euk/(A)

In particular, [v]; € K;(A). Observer that the class [v]; depends only on the class
of [p] € Ko(SA). Thus the map

¢ Ko(SA) = Ki(A), [p] = [v]x
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is a well-defined group homomorphism. To show it is in fact an isomorphism, we
will construct an inverse. Let v € M, (A) be a unitary. Then

0 1, 0
UOI:(S U*)N1<0 1n)IiU1€Mn<A),

so there is a path of unitaries u : [0,1] — My, (A) with u(0) = uo and u(1) = u;.
Define
p(t) = u(t)(ln D On)u(t)*v Q(t) = (1n S On)
Then p and ¢ are normalised loops of projections satisfying p(1) = ¢(1). It follows
that [p] — [q] € Ko(SA), and so this defines a map
¥ Ki(A) = Ko(SA) : [u] = [p] —[q].

It is straightforward to check that this map is indeed a well-defined group homor-
phims, and that ¢ and ¢ are mutual inverses. Thus Ky(SA) = K;(A). |

12.4.8 We make note of the following theorem, the proof of which we leave as an
exercise.

Theorem: Let A be a unital C*-algebra. Suppose that A = @(An, ©™) is an
inductive limit of unital C*-algebras. Then

K\(A) 2= lim(K (A,), o),
s an isomorphism of abelian groups.

12.4.9 To close off this section, we point out the following. By [12.3.3] as was the
case for Ky, we have that

K C*—alg — Ab, A Kl(A)

is a continuous covariant functor which preserves the zero object.

12.5. The 6-term exact sequence. In this section we will show that from
any short exact sequence of C*-algebras we get a cyclic 6-term exact sequence
relating the K- and Kj-groups of all three C*-algebras. This will be very useful
for calculating the K-theory of a given C*-algebra from simpler, known examples.
To keep things relatively brief, some of the details will be omitted.

12.5.1 Definition: Let A be a C*-algebra and J C A an ideal. Given a surjective
*-homomorphism 7 : A — A/J, the mapping cone M(A, A/J) of 7 is defined to
be

M(A,A)J) = {(a, f) € Ax C([0,1], A/J) | f(0) =0, f(1) = 7(a)}.

Observe that the mapping cone is related to the suspension of A/.J by the short
exact sequence

0——= S(A)J) —= M(A,A)J) —= A—=0,



12. K-THEORY 201

where S(A/J) — M(A, A/J) is the *~homomorphism f +— (0, f) (exercise). With
the description of K; given by Theorem [12.4.7] this induces a map on K-theory

K1(A)J) = Ko(S(A/J)) —= Ko(M(A, A/ J)) .
The next proposition says that Ko(M (A, A/J)) is isomorphic to Koy(J). We omit

the proof. For the details, see for example [61], Proposition 4.5.3]

12.5.2 Proposition: Let A be a C*-algebra, J C A an ideal and w : A — A/J
a surjective *-homomorphism. Then

J— M(AA/T), aw~ (a,0)
18 a *-homomorphism and the induced map
Ko(J) = Ko(M(A, A/ J)),
18 an isomorphism.

12.5.3 Applying the isomorphism in the proposition allows us to define the index
map, or boundary map,

51 : Kl(A/J) — K()(J)
Proposition: Suppose that
0 J A AJJ 0

s a short exact sequence of C*-algebras. Then the induced sequence
5
K1(A)J) —— Ko(J) — Ko(A) — Ko(A/J)

is exact at Ko(J) and Ko(A).

Proof. Half exactness of Ky (Theorem |12.3.5) implies that the sequence is exact
at Ko(A). The short exact sequence

0—=S(A/J)—= M(AA)J) —= A——0,
induces the sequence
Ko(S(A/J)) —= Ko(M(A, A/ J)) — Ko(A),
which is exact at Ko(M (A, A/J)). By Proposition this sequence is the

same as
which establishes the proposition. |

12.5.4 For calculation purposes, it will be useful to have a description of the
index map that does not refer to suspensions or mapping cones. Thus we include,
without proof, the following proposition.
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Proposition: Let
P

0 J—2- A B 0

be an eract sequence of C*-algebras, and, for n € N\ {0}, let u € L{n(];’) be a
unitary. Then 61([u]1) = [p] — [s(p)] where p € Ma,(J) is a projection such that

sor=o( 5 L) =4 ).

for a unitary v € Us, (A).

12.5.5 For n > 1 we inductively define the n'" suspension of A to be the C*-algebra
S"A = §(S"'A). Now, generalising the characterisation of K;(A) as Ky of the
suspension of A, we define higher K-groups K,, for any n by

Ka(A) = Ko 1(SA) = Ko(S™(A)).

12.5.6 Lemma: Let A be a C*-algebra, J C A an ideal. Then
—=Kj(A) — K1 (A)J) —= Ko(J) — - -

is exact at K1(A/J).
Proof. Let M := M(A, A/J) the mapping cone of the map 7 : A — A/J. There

is a surjective *-homomorphism
o:M— A (a,f)—a,
whence we define the mapping cone M (M, A). Let Z := M(M, A). Then
0 SA A M 0

is a short exact sequence Let ¢ : M — A denote the map (a, f) — a given above.
By half exactness of K-theory, the short exact sequence yields the sequence

Ko(SA) — Ko(Z) — Ko(M)

which is exact at K¢(Z). By Theorem [12.4.7land Proposition |[12.5.2) we know that
Ky(SA) = K1(A) and Ko(M) = Ko(J). Thus, together with Proposition [12.5.3]
the result will follow if we can show that Ky(Z) = K(A/J). To do so, observe
that

ker(p) = {(a,f) e M |a=0,}

{f € C([0,1],4/7) | f(0) = 0, f(1) = =(0) = O}

S(A/J).

Thus Z = M(M,M/(S(A/J))) so by Proposition [12.5.2 the K, group of the

mapping cone Z is isomorphic to the ideal S(A/J), which by Theorem [12.4.7
implies Ko(Z) = Ko(S(A/J)) = K1(A/J). I

I

1%
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12.5.7 By definition of the higher K-groups, it is now straightforward to de-
duce the long exact sequence in K-theory. When combined with Bott periodicity
(Theorem [12.5.9 below), this will yield a valuable tool for calculating K-groups.

Theorem: For every short exact sequence of C*-algebras
0 J A B 0

there is an exact sequence of abelian groups

e K (A) e Ky (A ) e Ky () Ky (A)

Proof. Exercise. |
12.5.8 Corollary: The functor Ky is split exact.

It is a remarkable and nontrivial result, due to Atiyah, that although we are able
to define an infinite sequence of K-groups associated to any C*-algebra A, in fact
all K-theoretic information is contained in Ky and K7, the groups for which we
have particularly nice concrete realisations in terms of projections and unitaries.
This result is called Bott periodicity and it tells us that for any C*-algebra A, there
is an isomorphism Ky(A) = Ky(S?(A)) = Ky(A). The proof of Bott periodicity
is fairly technical and lengthy, so we will not prove it here. However, given the
background we have developed, the interested reader should find most proofs in
the literature to be accessible. For example, a fairly economical proof, relying on
a few more K-theoretical concepts, is given in [61]. A slightly longer but more
elementary proof can be found in [103].

12.5.9 Let A be a C*-algebra and let z : S' — C denote the identity function on

S C C. Recall that the unitisation of the suspension of A is given by SA = {f €
Co([0,1], A) | f(0) = f(1) € C}, and thus

SA 2 {f € Cy(T, A) | f(1) € C}.

For any a projection p € M, (A) define u, € Moo(SA) to be the unitary loop
up(z) == zp+ 15 — p. The Bott map is defined to be

fa: Ko(A) = Ky(A) = Ki(SA),  [p] = [s(p)] = [upuge)h-

Theorem: [Bott Periodicity] For any C*-algebra A the the Bott map
Ba: Ko(A) — K3(A) = K1(SA)

s an isomorphism of abelian groups.

12.5.10 Suppose that
0 J A B 0

is a short exact sequence of C*-algebras. We use Bott periodicity to identify
Ko(A/J) with K5(A/J) via the Bott map $4,;. Combining this with the maps
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Ko(A) — Ko(A/J) and Ky(A/J) — K;(J) coming from the long exact sequence
of Theorem [12.5.7] gives us the ezponential map
do : Ko(A/J) — Ky(J).
This in turn yields the 6-term cyclic exact sequence of the next theorem.
12.5.11 Theorem: For every short exact sequence of C*-algebras
0 J A B 0

there is an induced 6-term exact sequence of abelian groups

Ko(J) — Ko(A) — Ko(B)

| |

Ki(B) =— K\(A) <— Ki(J).

12.5.12 Suppose that

0—=J—2>a-"
is a short exact sequence of C*-algebras with A and B unital. Denote by ¢ : J— A
the unital *-homomorphisms extending . Let p € M,,(B) be a projection. Since 7
is surjective, there is a € M,,(A) such that 1)(a) = p. Replacing a with a/2 + a*/2
if necessary, we may moreover find a € M, (A)s, such that ¥ (a) = p.

B 0

As was the case for the index map, we give a more explicit description of the
exponential map, which will be useful for the purpose of calculation.

12.5.13 Proposition: Suppose that

0 J A B 0

is a short exact sequence of C*-algebras. Let d : Ko(B) — K;(J) be the associated
exponential map. Let g € Ko(B) so that g = [p| — [s(p)] for some projection
p € My(A) and let a € Mn(fl)sa satisfy zﬁ(a) = p. Then there exists a unique
unitary u € M, (I) such that $(u) = e*™ and this u satisfies do(g) = —[ul;.

12.5.14  We have seen above that K-theory is a covariant functor. One
also can define the K-homology of a C*-algebra A—abelian groups K°(A) and
K'(A)—which is a contravariant functor that is dual to K-theory. K-theory and
K-homology are related to one another via Kasparov's K K-theory, a bivariant
functor whose input is two C*-algebras. K K-theory generalises both K-theory
and K-homology in the following way. Given a C*-algebra A, the K K-group

For certain separable nuclear C*-algebras, we can further relate K K-theory to K-
theory via the Universal Coefficient Theorem, or UCT, for short. The UCT allows
one to determine when an element in KK (A, B) determines a homomorphism
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K,.(A) — K.(B). We state what it means for a given separable nuclear C*-algebra
to satisfy the UCT here, as it plays an important—if often “behind the scenes”—
role in the classification programme. We have not (and will not) defined all the
terminology.

Definition: Let A be separable nuclear C*-algebra. We say that A satisfies the
UCT if the following holds: For every separable C*-algebra B, the sequence

0—— Ext%(K*(A), K.(B)) — KK,(A,B) — Hom(K,(A), K.(B)) —=0
is exact.

The UCT is known to hold for all of the nuclear C*-algebras we have covered
so far. In fact, Rosenberg and Schochet proved that it holds for all C*-algebras
in the so-called bootstrap class [104, Theorem 1.17]. The bootstrap class includes
commutative C*-algebras, and is closed under most constructions such as countable
inductive limits, extensions, tensoring with compacts, tensor products, crossed
product by Z, to name a few. It is not known whether or not every nuclear C*-
algebra satisfies the UCT, and at present, settling the question appears to be a
very difficult problem. For a discussion, see for example [138, [6].

12.5.15 We also have a useful way of determining the K-theory of the tensor
product of two nuclear C*-algebras, provided one of them has torsion free K-
theory and they both satisfy the UCT.

Theorem:  Suppose that A and B are nuclear C*-algebras and that A satisfies
the UCT. If Ko(A) and K,(A) are both torsion-free or Ko(B) and K,(B) are both
torsion-free, then

Ko(A® B) = (Ko(A) ® Ko(B)) @ (K1(A) ® Ki(B)),
and

Ki(A® B) = (Ko(A) @ Ki(B)) @ (K1(A) ® Ko(B)),
where the tensor product above is the tensor product of abelian groups under their
identification as Z-modules.

The full statement of the previous theorem does not require the torsion-free
assumption and rather than isomorphisms as above, we get a short exact sequence
involving graded K-theory (by the graded K-theory of A we mean K,(A) :=
Ko(A) @ K;(A) seen as a Z/2Z-graded abelian group, with Ky(A) in degree zero
and K;(A) in degree one), and can be found, for example, in [8, Theorem 23.1.3].
This more general theorem is called the Kiinneth Theorem for Tensor Products
and was proved by Schochet [110].

12.6. Exercises.

12.6.1 Let p1, p2, q1,q2, 7 € My (A) be projections. Show that

(i) if p1 ~ pa and ¢ ~ qo then p; ® q; ~ py D go;
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(i) p1 ® 1 ~ ¢ D pr;
(iii) if p1,q1 € M,(A) and p1g = 0, then p; + ¢ ~ p1 © qu,
(iv) (meq)dr~p & (&)

12.6.2 Show that Murray-—von Neumann equivalent projections in a unital C*-
algebras need not be unitarily equivalent. (Hint: Suppose A is a C*-algebra con-
taining a nonunitary isometry s and consider 14 — s*s, 14 — ss*.)

12.6.3 Let n € N. Show that the unitary group of M, is connected. (Hint: look
at the proof of Lemma (12.4.2])

12.6.4 Let I be a finite-dimensional C*-algebra and A a unital AF algebra.

(i) Show that K;(F) = 0. (Hint: use the previous exercise).
(ii) Show that &,(A) = 0.

12.6.5 Let A be a unital stably finite C*-algebra. Show that the Ky-class of the
unit [14] is an order unit for Ky(A).

12.6.6 Let A be a simple unital stably finite C*-algebra. Show that the ordered
abelian group (Ko(A), Ko(A);) is simple. (Hint: Use Lemma to show that
for any pair of projections p,q, € A we can find n € N and v € M;,,(A) such that
Vo~ p@p® - @ pand vv* ~ q.)

12.6.7 Let A and B be C*-algebras. Show that any *-homomorphism ¢ : A — B
induces a group homomorphism ¢ : Ko(A) — Ky(B).

12.6.8 Let X be a compact connected Hausdorff space. Let tr, denote the stan-
dard trace on M,,.

(i) Let p € M,(C(X)) be a projection. Show that the map = — tr,(p(x)) is
a constant function in C(X,Z).

(ii) Fix z € X and show that the map 7 : C(X) — C induces a group
homomorphism Ky(C(X)) — Z such that 75 ([p]) = tr,(p), and hence
the map

dim : Ko(C(X)) = 2, [plo = [glo = tr(p(2)) — tr(q(2)),

where tr is the trace in the appropriate matrix algebra and z is any
element in X, is well defined and independent of x.
(iii) Show that dim is surjective and that Ko(C(X)) = Z.

12.6.9 Let X be the Cantor set. Show that Ky(C(X)) = C(X,Z) and
K1(C(X)) =0.

12.6.10 Let A be a unital C*-algebra and A its unitisation. Show that the split
exact sequence

0—=A—~A—"-C.
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induces a split exact sequene in Ky,

o

0——s K()(A) $- K()(/I) —_— C

so that ker(m) = Ko(A), that is, the two definitions for Ky(A) agree.

12.6.11 Let

0 Ay

be a short exact sequence of C*-algebras.

B 0

(i) Show that ¢ : M,(J) — M, (A) is injective. ) )

(ii) Show that if a € M,(A) then a € im(p) if and only if ¥(a) = s(¢,(a)).
12.6.12 Let A and B be C*-algebras. Show that K;(A ® B) = K;(A) ® K;(B),
i=0,1.

12.6.13 Let A be a unital C*-algebra. Show that the equivalence relation defined
in is indeed an equivalence relation on the Uy (A).

12.6.14 Show that any unital *-homomorphism ¢ : A — B between unital C*-
algebras A and B induces a unique group homomorphism K;(A) — Ki(B). Show
that if ¢ is a *-isomorphism then the induced group homomorphism is also an
isomorphism.

12.6.15 Let A and B be nonunital C*-algebras and ¢ : A — B a *-homomorphism.

(i) Show that ¢ induces a group homomorphism Ky(A) — Ko(B).
(i) Suppose that A = lim(A,, ¢,) is an inductive limit. Show that Ko(A) =

lim Ko(An, goén)) as abelian groups.

12.6.16 Let A and B be C*-algebras and ¢ : A — B a *-homomorphism.

(i) Show that ¢ induces a *-homomorphism SA — SB.
(ii) Let A be a unital C*-algebra. Suppose that A = lig(An,@(”)) is an
inductive limit of unital C*-algebras. Show that

Ki(A) = lig (K (A,), 917),
is an isomorphism of abelian groups.

12.6.17 Let A be a C*-algebra, J C A and ideal with surjective *~homomorphism
mw:A/J. Let M(A, A/J) denote the mapping cone of 7. Show that

0——=S(A)J) —= M(A,A)J) —= A——>0,

is a short exact sequence.

12.6.18 Let A be properly infinite (defined in Exercise [(iii)|) and let s1,s5 € A be
orthogonal isometries, consider let ¢, := ss;, 1 <n < 3.
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(i) Let p,q € A be projections. Show that
r=tpt] +ta(la — @)ty + t3(1 — tat] — tat3)t;

is a projection.
(ii) Show that Ky(A) = {[p] | p € M(A) a projection}.

12.6.19 Calculate the K-theory of the Calkin algebra B(H)/K(H).
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13. Classification of AF algebras

Approximately finite (AF) C*-algebras were introduced in Chapter [§ The aim
of this chapter is to show that separable unital AF algebras can be classified by
their pointed ordered Ky-groups. This result is due to Elliott, although a similar
classification for AF algebras (not using K-theory) was first obtained by Bratteli
[13]. Classification of UHF algebras by supernatural numbers, which we’ve already
seen, can be viewed as a special case. The classification of UHF algebras, due
to Glimm [51], predates the results of both Elliott and Bratelli. Elliott’s AF
classification does not require the algebras be unital, but in what follows we will
restrict ourselves to this easier case. The classification of AF algebras was really the
launching point for the classification programme as we know it today, and we try to
indicate how and why in this chapter. After proving the classification theorem in
the first section, we look at approximate unitary equivalence of maps and how one
might generalise AF classification to other inductive limits. In the final section, we
give an overview of Elliott’s classification programme fo C*-algebras by introducing
the Elliott invariant and Elliott’s conjecture.

13.1. K-theory and classification of AF algebras. Before getting to the
classification of AF algebras via Elliott’s intertwining argument at the end of the
section, we’ll need a few facts about the K-theory of finite-dimensional C*-algebras
and stably finite C*-algebras.

13.1.1 Recall the definition of cancellation from [12.1.12] We have the following
immediate implication from Theorem [12.1.14] and Exercise [8.7.19

Proposition: Fvery AF algebra has cancellation.

13.1.2 Lemma: Let A be C*-algebra with cancellation. Let ¢ € A be a projection.
Suppose that py,...,p, € My (A) are projections satisfying [q] = [p1 © -+ ® pu)-
Then there are are pairwise orthogonal projections pY,...,p, € A such that q is
Murray-von Neumann equivalent to Y., p; and each p) is Murray-von Neumann
equivalent to p;.

Proof. Tt suffices to prove that if r € M, (A), p € A and q € A satisfy [r] + [p] = [q]
then there is a p’ € A such that p'p = pp’ = 0 and [r] = [p/]. Let s € M,,(A)
satisfy [s] = [q] — [p] — [r]. Since A has the cancellation property, s & r ~ g —p so
there is v € My ;45 such that v'v =7 @ s and vv* = ¢ — p. Let p’ = v(r & 0,,)v".
Then p’ € A and with w = (r @ 0,,)"/?v* we have w*w = p’ and w*w = r @ 0,,,
so [p'] = [r]. Since p' = v(r & 0,,)v* < V(1m)v = v0* = g — p, hence also p’ < ¢
thus p'p = pp’ = 0, as required. |

13.1.3 Let A be a unital C*-algebra. For u € A a unitary, we define the map

ad (u): A— A, a~— uau”.
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It is easy to check that this defines a *-automorphism of A. We call a
*~automorphism ¢ : A — A inner if there is a unitary u € A such that ¢ = ad (u).

13.1.4 Proposition: Let A and B be finite-dimensional C*-algebras. Suppose
that ¢ : (Ko(A), Ko(A)4, [14]) = (Ko(B), Ko(B)+,[15]) is a unital positive homo-
morphism. Then there exists a *-homomorphism ® : A — B such that &y = .
Moreover, ® is unique up to conjugation by a unitary.

Proof. A is finite-dimensional, so by Theorem [8.1.2) can be written as the direct
sum of finitely many matrix algebras. Let

A:]\/[m@...@Mn
be this decomposition. Let e ) be a set of matrix units for M, C M, & ---&M,,,,

0 <1 < m. Denote by 1, the unit of M,,. Since ¢ is positive, ¢([1;]) = [p/] for
some projection p; € My (A). Thus

1@ B pm] =0 (Z[H) = ¢([1a]) = [15].
1=1
Since B has cancellation, there are mutually orthogonal projections ¢, ...,¢, € B

such that > ", ¢ = [1p] and [p(1;)] = [p] = [q] for every 1 <1 < m.
Similarly, we have that g@([egll) ) = [pgll) | for some projection pﬁ) € My (A). Thus

i) = (L)) = p(mulel))) = ) @ - @ pi}).

Since ¢; € B, there are mutually orthogonal projections qﬁ), e ,qr(fl),m € B with
[ql(ll)] P = o). Since ¢V ~ qﬁ) for each 1 < i < ny, there are v; € B with

(22

vi(l) (vi(l)) = qi(i) and (vi(l))*vgl) = (l). Put
l

One can verify that, for each [, qij satisfy the matrix relations for M,,. Since the ¢
are pairwise orthogonal, this gives a map from the generators of A to B and hence

amw@A%Bkamm%MMw&MﬂM%]Mﬂ—%ﬂb
Since [eﬁf] 1 <1< m, generate Ky(A), this implies &g =

Suppose now that &, ¥ : A — B are both unital *—homomorphisms satisfying
q)[) = \Ijo. Let

Py = (), qf) =W(e), 1<ig<m,1<I<m.

Then [p@] = q)o([eg-)]) = \Ilo([ez(j)]) [qg)] so pg) qg-). Thus there are v; € B,

ij
1 <1 < m satistying vjv; = pﬁ? and vv; = (I11- Set

w _Zl 121 1qzl)wlpl(z)
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0y — o0
ij i
for every 1 < ¢,7 < n;and 1 <1 < m. It follows that \I/(eéj) = w@(eg))w* for
every 1 < 4,5 < myand 1 <[ < m. Since these elements generate A, we have
U = ad (w) o ®. I

13.1.5 Lemma: Let A, B and C be unital stably finite C*-algebras, with A
finite-dimensional. If ¢ : Ko(A) — Ko(C) and ¢ : Ko(B) — Ko(C) are posi-
tive homomorphisms satisfying o(Ko(A);) C ¥(Ko(A)y), then there is a positive
homomorphism p : Ko(A) — Ko(B) such that ¥ o p = .

Proof. By Theorem [12.2.6] (Ko(A), Ko(A),) is isomorphic to (Z*,N¥) for some
k € N. Let xq,...,x; be a basis for Ky(A) as a Z-module. Then ¢(Ky(A),) C

Y(Ko(B)4 ) implies there are yy, .. ., yx € Ko(B), (again considered as a Z-module)
such that

Then a straightforward calculation shows that w is a unitary and wp

o(r;) =¢(y;), 1<j<k

Define p : Ko(A) — Ky(B) on generators by p(z;) := y;. Then ¢ o p = ¢ and
since p(Nzy + - -+ + Nxyg) = Ny; + - + Ny, we see that p is positive. |
13.1.6 Proposition: [Intertwining] Let A and B be C*-algebras that can both be
written as inductive limits of the form A =1im(A,, ) and B = lim(B,, ) with
each ©,, ¥, injective. Suppose that there are *-homomorphisms «a, : A, — B,
and B, : B, — A,y1 making the following diagram commute:

Al P1 A2 P2 A3 L A
| 2 2 2
31 (%) as
B, 1 B, 2 Bs o B

Then there are *-isomorphisms a: A — B and  : B — A making

Al P1 A2 P2 A3 L A
o| | 2 2
B, 1 B, 2 Bs o B
commaudte.
Proof. Exercise. |

13.1.7 Lemma: Let A = lim(A,, ¢,) be a unital AF algebra and let F' be a
finite-dimensional C*-algebra. Suppose that there are positive homomorphisms

a: Ko(A) = Ko(F), 7 : Ko(F) — Ko(A),
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such that yoa = [p(M]y. Then there are n € N and a positive group homomorphism
B Ko(F) — Ko(A,) such that

Ko(F)

commutes. Moreover, if the maps ¢, are unital and o([14]) = [1r], then also

A1) = [1a,].

Proof. Let M1 <k < r, 1 < 4,57 < my denote a system of matrix units

1] )
generating the finite-dimensional C*- algebra F. Then z; := ’7(651)) € Ky(A), so

by the continuity of Ky (Theorem [12.2.4]), we can find some m € N such that
7 € [™]o(Ko(A,,)) for each k. Let 6’ : Ko(F) — Ko(A,,) be the unique group
homomorphism extending

Belo) =y, 1<k<r

If g € Ko(F)y4 then g = > _ lmk[egl] for some my; € N. Thus /' is positive.
Also, 3’ satisfies [0™]y 0 8’ = v and

™o 0 (8" 0 @ = [prmlo) =y 0 a = [pW]o.
From Theorem [12.2.4] (iii), we have

ker(| U ker([¢m.n)o

n=m+1
Thus, for any g € Ky(A;) we have (8 o a — [p1m]o)(g) € ker([¢™)]o) so that
(8" oa— [emilo)(g) € ker([pmmnlo) for some n > m + 1.

Let B := [@mnloo . Then (8o a — [p1m)o)(g) = 0 for every g € Ky(A;), which
is to say, S o a = [¢1.m]o. Moreover,

'7_[ ]Ooﬁ_[ ogpmn]ooﬁ—[(”)]ooﬁ‘
From the commutativity of the diagram, we get that if the maps ¢,, are unital and
a([l4]) = [1g], then also 5([1r]) = [14,] |

13.1.8 Theorem: [Elliott [36]] Suppose that A and B are unital approximately
finite C*-algebras. Any *-isomorphism ® : A — B induces an order isomorphism
of Ko-groups,

Do : (Ko(A), Ko(A)+, [1a]) = (Ko(B), Ko(B)+, [15]).
Conversely, if ¢ : (Ko(A), Ko(A)+,[1a]) — (Ko(B), Ko(B)4,[15]) is an order

isomorphism, then there is a *-isomorphism

bd: A~ B
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satisfying ®¢ = .

Proof. Let (A, ¥n)nen and (B, pn)nen be inductive limit sequences of finite-
dimensional C*-algebras with limits A and B respectively. We may assume that
the maps v, and p,, are unital and injective (Exercise [8.7.11]).

Consider the finite-dimensional C*-algebra A;. Since ¢! is a unital homo-
morphism, it induces a unital positive map [¢M]y : Ko(A4;) — Ko(A) and thus,
by composition with ¢ we have ¢ o [yM]y : Ko(A;) — Ko(B). Furthemore,
@ o [pW]o(Ko(A),) C Ko(B) so for large enough ny,

o [P M]o(Ko(A)4) C [p"]o(Ko(Bny) ).
Thus, by Lemma [13.1.5] there is
Q. KO(AI) — KO(Bn1)

satisfying [p(")]g o ay = o [(V]y, hence ' o [p™)]y 0 oy = [1y™M]y and we may
apply Lemma [13.1.7 to find a m; € N and a map 5y : Ko(B,,) = Ko(Ap,) with
[W]o 0 Bi = o' o [p™]o. Thus p o [p™]g 0 pi = [p"™)]y so by applying
Lemma again, we have ny > n; and a map ay : A,,, — B,, such that
@ o [y = [p"]g 0 .

Continuing the same way, we find ny,no,ns3, ... and mq, mq, ms,... giving the
commutative diagram

Ko(A1) — Ko(Am,) — Ko(Am,) —= -+ —— Ko(A)

| T T

Ko(Bn,) — Ko(By,) — Ko(Bpy) — - — Ko(B).

By Exercise [8.7.6, the subsequences (A, Yy .my) and (B, pn, .ny) have induc-
tive limit A and B, respectively. Thus we will relabel A,, by Ay and B,, by Bj
and relabel the connecting maps accordingly.

By Proposition there is a *-homomorphism o; : A; — B; such that
l01]o = a and 7y : By — A with [7]o = . By commutativity of the diagram
above, we have [T1]po[o1]o = [¢1]o, SO, since T are unique up to unitary equivalence,
we can find a unitary v; € By such that (ad (vy)o7T)ooy = ¥q. Let 7y := ad (v1)o7y.
Then the diagram

A, % A,
Ull /
T1
By
commutes.  Applying Proposition [13.1.4] again, there is a *-homomorphism
Gy 1 Ay — By such that [d3]p = aq. Since [62]o o [11]o = [p1]o, there is a uni-

tary us € Ay such that ad (ug) o 69 0 71 = py1. Let 09 := ad (ug) o d3. Then the
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diagram
A -2 4,
e
o1 g2
B, o By
commutes. Proceeding in this way, we obtain a commutative diagram
/ PRy RO PN —' |
| 2o 2
o1 o2 o3
B B, Bs e B

p1 P2

which, by Proposition [13.1.6] gives us *-isomorphisms & : A — B and ¥V : B — A,
and &y = . |

13.2. Approximate unitary equivalence. The classification of AF alge-
bras that we have just seen relies on the intertwining of maps of building blocks
along the inductive limits. In short, we produce a commutative diagram by lifting
maps from K, and then apply Proposition [13.1.6. In practice, for more general
C*-algebras, it is difficult to produce an exact intertwining. However, as we have
often seen, in the theory of C*-algebras it can be enough to have approximate
results.

13.2.1 Definition: Let A and B be unital C*-algebras and ¢, : A — B unital
*-homomorphisms. We say that ¢ and ¢ are approzimately unitarily equivalent,
written ¢ /2, ¥, if there is a sequence of unitaries (u,)neny in B such that

lim |Jupp(a)uy, —(a)|| =0, for every a € A.

n—oo

We can also make sense of the above for nonunital C*-algebras, by taking the
unitaries (u,)nen to be in the multiplier algebra of B. However, for the purposes
of this section, we will for the most part only consider unital C*-algebras.

We leave the proof of following facts about approximately unitarily equivalent
*-homomorphisms as an exercise.

13.2.2 Proposition: Let A, B,C and D be unital C*-algebras and suppose that
p: A= B, Y, p,o0: B— C and x : C — D are unital *-homomorphisms.

(i) If ¥ =g, p and p =g, 0, then ¥ ~q,. 0.
(i) If ¥ ~qu. p then P o p gy pop and X 0P Rg. X © p-
(iii) Suppose there exist sequences (Vn)nen and (pn)nen such that ¥, (b) —
»(b) and pn(b) — p(b) as n — oo for every b € B. Then 1, g, pn for
every n € N implies 1 =, p.
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13.2.3 Proposition: Let A and B be unital separable C*-algebras. Suppose
there is an injective *-homomorphism ¢ : A — B and a sequence (ug)ken in B
such that

(1) limy e () — pla)url] = 0 for every a € 4,
(i) limgoo dist(upbuy, p(A)) =0 for every b € B.

Then there exists a *-homomorphism v : A — B which is approximately unitarily
equivalent to .

Proof. Since A and B are separable, we can find sequences (ax)ren C A and
(br)ken C B which are dense in A and B respectively. By applying an induction

argument, (i) and (ii) imply that, for every n € N, there exists unitaries vy, ..., v,
contained in {uy | k € N} and, for j = 1,...,n, elements a;1,...,a;, € A such
that

*

[, -+ 01bjvr - - v = plagn)l| < 1/n,

and
[vnp(as) — elaj)vall <1727 [lvap(ajm) — e(ajm)val < 1/2",
forevery j=1,...,nand m=1,...,n— 1. Now, for a € {a; | k¥ € N}, we have
or v (@) 05) — (01 Ut (@) )]

< /2% 4+ ||[(v1 .. vpp(@)vy, - - - 0f) = (V1 0n (@) Unt1Up g U -+ - 07) |

= 1/2",
50 (v1 -+ - vpp(a)vl ... v])nen defines a Cauchy sequence. Thus we can define

P(a) == lim vy - - vpp(a)v) ... v,
n—oo

for all a € {ay | k € N} and therefore for all a € A. It is easy to see that ¢ : A — B
is a *~homomorphism which, by construction, is approximately unitarily equivalent
to . Moreover, |[¢(ag)|| = ||ax|| for every k € N so ¢ is injective. Finally,

9 (ang) = vi - vnplang)vy vl < Y 1/2m=1/2",

m=n+1
SO
1b; = Y(an )l < 1/2" +[Jvg -+ vibjur -+ vp — @(ajn) |l
< 1/2"+1/n.
Since the sequence (bg)ren is dense in B and (A) is closed, we have ¢(A) = B.
Thus v is an isomorphism. |

The diagram in the next definition should look familiar. Here, we are asking
only that our diagram commutes approximately, which is made precise below. For
inductive limits that are more general than AF algebras, one can only expect to
get such an approximate intertwining.
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13.2.4 Definition: [Approximate intertwining, cf. [37]] Let A and B be C*-
algebras. Suppose there are inductive limit decompositions A = lig(An, ©n) and

= lim(By, thn). We say that the diagram

Al ®1 A2 P2 A3 o A
| 2|
a1 (%)) s
B, 1 B, b2 By o B

is an approzimate intertwining if, for every n € N, there are finite subsets F,, C A,,
G,, C B,, and there is §,, > 0 such that

1) ||Bns1 0 an(a) — pn(a)]| < 6, for every a € F,,
(ii) ||an © Ba(b) — n(b)|| < 8y, for every b € G,
(iil) n(Fn) C Fn+1, a,(F,) C Gy, and 3,(G,) C F,41 for every n € N,
(iv) Um nganm( Fy,) is dense in A, and |J;5_ nm(Gm) is dense in B, for
every n € N,

(v) >0, 6, < o0.

13.2.5 Theorem: Let A and B be C*-algebras. Suppose there are inductive limit
decompositions A =1m(A, ¢n) and B =1im(By, 1) such that the diagram

Al ®1 A2 P2 A3 A
| 2| Bu] 2
aq a9 [o%}
P P
B; — > By —=> Bj B

s an approximate intertwining. Then there are *-isomorphisms o : A — B and
B:B — A with f =a~! and for everyn € N,

(i) oz(go(”)(a)) = limy,_y00 W™ 0 ayy, © Onm(a) for every a € A,,
(ii) B(¥™ (b)) = lim,,—e @™ 0 By, © Un.m(b) for every b € B,,.

Proof. We must show that for every n € N the limits in (i) and (ii) above exist.
We show this only for the limit in (i), as case (ii) is entirely analogous. Since
the diagram is an approximate intertwining, for every n € N\ {0} there are finite
subsets F,, C A,, G, C B, and real numbers ¢, > 0 such that (1) — (v) of
Definition [13.2.4 hold. Let a € A,. Then by (iv) in Definition we may
assume that a € | J-_ (F,,). Thus we may assume that there is some mg > n such
that @, (a) € F, for every m > my.

By (i), (ii), (iii) of Definition [13.2.4] we estimate

letmi1 © Pm () = thm 0 am(2)]| < o + Ot
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for every x € F,, C A,,. From this we have

Hw(erl) O Qg1 © Ppmr1(a) — w(m) 0 QU © Py (a)||
= ||¢(m“)(04m+1 0 Pm(Pnm(a))) — w(erl)(wm 0 A (Pn,m(a)))l

< Ham+1 o SOm<90n,m(@)) — Ym o am(@ﬂm(@)“
< O+ Oy

Thus the sequence is Cauchy and hence converges, showing that the limit exists.
Then, by continuity, this defines a map o : A — B. Similarly, we use the conver-
gence of the sequence in (ii) to define 5 : B — A, and it is clear that these maps
satisfy the requirements; the details are left as an exercise. |

13.3. The Elliott Invariant. What about arbitrary unital C*-algebras? Can
they be classified by Ky? The answer is no. As soon as one moves to more compli-
cated C*-algebras, K (even as a unital ordered group) is not enough to distinguish
two C*-algebras. For example, suppose that A, = C(T, F,,) where F,, is a finite-
dimensional C*-algebra and suppose we have *-homomorphisms ¢,, : A, = A,41.
The inductive limit A = lim(A,, ¢,) is called an AT algebra (“approximately cir-
cle” algebra). In the simple unital case, to distinguish two AT algebras, we need
to include the Ki-group and tracial state space.

13.3.1 We also need to consider how the tracial states and Ky interact. If A is a
C*-algebra with a tracial state 7, then 7(p) = 7(¢) whenever p and ¢ are Murray—
von Neumann equivalent. Let 7 € T(A). If a € M,,(A) then we extend 7 to M,,(A)
by 7((aij)i;) == > i, 7(a;). This gives us an additive map from V(A) — Rx,.
From there we can define 7y : Ky — R by putting 70([p] — [¢]) = 7(p) — 7(q), for
p,q € V(A). This map 7 is a state on (Ko(A), Ko(A)+,[1a]).

13.3.2 Definition: The state space of an ordered abelian group with distin-
guished order unit (G, G4, u) consists of group homomorphisms ¢ : G — R such
that o(G4) C R>g and p(u) = 1.

States on G can be very useful in helping determine the order structure. Let
us look a bit more closely at the states on an ordered abelian group by collecting
some results of Goodearl and Handelman [55].

13.3.3 Lemma: Let G be a partially ordered positive abelian group and u € G be
an order unit. Suppose H C G is a subsemigroup containing u and let f € S(H,u).

Fort >0 define
p = sup {M

m
q = inf{

EH,m>O,x§mt}

and

~
Sle

‘yGH,n>0,nt§y}.
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Then

(i) 0 <p < g <o,
(i) if g € S(H + Zt,u) and g extends f, then p < g(t) < q,
(iii) if p < r < q then there exists g € S(H +Zt, u) extending f and satisfying
gt) =r.

Proof. Clearly p > 0. Since u is an order unit, we have ¢ < ku for some k£ € N\ {0}.
Since f is order-preserving, we have f(ku) = kf(u) = kand g < f(ku)/1 =k < oc.
Now let z,y € H and m,n > 0 such that x+ < mt and nt < y. Then nx < nmt <
my, so since [ is order-preserving nf(x) < mf(y), whence f(z)/m < f(y)/n. It
follows that p < ¢, and we have shown (i).

For (ii), suppose x € H, m > 0 and < mt. Since g € S(H + Zt,u) extends
f, we have f(x) = g(z) < mg(t). Thus f(z)/m < g(t), which in turn implies
p < g(t). A similar argument establishes that g(t) < ¢, showing (ii).

For (iii), if x € H and k € Z, put g(x + kt) = f(x) + kr. If we show that g is a
state, then it will clearly be unique. We have g(u) = 1. To show that g is additive
and order-preserving, it suffices to show that if x + kt > 0 for some x € H, k € Z,
then g(x + kt) = f(x) +kr > 0. If k=0, then x > 0so g(x) = f(z) >0. If k<0
then —kt <2 s0 0 <r <q < f(z)/(—k) which implies 0 < f(z) + kr. Finally, if
k>0 then —x < kt, so f(—z)/t <p <r and thus g(z + kt) = f(z) +rt > 0. |

13.3.4 Proposition: Let G be a partially ordered abelian group with order unit
u. Suppose that H is a subgroup of G containing u. Then any state on (H,u) can
be extended to a state on (G, u).

Proof. From the previous lemma, there exists a subgroup K C G containing H
and g € S(K,u) which extends f. By the Zorn-Kuratowski Lemma, there is a
maximal such group, call it M. If t € G4 but t ¢ M, then we can use the same
procedure as in the previous lemma to extend f to a functional on M +tZ C M,
contradicting maximality. So G, C M, and since G = Gy — G, we are done. |

13.3.5 For a partially ordered abelian group G with order unit v and t € G,
define

h
fo(t) ::sup{—’hzo,m>0,hu§mt},
m

and

n

F*(t) = inf {5

k,n>0,nt < k:u} .
Lemma: Let G be a partially ordered abelian group with order unit w. Then, for

anyt € G,

(i) 0 < fult) < f*(t) < o0,
(i) of f € S(G,u) then fu(t) < f(t) < f*(1),
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(iii) if fo(t) <1 < f*(t) then there exists a state f € (G, u) such that f(t) = r.

Proof. Let H := Zu and define g(nu) = n. Then H is a subgroup of G containing
wand g € S(H,u). Let

p:zsup{M|x€H,m>0,x§mt}
m

and
q:= inf{—g<y) lye Hin>0,nt < y}.
n

Then f.(t) > 0 and if h > 0 and m > 0 with hu < mt, then g(hu)/m = h/m < t.
It follows that so fi(t) < p. lf x € H and x < mu for m > 0. Since x € H, we have
x = hu for some h € Z. Suppose that h < 0. Then g(z)/m = h/m < 0 < f.(t).
If h > 0, then g(z)/m = h/m < f.(t) since hu < mt. Thus also p < f.(t), so
f«(t) = p. The fact that f*(t) = ¢ is similar and left as an exercise.

Now we are in the situation of Lemma |13.3.3] and (i) and (ii) are immediate
consequences. Lemma [13.3.3| further implies that g(¢f) = r. Finally, by Proposi-
tion [13.3.4] g extends to a state f on all of G, showing (iii). |

13.3.6 We say that an ordered abelian group with order unit (G, G, ,u) has the
strict ordering from its states if

Gy ={0}U{x | f(x) > 0 for every z € G}

If G is simple and its order structure of GG is sufficiently well behaved, then the
states completely determine the order. In particular this occurs when Ky is weakly
unperforated.

13.3.7 Definition: Let (G,G,) be an ordered abelian group. We say that
(G,Gy) is weakly unperforated if the following implication holds: if z € G and
there is a positive integer n such that nx > 0, then = > 0.

For a simple, separable, unital, stably finite C*-algebra A, (Ky(A), Ko(A)y) is
often weakly unperforated. If we plan on using K-theory for classifying C*-algebras
as we did for the AF algebras, a well-behaved order structure gives us a better
chance at any classification theorem. In the exercises you will show, for example,
that the AF algebras have weakly unperforated Ky-groups. In fact, we shall see in
the remaining chapters that if there is any hope of classifying a tracatable class of
C*-algebras, we must ask for weakly unperforated K-theory.

13.3.8 Theorem: Let (G,G,u) be a simple weakly unperforated ordered abelian
group with distinguished order unit. Then G has the strict ordering from its states.

Proof. Let x € G4. Then, since (G,G.) is simple (Definition [12.1.17)), z is an
order unit. Thus u < mz for some m € N, so f.(z) > 1/m and by Lemma [13.3.5
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we have f(x) > 0. This shows that
Gy C{0}U{z | f(x) > 0 for every z € G}.

Suppose that f(z) > 0. Since S(G) is compact in the topology of pointwise
convergence, inf feg(awy f(2) > 0. Combining Lemma [13.3.5] (i) and (iii), we have
fi(x) = infregeu f(x). Thus there exists h,m > 0 such that hu < mz. In
particular, mz > 0. Since (G, G,.) is weakly unperforated, we have x > 0, showing
the reverse containment

{0y U{z | f(z) > 0 for every z € G} C G,
which completes the proof. |

13.3.9 How far, then, can we get if we throw K;-groups and tracial states into
the mix? In fact, quite far! But we’ll need a few definitions first.

First of all, it makes sense to consider only simple C*-algebras. We should be
able to classify these before we can say anything in greater generality. Let’s also
stick to the separable case. If our C*-algebras are nonseparable, it is unlikely that
any invariant will be in any sense computable. Furthermore, as we’ve often seen
so far, it is usually easier to deal with unital C*-algebras.

13.3.10 Definition: Let A be a simple, separable, unital, nuclear C*-algebra.
The FElliott invariant of A, denoted Ell(A), is the 6-tuple

Ell(A) := (Ko(A), Ko(A)+, [14], K1(A), T(A), pa : T(A) = S(Ko(A))),
where pa : T(A) = S(Ko(A)) is as defined in below.

13.3.11 The reason we ask that A be nuclear, in addition to simple and unital,
has to do with von Neumann algebra classification. It turns out the nuclearity of
a C*-algebra A is equivalent to a property called injectivity of all of the von Neu-
mann algebras resulting from taking the weak closure of every GNS representation
of A [23) [24]. Outside of the setting of injective von Neumann algebras, there are
no reasonable classification results, whereas for injective von Neumann algebras
with separable pre-dual (the weak closure of a GNS represnetation of a separa-
ble C*-algebra will have separable pre-dual) we have the classification results of
Connes [26] and Haagerup [57]. Thus, it would be highly unlikely to establish
any meaningful classification results in the relatively more complicated setting of
the corresponding C*-algebras. The necessity of nuclearity was effectively proved
by Dadarlat who constructed separable unital AF algebras which contain unital
nonnuclear subalgebras with the same Elliott invariant (as well as real rank and
stable rank) as the AF algebra in which they are contained [33].

13.3.12 Restricting to nuclear C*-algebras also means that we do not need to deal
with quasitraces. A quasitrace 7 on a C*-algebra A is similar to a tracial state
but it only satisfies 7(a + b) = 7(a) + 7(b) when a and b commute. A C*-algebra
A is ezact if tensoring a short exact sequence with A preserves exactness for the
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minimal tensor product norm. By Theorem [6.4.2] any nuclear C*-algebra is exact.
In fact, when A is separable, exactness is equivalent to A being the C*-subalgebra
of a nuclear C*-algebra [67]. When a C*-algebra is exact, all quasitraces are traces
[58].

13.3.13 We have already described the first four pieces of the invariant, so let
us say something about the remaining ingredients. The tracial state space of a
separable unital C*-algebra is metrisable with respect to the weak*-topology. It
is always a Choquet simplex, that is, a simplex X such that any point x € X
can be represented by a unique probability measure on the extreme points. Any
metrisable Choquet simplex is realisable as the tracial state space of a simple
separable unital nuclear C*-algebra [126].

13.3.14 As we observed above, any tracial state 7 € T(A) induces a state on
(Ko(A), Ko(A)+, [1a]) by taking [p] — [q] — 7(p) — 7(q) for p,q € M(A), where,
by abuse of notation, we also use 7 to denote the inflation of the given tracial
state to the appropriate matrix algebras over A. The final ingredient in the Elliott
invariant is the map which takes tracial states to S(K(A), u), given by

pa: T(A) = S(Ko(A)), palr)([p] —d]) = 7(p) — 7(q)

The map p is always surjective, but need not be injective [11], [59]. Sometimes this
map is given as a pairing p : T(A) x K¢(A) — R between tracial states and states
on Ky(A), defined in the obvious way.

13.3.15 Since the tracial state space of a seperable unital C*-algebra is a simplex,
in particular it is a compact convex set. Given compact convex sets X, Y, an affine
map f: X — Y is a map satisfying
Oz + (1= Ny) =Af(z) + (1 =N [f(y),
for z,y € X and X € [0, 1].
If A and B are two C*-algebras, then a *-homomorphism ¢ : A — B induces a
continuous affine map

or : T(B) — T(A), T T 0.

Furthermore, if ¢y : Ko(A) — Ko(B) denotes the map of Ky-groups induced by
pand py : T(A) = S(Ko(A)), pp : T(A) — S(Ko(B)) are the maps as defined
above, then the diagram

T(B) —"—T(4)

on 2

S(Ko(B)) =55 S(Ko(A))

commutes, where - o0 ¢q is the map given by S(Ky(B)) 3 7 — 7oy € S(Ko(A)).
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13.3.16 If (Go, (Go)+,u) is a countable pointed simple ordered abelian group, G
a countable abelian group, A a metrisable Choquet simplex and r : A — S(G) a
continuous affine map, we call a 6-tuple

(Go, (G0)+,U, Gl, A,T A= S(G))
an abstract Elliott invariant.

A map between two Elliott invariants (Go, (Go)+,u, G1, A7 : A — S(G)) and
(Ho, (Ho)+,v,8,s: Q — S(H)) consists of an order unit-preserving group homo-
morphism ¢q : G — H, a group homomorphism ¢, : G; — H;, and a continuous
map @7 : 2 — A such that the diagram

O—" A

o e

S(Ho) Topo S(Go)

commutes. Thus we can make sense of two Elliott invariants being isomorphic.

13.3.17 Combining results from [38] and [101], if G = (Gy, (Go)su,G1, A7 :
A — S(G)) is an abstract Elliott invariant such that (Go, (Go)+,u) is weakly
unperforated, there exists a simple separable unital nuclear C*-algebra A with
Ell(A) isomorphic to G.

13.3.18 Conjecture: [The Elliott Conjecture, 1990] Let A and B be simple,
separable, unital, nuclear, infinite-dimensional C*-algebras. Then if ¢ : Ell(A) —
Ell(B) is an isomorphism, there exists a *-homomorphism ® : A — B, unique up
to approximate unitary equivalence, such that EI1(®) = .

It is now known that the conjecture does not hold, at least not in the full gen-
erality as stated. We will see why in Chapter |15 where the Jiang—Su algebra Z
is introduced. Assuming weak unperforation of K (Definition [13.3.7)), tensoring
by the Jiang—Su algebra is undetected by the Elliott invariant for most simple
separable unital nuclear C*-algebras, in the sense that if A is such an algebra then
Ell(A) 2 Ell(A® Z). This tells us that if Elliott’s conjecture were true, we would
always have A =2 A ® Z. Examples show that this need not hold. Thus we either
need to restrict the class of C*-algebras further for such a classification theorem
or enlarge the invariant. This will be discussed further in the sequel.

13.4. Exercises.

13.4.1 [35] Let A and B be unital C*-algebras and suppose that o : A — A
and f : B — B are approximately inner automorphisms, that is, o and S are
approximately unitarily equivalent to the identity maps id4 and idpg, respectively.
Show that a ® 6 : A Quin B — A Qmin B is approximately inner.

13.4.2 Let A and B be C*-algebras.
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(i) Show that the minimal tensor product of the multiplier algebra of A and
B, that is, M (A) ®muin M (B), is a unital C*-subalgebra of M (A Qi B).

(ii) By taking unitaries in multiplier algebras, extend Exercise to ar-
bitrary A and B (that is, for A and B not necessarily unital).

13.4.3 Let A be a unital C*-algebra with T(A) # (. Show that every 7 € T'(A)
induces a state on (Ko(A), Ko(A)4, [14]).

13.4.4 An ordered abelian group (G, G ) is unperforated if, for any = € G, if
there is n > 0 such that nz > 0 then z > 0.

(i) Show that unperforation implies weak unperforation.
(ii) Let A be a unital AF algebra. Show that (Ko(A), Ko(A), [14]) is unperfo-
rated. (Hint: Show that the Ky-group of a finite-dimensional C*-algebra
is unperforated and use Theorem [12.2.4])
(iii) Show that an unperforated ordered abelian group must be torsion-free.

13.4.5 Let A and B be unital C*-algebras. Show that a unital *~homomorphism
¢ : A — B induces a morphism Ell(A) — ElI(B). Show that if ¢ : A — B is an
isomorphism, then so is the induced map.

13.4.6 Given a unital C*-algebra A, we say that projections separate tracial states
on A if, for every 7,7 € T(A) with 7 # 7/, there exists n € N and a projection
pe M,(A) =M, ® A with 7(p) # 7(p).

(i) Suppose A is a unital C*-algebra where projections separate tracial states.
Show that p: T'(A) — SKy(A) is injective.

(ii) Show that if A is unital and either A has real rank zero or A has a unique
tracial state, then projections separate tracial states.

13.4.7 Show that if A is unital, simple and purely infinite, then the Elliott invariant
reduces to (Ko(A), [1a]o, K1(A)).
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14. The Cuntz semigroup and strict comparison

We saw in Chapter that via the Ky-group of a C*-algebra we are able to
determine important information by studying the structure of its projections. The
more projections a C*-algebra has, the more information we can gain from its
K-theory. For example, when a simple, stably finite, nuclear C*-algebra has real
rank zero, then all tracial information can be read off from the ordered Ky-group
since the pairing map will be affine homeomorphism, and in that case the Elliott
invariant reduces to Ky and K [9]. However, unlike von Neumann algebras, C*-
algebras need not have any nontrivial projections at alll The Cuntz semigroup
is the analogue for positive elements of the Murray-von Neumann semigroup of
projections. As the name suggests, the idea for considering equivalence classes
of positive elements rather than just projections was introduced by Cuntz [30].
The equivalence relation he defined there is now know as Cuntz equivalence. This
was briefly introduced in the Exercises of Chapter [3] In Cuntz’s original work, he
actually looked at the Grothendieck group of the semigroup we define in Defini-
tion below, however usually too much information is lost upon passing from
the Cuntz semigroup to it Grothendieck group, so the group is not often used.

The chapter begins with the definition of the Cuntz semigroup and a number
of technical results about Cuntz subequivalence. In Section [14.2] we compare
Cuntz subequivalence with Murray—von Neumann equivalence and describe the
subsemigroup of purely positive elements. In Section we consider the order
structure on the Cuntz semigroup and show that in many cases, the Murray—
von Neumann semigroup and tracial state space can be recovered from the Cuntz
semigroup. In the final section, we gather some remarks about the category Cu,
which contains the stabilised Cuntz semigroup of any C*-algebra.

14.1. Cuntz equivalence and the Cuntz semigroup. Let A be a separa-
ble C*-algebra. For two positive elements a, b in A we say that a is Cuntz subequiv-
alent b and write a 3 b if there are (7, )neny C A such that lim, o ||7,0r% —a|| = 0.
We write a ~ b and say a and b are Cuntz equivalent if @ X b and b = a. We saw
in Exercise that Cuntz equivalence is indeed an equivalence relation; symme-
try is of course automatic so one only needs to check transitivity and reflexitivity.
Many of the results in this section come from [100, [30]; see also [4] for a nice
survey paper on the Cuntz semigroup.

14.1.1 For a C*-algebra A, define My (A) = [J,,ey Mn(A) as in Section [12.1} and
for a € M,,(A); and b € M, (A),, define

a@b = ( 8 [0) ) - Mm—‘rn(A)—i-‘

For n € N, let 0,, denote the direct sum of n copies of 0 (equivalently, 0,, is the zero
element in M, (A)). Suppose a,b € M, (A). Then a € M,,(A) and b € M,,(A) for
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some m,n € N. We say that a is Cuntz subquivalent to b, again written a = b if
a® Omaxin—m,0} 3 0D Omax{m—n,0y as elements in Myaxfmn} (A). It is straightforward
to verify that if a,a’,b,b" € M (A) satisfy a 2 a’ and b T thena®ad 30D .

14.1.2 Definition: Let A be a separable C*-algebra. The Cuntz semigroup of A
is defined by

W(A) = Muo(A) 1/ ~,
with addition given by [a] 4 [b] = [a @ b] for a,b € M (A).
14.1.3 Observe that for a commutative C*-algebra A = Cy(X) and f, g € Cy(X)+,

we have f = ¢ if and only if supp(f) C supp(g). Indeed, one direction is trivial
since for any r € Cy(X) the function supp(rgr*) C supp(g).

For the other direction, let K,, = {x € X | f(z) > 1/n}, which is a compact
subset of X. Clearly K, C supp(g). By continuity of g, there is some ¢ > 0 such
that g(z) > 0 for every z € K,,. The set U, = {x € X | g(x) > d} is open and,
by construction, contains K. Let h, € Co(X) be a continuous function satisfying
(hn)lKn =1 and (hn)|X\Un = 0. Then

h,(x T x €U,
rn(:c){ ( )0/9( ) xef{\Un,

is a well-defined positive continuous function, and
1f = (rnf) Pglraf)2N = |1 f = rufgll <1/n—0asn — oo,

so [ 29

This useful observation will allow us to compare commuting elements via the
functional calculus.

14.1.4 For a positive element a in a C*-algebra A and € > 0, we denote by (a—¢€)
the positive element obtained from applying the functional calculus to the function
(t =€)+ : [0, llal[] = [0, [|a]|] defined by

(t— o). ::{ 0, tel0e)

t—e tele |l

lal — e (a—e)

sp(a)
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We leave as an exercise to the reader to check that whenever e, e > 0 then for
any a € A, we have

(a—(a1+e)) =((a—e)y) =€)y

14.1.5 Lemma: Let A be a separable C*-algebra and a,b € A. The following
hold:

(i) If a > 0, then for any € > 0 we have (a — €)4 3 a.
(ii) Ifa >0 and n € N\ {0}, we have a" ~ a.
(iii) For arbitrary a € Ay we have a*a ~ aa*.

(iv) If0 < a <b then a 3.

Proof. For (i) and (ii), one simply applies the observation above in the commutative
C*-algebra C*(a), since any positive function f € Cy(sp(a)) has the same support
as f".

For (iii), we have (a*a)

Using (i),

2 = a*(aa*)a so (a*a)? 3 aa* and similarly (aa*)? 3 a*a.
a*a ~ (a*a)? 3 aa* ~ (aa*)* X a*a,
hence a*a ~ aa*.

To show (iv), since 0 < a < b, we have 0 < a'/? < b'/? (Theorem [3.1.12). Thus
a'’? € b1/2AbY/2. Let (un)nen be an approximate unit for b1/2Ab/2. Approximate
each u, up to 1/n by an element of the form b'/2v,b'/2. Then (b'/2v,b"/2),cy is
also an approximate unit for b'/2A4b1/2. Let z, := a'/?b*/?v,,. Then z,b'/? — a'/?
as n — 0o, and we compute

|la — 2,025 = |la — znbl/le/Qz;H — |la — a1/2a1/2|| =0, as n — o0,

which is to say, a 3 b. |

14.1.6 The next lemma tells us about the behaviour of Cuntz subequivalence under
addition. As one might expect, addition of orthogonal elements in a C*-algebra A
is equivalent to their orthogonal direct sum as elements in M (A).

Lemma: Let A be a C*-algebra and let a,b € Ay. Thena+b 3 a®b in My(A),
and if ab="ba =0 then a + b~ a & b.

Proof. First of all, we have
1 1\/a 0\/1 0\ [a+b 0
0 0 0 b 1 0)/) 0 0 )’

soa+bZa®db. Let
a2 pl/2
x:< v >
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b a+b 0\ . a al/2p1/?
a+0bn~ 0 o ) =¥ YT IT= pL/2g1/2 b )

so if ab = ba = 0, we have a +b ~ a ® b. |

Then

14.1.7 Proposition: Let A be a separable C*-algebra, a,b € A, and let € > 0.
Suppose that ||a — b|| < €. Then there exists z € A with ||z|| < 1 such that
(a —€); = zbz*.
Proof. For r > 1, define g, : [0,]|b]]] — Ry by g-(t) := min{¢,¢"}. Then
lim,_,; ¢,(b) = b and since

la = g- )| < lla = bll + 16 — gr (B)[| < e+ b= g-(B)]],

we can choose rg > 0 to be sufficiently close to 1 so that, for some § > 0, we have
la — g, (b)]] <9 <eand [|b— g,(b)| <e Letc:=g,,(b). Then

a=a—c+c<|la—c¢||-15+c<d-15+c,
so(a—0)y Z(c+d—0)r =c Let f:= f(a) € C*(a) be defined by applying the
functional calculus to
£t = { (6= 0/ — " el
Then ||f]| <1 and f(a—€).f = (a—¢€)4,s0 (a —€)L < fef.
Set d := c"/?f. By Exercise [5.4.11] there is u € A” such that d = u|d|. Let

r=ula— 6)1/2.

Now, d*d = fcf > (a — €)4 so applying Proposition to (a — e)i/Q, d*d and
t = 1/4, we can find v € A such that (a — €)/* = d*d"4v. As in the proof of

Lemma [14.1.5( (iv), we can find (y,)nen such that lim, . (d*d)*?y, = (d*d)'/*.
Then

r=u(a— €>1+/2 = u(d*d)"*v = lim u(d*d)"?y,v = lim dy,v,
n—oo n—oo

so we see that x € A. Define
2p = 2 (1 4 ") 722,

We will show that the sequence (z,)nen converges in A to some element z and that
2bz* = (a —€)4.

Observe that
zz* = ula — €),u* < ud*du* = u|d||d|u* = dd* = /2 f2? < e < b,

and
b(TO*l)/Qb(TO*l)/Q _ brgflj
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so we may apply Lemma with respect to z*, b0~1/2 and b with ¢; = 1
and ty = (rg — 1)/7o to see that the sequence (z,),en converges to some z € A.
We have

1202 —a*|[* = [l ((1/n+07) 7200 = )| < {672 (1 /n+b70) 722 = 1) = 0
as n — 00, giving zb'/? = z*. Thus
2bz" = 2"z = (a — e)i/Qu*u(a — 6)1/2 =(a—€)y,
proving the claim.
It now only remains to show that z is a contraction. We have
22 = DOV fy 4 p0) Y 2 (1 /4 070) /20 D)2 <
so indeed ||z, | = ||z 2.]|V/? < 1. |
14.1.8 Lemma: For any positive element a in a C*-algebra A, the set {b| b 3 a}
s norm-closed in A.

Proof. Exercise. |

14.1.9 Theorem: Let A be a C*-algebra and suppose a,b € A, are two positive
elements. Then the following are equivalent:

(i) a3,
(ii) for every e >0, we have (a —€)4+ 3 b,
(iii) for every € > 0 there is a 6 > 0 such that (a —€); = (b—0)4,

Proof. Suppose that a = b. Then there exists a sequence (7,)nen such that
|rnbrl —al| — 0 as n — oo. In particular, for any € > 0 we can find N € N with
|rnbry — a|| < e. Thus by Proposition there exists a contraction z € A
such that (a — €)y = 2rybriyz* 2 b, showing that (i) implies (ii).

Let € > 0 and suppose that (ii) holds. Then, since (a — €/2); = b, there exists
some 1 € A such that ||rbr* —(a—¢/2)4 || < € < ¢/2. The sequence ((b—1/n)+ )nen
is monotone increasing and |[(b —1/n)y —b|| = 0 as n — co. Let N € N satisfy
1/N < ||r]|%(e/2 — €), and choose § > 0 with § < 1/N. Then

(@ —€/2)y —r(b=0)pr™l| < l(a—e/2)x =l + [Ir(b—0)r7|
< €+ Pl —1/N)4|
= €/2.
Thus, by Proposition there exists a contraction z € A with (a —€); =
z2(b—9)42* 2 (b—6)4, showing that (ii) implies (iii).
Finally, suppose that (iii) holds. Then (a — €);y 3 b for every ¢ > 0. Since
(a —€); — a as € — 0, it follows from Lemma [14.1.8[that a = b. |

14.1.10 Recall that a unital C*-algebra A has stable rank one if the invertible
elements of A are dense in A (Definition [8.6.6). As we saw in Section in
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general, C*-algebras do not admit polar decompositions. If a € A, where we
consider A to be a concrete C*-algebra on some Hilbert space H, and its polar
decomposition in B(H) is a = v|a|, then in general all we get is that v € A”, as was
shown in Exercise [5.4.11] In [90], Pedersen showed that in a unital C*-algebra of
stable rank one, one can get close to a polar decomposition: there exists a unitary
u € A such that, for any f € C(sp(|a|)), f > 0 which vanishes on a neighbourhood
of zero then vf(|a|]) = uf(]a]). We will use this fact in the proof of the following
proposition.

Proposition: If A is a unital C*-algebra with stable rank one, then a ﬁi@f and
only if for every e > 0 there is a unitary u € A such that u*(a — €) u € bAb.

Proof. Let € > 0. Suppose there is a unitary u € A such that u*(a — €),u € bAb.
Then (u*(a — €)Lu)'/? € b1/2Ab1/2. Let (b'/22,b'/?),en be an approximate unit for
bU2AbY/2, Set 2z, := (u*(a — €) u)'/?b'/2x,. Then

(@ — ) — 2023
= |lu*(a—é€)yu— (u(a— e)+u)1/2b1/2:cnb:cnbl/2(u*(a — e)+u)1/2)|| —0

as n — oo. Thus (uz,)b(uz,)* — (a —€)y as n — oo, which is to say that
(a —€)+ 2 b. Since € was arbitrary, by Theorem [14.1.9) we have a 3 b.

Conversely, suppose that a X b and let € > 0. Let r € A satisfy rbr* = (a—¢€/2) 4
and let z := 7b'/2. Let v € A” such that z* has polar decomposition z* = v(zz*)'/2,
Observe that v(zz*)v* = 2*z, and, approximating by polynomials, we see that for
any f € C(sp(zz*)) = C(sp(z*z)) vanishing at zero, we have vf(zz*)v* = f(2*2).
Since (zz* — €/2), vanishes on a neighbourhood of zero, there exists a unitary
u € A satisfying

u(zz" —€/2)y =v(zz" —€/2),.
Thus
u(zz* —€/2)yu” =v(zz" —€/2), 0" = ("2 — €/2) 4,
and so
u(a — €),u* = (D2 rbt/? — €/2), < b2 rbl/? € bAD.
Thus u(a — €)u* € bAb, as required. |

14.1.11 Remark: Notice that the “if” direction in the proof of the previous
theorem does not require that A has stable rank one.

14.2. Projections and purely positive elements. Let p and ¢ be projec-
tions in a separable C*-algebra A. Then p,q € A, and it is easy to see that if p
and ¢ are Murray—von Neumann (sub)equivalent (Definition then they are
Cuntz (sub)equivalent. In the case of subequivalence, the converse turns out to be
true as well. If p and ¢ are projections which are Cuntz subequivalent then they
must be Murray—von Neumann subequivalent.
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14.2.1 Proposition: Let p and q be projections in a separable C*-algebra A.
Then p is Murray—von Neumann subequivalent to q if and only if p is Cuntz sube-
quivalent to q.

Proof. Suppose that p is Cuntz subequivalent to ¢q. Let 0 < ¢ < 1. Then there
exists r € A such that ||r¢gr* — p|| < € and we may assume that |r|| < 1. By
Proposition [14.1.7 there is z € A satisfying (p — €); = zrg(zr)*. Observe that
since sp(p) € {0,1} there is some A > 0 such that (p —e€); = Ap. Let w = A\~"/22r.
Then p = wqw* = (wq)(wq)* and (wq)*(wq) = qw*wq is a projection. Now
qu*wq < |lw||*q but since qw*wq is projection, we must have ||w||* = 1. Thus
quw*wq is a subprojection of ¢ which is Murray—von Neumann equivalent to p. We
leave the other direction as an exercise. |

We would also like to see what happens when we compare projections to arbitrary
positive elements. The next lemma is relatively elementary, but will often be useful.

14.2.2 Lemma: Let A be a unital C*-algebra and let a,p > 0 with p a projection
and ||a|| < 1. Then 0 < a < p if and only if pa = ap = a.
Proof. Since 0 <1 —p <1 we get that 0 < (1 —p)a(l —p) < (1—p)p(l —p) =0
by Proposition [3.1.11] (a). Thus (1 — p)a(l — p) = 0. Since a > 0, we can rewrite
0= (1-p)a(l—p) = (a*/?(1—p))*(a'/?(1 —p)) which then implies a'/3(1 —p) =0
and hence a'/2a'/?(1 — p) = a — ap = 0. The fact that pa — a = 0 is similar.
Now if pa = ap = a, then p —a = p — pa = p — pap = p(1 — a)p. Since ||a]| < 1,
we have (1 —a) > 0sop—a=((1-a)"?p)*((1—a)'/?p) > 0. |
The next lemma generalises Proposition [14.2.1] to the case that a projection is
Cuntz subequivalent to an arbitrary positive element.

14.2.3 For 0 < € < 1 define f. : [0,1] — [0, 1] by

0 te|0,¢/2],
fe(t) ;== < linear t € (¢/2;¢),
1 tele1].

Lemma: Let A be a separable C*-algebra and a € A,. If p € A is a projection
that is Cuntz subequivalent to a, then there exist a 6 > 0, a positive scalar A > 0
and a projection q < Aa such that p is Murray—von Neumann equivalent to q and
fsla)g = q.

Proof. Given 0 < ¢y < 1, there is Ay > 0 such that (p — €g)+ = Aop. Since p 3 a,
by Theorem there exists €; > 0 such that \op = (p — €)1+ 3 (a —€1)1. We
use Proposition to find z € A such that z(a —€1)12" = (p — €)+ = Aop-
Let w = A2z, Then p = w(a — e;)w* and ¢ := (w(a — e1)Y*)*(w(a — ¢,)}?) is
a projection satisfying ¢ ~ p. Setting A := ||w||?, we see that ¢ < Aa. Finally,
let § > 0 satisfy 6 < €. Then fs(a)(a — €1)+ = (a — €1)4, which in turn implies
fs(a)g = q.
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1 f(s(a)

lall — e (@ —e)y

5 e sp(a)

14.2.4 We saw in Exercise that Cuntz subequivalence in A is transitive: for
a,b,c € A_,if a 2 band b =X ¢ then a X ¢. Since positive elements a,b € A are
Cuntz equivalent if, by definition a = b and b = a, whenever a ~ a’, b ~ b and
a 3 bwe have @’ 3 V. Thus for z,y € W(A), we write z < y if a,b € My (A),
satisfy = = [a], y = [b] and a 3 b. Tt is easy to see that < is reflexive, transitive

and symmetric. Thus < defines a partial order (Definition 3.1.2)) on W (A).

14.2.5 Recall that V(A) denotes the Murray—von Neumann semigroup of A (Defi-
nition [12.1.2). Given p € My (A), we will denote its equivalence class in V(A)
by (p) to avoid confusion with Cuntz equivalence classes. Let ~j.,n denote
Murray—von Neumann equivalence. Suppose that p,p’, q, ¢’ are projections M, (A)
such that p ~uon P, ¢ ~aon ¢ and p is Murray—von Neumann subequivalent
to ¢. Then p’ is also Murray—von Neumann subequivalent to ¢ and there are
v, w € My (A) such that

P =vv, ¢g=w'w, ¢ =ww", v <q.

Let y = wv. Then
yy* = wov'w < wqw* = ¢,
and
Yy = v'wrwe = viqu = v (vv*)qu = viovto =7,

so p' is Murray—von Neumann subequivalent to ¢’. Thus we may define a relation
< on V(A) by putting (p) < (gq) if p is Murray—von Neumann subequivalent to
q. Unlike for W(A), the relation < on V(A) is not necessarily a partial order.
However, it is a preorder, which is to say, < is both reflexive and transitive, but
not necessarily symmetric. Indeed, in the Cuntz algebra O,,, n > 3, for any two
nonzero projections p,q € O, one has p v ¢ Saon P, but not all projections
are equivalent. See [31] for more on the K-theory of the Cuntz algebras. On the
other hand, we will see below that symmetry will hold in a stably finite C*-algebra.
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14.2.6 For a € M (A), we will denote by [a] the Cuntz equivalence class of a in
W (A). Define a map
V(A) = W(A), (p)— [pl.

Since Murray—von Neumann equivalence implies Cuntz equivalence, this map is a
well-defined semigroup morphism. Whenever this map is injective, then Murray—
von Neumann equivalence and Cuntz equivalence agree on projections. This is
always the case when A is stably finite, because in this case, (V(A), <) is also
partially ordered.

14.2.7 Proposition: Let A be stably finite. Then < is a partial order on V(A).

Proof. Since < is a preorder, we only need to show that < is symmetric, that
is, if z,y € V(A) satisfy v < y and y < x then z = y. Let p,q € M, (A) with
P Samony ¢ and g Spron p- Then p ~ypn 7 for some projection r with r < q. Let
p' = q—r. Then p' is clearly self-adjoint and (p/)? = (q—r)> = ¢ —qr—rq+r* =
g—r—r—+r=q—r=yp,sop isa projection, and p ®p ~pon T D P ~pon G-
Similarly, there is a projection ¢’ € M, (A) such that ¢ ® ¢ ~pn p. Then

POP S G ~muon 4O ¢ ~mon p.
Since A is stably finite, M,,(A) is finite for every n € N and by Proposition [12.1.7]

this means in particular that p cannot be equivalent to a proper subprojection.
Thus p’ @ ¢ =0, so p’ = ¢ = 0 and therefore p ~s,n ¢. Thus < is symmetric and
hence a partial order. |

For the map defined in [14.2.6] we obtain the following.

14.2.8 Corollary: Let A be a separable, stably finite C*-algebra. Then the map
V(A) = W(A) is injective.

Let A be stably finite. Then we identify V' (A) as a subsemigroup of W(A). We
would like to determine when a positive element which is not a projection is in the
W(A) equivalence class of a projection.

14.2.9 In a partially ordered abelian semigroup (P, <), we say that = € P is
positive if x +y > y for every y € P. The semigroup P is said to be positive if
every x € P is positive. If P has a zero element (that is, P is a monoid), then P
is positive if and only if z > 0 for every x € P. For example, if P is an abelian
semigroup equipped with the algebraic order, which is defined by x < y if and only
if there exists z € P with « + 2z = y, then P is positive. It is easy to see that the
Cuntz semigroup is positive. The subequivalence relation on the Cuntz semigroup
extends the algebraic order in the sense that if x + 2z = y then z < y, however we
may have that = < y and there is no such z with z + z = y (see exercises).

On the other hand, the Murray—von Nuemann semigroup does agree with the
algebraic order. Indeed, we have used this fact many times already. If p Zpn ¢
then p ~prn 7 < ¢ for some projection r, and then we have p @ (¢ — 1) ~pon ¢
For a separable stably finite C*-algebra A, we saw that V(A) C W(A), so in that
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case, when restricted to projections in My, (A), the semigroup W (A) will of course
be algebraic. This turns out to be true for any separable C*-algebra, regardless
of whether or not it is stably finite. In fact, we can do even better, as the next
proposition shows [92] Proposition 2.2].

14.2.10 Proposition: Let A be a separable C*-algebra, a € My (A)y and p €
Mo (A) a projection. Suppose that p = a. Then there exists b € My (A); such
that p® b ~ a.

Proof. Let n € N such that p € M, (A). By Lemma [14.2.3] there exist a projection
q € M,(A); and A > 0 such that p ~pry ¢ and ¢ < Aa. Let r = ¢ — (15 — ¢) and
observe that rar > 0. Then

Aar~a<atrar=2(gaq+ (15 = qa(l; = q)) ~qag® (15— g)a(lz — q).

It follows from Lemma (iv) that a 2 gqag® (13 — q)a(l; — q). Let b :=
(1;—q)a(14—q). Then gaq < |lal]lg ~ g ~ p, so a Z p@®b. To conclude the proof,
we must show p @ b 3 a. Now ¢ < Aa which means that ¢ € aAa, the hereditary
C*-subalgebra generated by a. Thus (1; — q)a'’? € aAa whence also b € aAa.

Now it follows from Proposition [14.1.10| and Remark [14.1.11|that p@& b ~a . |
14.2.11 For a C*-algebra A, let

W(A),y :={xz € W(A) | x # [p] for any projection p € M (A)},

that is, W(A), consists of equivalence classes of elements which are never equiv-
alent to a projection. When A is stably finite, we obtain

W(A) = V(A) LW (A),.

An element © € W(A), is called purely positive.

Let A be a separable unital C*-algebra which is simple or has stable rank one.
We will show that in this case, W(A); is a subsemigroup of W (A) with a certain
absorbing property. For the case of stable rank one, we first require the following
lemma.

14.2.12 Lemma: Let A be a separable unital C*-algebra with stable rank one.
Let a € My (A). Then [a] € W(A) is purely positive if and only if 0 € sp(a) and
0 is not an isolated point of sp(a).

Proof. Suppose that a € M,,(A); for some n € N\ {0} and that [a] € W(A),;. If
0 € sp(a) is an isolated point, then there exists € > 0 such that (0,€) Nsp(a) = 0.
Similarly, if 0 ¢ sp(a), then since sp(a)U{0} is closed, again there exists € > 0 such

that (0,€) Nsp(a) = 0. Let p = f.2(a), where f./5 is defined as in [14.2.3] Then p
is a projection and since f/» and idgp(e) have the same support on sp(a), we have

[p] = [a] by [14.1.3] This contradicts the fact that [a] € W(A),. So 0 € sp(a) and
0 is not an isolated point of sp(a).
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Conversely, suppose 0 € sp(a) and 0 is not an isolated point of sp(a) but [a] =
[p] for some projection p, which we may assume is an element of M, (A),. By
Lemma([I4.2.3] there exists § > 0 and positive scalar A and a projection ¢ < Aa such
that p ~ g and f5(a)q = ¢g. Since 0 is not an isolated point, fs(a) is not a projection.
In particular is not equal to ¢, so by Lemma e q < fs(a). Since A has
stable rank one, so too does M,,(A) (Proposition |[12.1.13)). Let 0 < € < §/2. Then
fs < (a —€)4. Since a 2 g, Proposition [14.1.10 provides a unitary u € M, (A)
such that u*(a—€)u € qAq, and, since gAq is hereditary, this in turn implies that
u* fs(a)u € gAq. Now

qu” fs(a)ug < qu*laug = g,
which implies

uqu® + u(fs(a) — gJu” < g.
Since fs(a) is not a projection, u*fs(a)u — g > 0. Then ¢ ~ uqu* is a proper
subprojection of q. But M,,(A) has stable rank one and so is stably finite (Exer-
cise . This contradicts Proposition , so [a] is purely positive. |

14.2.13 Proposition: Let A be a separable unital C*-algebra which is simple or
has stable rank one. Then the following hold:

(1) W(A)4 is a subsemigroup of W(A) and if x € W(A), then we also have
x+yeW(A), for anyy € W(A).
(i) V(A) = {x € W(A) | whenever x <y, there exists z such that x+z = y}.

Proof. Let x € W(A),, y € W(A) and choose representative a,b € M,(A). Then
sp(a) contains zero and zero is not an isolated point. Thus 0 € sp(a @ b) and is

not an isolated point (Exercise 4.4.14)). Thus z +y € W(A)., showing (i).

For (ii), let X := {x € W(A) | if x < y, there exists z such that x + z = y}. We
know that V(A) C X by Proposition[14.2.10} so we only need the reverse inclusion.
Suppose x € W(A);. Let z = [a] for a € M, (A). Then a ~ ||a||"*a < 1,(4). But
Lo, (a) is a projection, and by (i), z+y € W(A); for every y € W(A). Thus there
is no y satisfying « +y = [1a,(a)]. Thus ¢ V(A). Since W(A) is the disjoint
union of V(A) and W (A),, the result follows. |

14.3. Comparing the Cuntz semigroup to the Elliott invariant. We
begin this section by looking at the property of almost unperforation. This property
is equivalent to a property which allows one to use traces to measure the size
of positive elements, called strict comparison of positive elements. The presence
of these two equivalent properties will be essential to establishing an important
representation theorem which relates the Cuntz semigroup to the Elliott invariant.
It also has deep, and perhaps surprising, connections to the Jiang—Su algebra of
Chapter 15| and the nuclear dimension of Chapter 17 This section is mostly based
on the papers [92] 20].
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14.3.1 Let X be a metric space. A function f : X — RU{oc} is lower semicontin-

uous if f71((t,00)) is open, for every t € R. Rephrasing this property in terms of

convergent sequences, f is lower semicontinuous if and only if, whenever (z,,)n,en C

X is a sequence converging to x € X, we have f(lim, o x,) < 1iniinff(:pn).
n o

Indeed, if this is the case let ¢ € R then consider the set f~!((—oo,t)). Let

z € f~1((—o00,t)) and let (z,)neny C f1((—00,1)) be a sequence converging to x.

Then f(z) < liminf f(z,) <t,soz € f~((—o0,t]), which is to say, f~!((—o0,t))
n—oo

is closed. Thus f~!((¢,00)) is open, so f is lower semicontinuous. On the other
hand, if f is lower semicontinuous and z, — x, then for large enough x we have
x € f71((t,0)) for every t < f(x), so liminf f(xz,) > f(z).

n—oo

14.3.2 Proposition: Let X be a metric space.

(i) The pointwise supremum of lower semicontinuous functions (f, : X —
R U {00} )nen is again lower semicontinuous.

(ii) Every lower semicontinuous f : X — [0,00] is the pointwise supremum
of continuous real functions.

Proof. Let (f, : X — R),en be a sequence of lower semicontinuous functions
and suppose that f(z) := sup,cy fn(2) defines a function f : X — R. Then, for
every t € R the set f~1((t,00)) = U, en fo '((t,00)) is open in X, thus f is lower
semicontinuous. This shows (i).

Now suppose that f: X — [0, 00) is lower semicontinuous. Let
C(f) =={g: X — R | g continuous , g < f},

and let f denote the pointwise supremum of C (f). Let z € X and € > 0. The set
F = f'((—o0, f(z) —¢€]) C X is closed and does not contain x. Since continuous
functions on a metric space separate points, we can find a continuous function
g+ X — [0,1] such that g|r = 0 and g(z) = 1. Let h := (f(x) — €)g. Then
h e C(F), so f(z) > f(x) —e. Since z and e were arbitrary, we have f = f,
showing (ii). |

14.3.3 Definition: A subadditive rank function on a C*-algebra A is a function
D:A—10,1]
satisfying

i) sup{D(a) |a € A} =1,
(ii) if ab = ba = a*b = ba* = 0 then D(a + b) = D(a) + D(b),
(iii) for every a,b € A, we have D(a) = D(a*a) = D(aa*) = D(a*),
(iv) if a,b € Ay and a 3 b the D(a) < D(b),
(v) for every a,b € A we have D(a + b) < D(a) + D(b).
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14.3.4 Let A be a unital C*-algebra with T'(A) # (). For 7 € T(A), the map
d.:A—=1[0,1], a~ lim 7((a*a)™),
n—oo

defines a subadditive rank function on A.

14.3.5 We saw in[11.3.11|that any tracial state on a commutative C*-algebra C'(X)
induces a Borel probability measure on the space X. In particular, if A is a unital
C*-algebra with a tracial state 7, then, for any normal element a € A, 7 induces
a measure on the spectrum of a. Thus we might expect a similar relationship
between d, and measures on the spectrum of normal elements. Indeed, we have
the following, established in [9], Proposition 1.2.1].

Proposition:  Let A be a C*-algebra and suppose that D : A — [0,1] is a
subadditive rank function. Let a € A,. Suppose that U C sp(a) is a o-compact
open subset. For any f € Cy(sp(a)) such that coz(f) :={x € X | f(z) #0} =U,
set

w(U) = D(f(a)).
Then  is a finitely additive, o-compact probability measure on sp(a) defined on
the o-algebra generated by o-compact open subsets.

Proof. We show that u(U) does not depend on the choice of the function f. Since
coz(f*f) = coz(f) and D(f) = D(f*f), we may assume that f > 0. Suppose that
g € Cy(sp(a)) satisfies coz(g) := {x € X | g(x) # 0} = U. Again, we may assume
that ¢ > 0. Then supp(f) = coz(f) = coz(g) = supp(g), so f = g by |14.1.3, It
follows from Definition that D(f) = D(g). Thus p is well defined. We leave
the rest of the details to the reader. |

14.3.6 Definition:  Let A be a C*-algebra. A dimension function on A is a
function d : My (A)+ — [0, 00] satisfying

(i) if @ and b are orthogonal then d(a + b) = d(a) + d(b),
(ii) if @ 3 b then d(a) < d(b).

We say that d is lower semicontinuous if

d(a) = lm d((a—e)1), a € M(A)s.

14.3.7 Let A be a unital C*-algebra with nonempty tracial state space T'(A). Let
T € T(A). If a € M, (A) then we extend 7 to M, (A) by 7((ai;)ij) == > iy T(as).
This allows us to extend the rank function d, to matrix algebras in the obvious
way. We will also denote this extension by d, : My (A); — [1,00). Thus

d.(a) == lim 7(a'/™), a€ My(A),.

We leave it as an exercise to show that this is a lower semicontinuous dimen-
sion function on A. In fact, any subadditive rank function on a C*-algebra A
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can always be extended to a lower semicontinuous dimension function [9, Theo-
rem I1.3.1]. The next theorem is stated without proof. It follows from work of
Blackadar—-Handelman [9] together with the difficult result of Haagerup [58] that
all quasitraces on an exact C*-algebra are traces.

14.3.8 Theorem: Let A be a simple unital exact C*-algebra. Then every lower
semicontinuous dimension function on A is of the form d, for some tracial state

TeT(A).

14.3.9 Recall that when A is a separable, unital C*-algebra, its tracial state space
is a metrisable Choquet simplex with respect to the weak-* topology hence is a

compect convex set (13.3.13)). The definition for an affine map was given in|13.3.15|

In particular, if X is any compact convex set, an affine function f : S — R is a
function satisfying

fOz 4+ (1= Ny) = Mf(x) + (1 =N f(y),

for z,y € X and \ € [0, 1].

14.3.10 Definition: A positive partially ordered semigroup (P, <) is almost
unperforated if the following holds: Let x,y € P and suppose there exist n,m € N
with n > m, such that nz < my. Then z < y.

14.3.11 For a positive partially ordered abelian semigroup P and x € P, define

S(P,z):={f:P —1[0,00]]| f(z) =1, f is additive and order-preserving}.

Note that any dimension function normalised at 14 gives an element in
S(W(A),[14]), and conversely, from any f € S(W(A),[14]), we can define a nor-

malised dimension function on A.

14.3.12 The purpose of the next few results is to show that almost unperforation
of an ordered abelian semigroup can be rephrased in terms of the behaviour of its
states. Recall that the definition of a (partially) ordered abelian group (G,G.)
was given in Definition [12.1.8 and an order unit for (G, G.) is an element u € G
such that, for every x € G(P) there exists n € N such that —nu < z < nu.
The state space of an ordered abelian group was defined in [13.3.2] In a partially
ordered abelian semigroup P, we can similarly define an order unit v € P as an
element such that, for any x € P, there exists n € N such that x < nu.

14.3.13 Given a positive partially ordered abelian semigroup P, let G(P) denote
the Grothendieck group of P, that is, the group of formal differences (z) — (y)
where z,y € P. We define the positive cone of G(P), to be

G(P) :={(x) — (y) € G(P) | v+ z > y + = for some z € P}.

We leave it as an exercise to show that this gives us an ordered abelian group.
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14.3.14 Lemma: Let P be a partially ordered abelian semigroup with order unit
u. Suppose that t € P and f(t) < f(u) for every state f € S(P,u). Then there
erists m € N and z € P such that mt + z < mu + z.

Proof. Let G(P) be the partially ordered abelian group as given in We
will prove the lemma by contradiction. Assume that for every m € N and every
z € P, it is never the case that mt + z < mu + z. Then m(t) < m(u) never holds
either. Let f.(¢) and f*(¢) be defined as in [13.3.5] Suppose that 0 < k < n and
n(t) < k{u). But k(t) < n(t), so k(t) < k(u), which contradicts the assumption.
Thus

n
It follows that there exists r such that 0 < f,({t)) <1 <r < f*((t)) and a state
f € (G, (u)) such that f((t)) = r. Define dy € S(P,u) by setting d¢(x) = f((z)).
Then one checks that dy € S(P,u). But then d; is a state satisfying d;(t) > 1 =
dg¢(u), a contradiction. |

P = inf{k ’kn S 0, n(t) < k(u>} > 1

14.3.15 Proposition: A positive partially ordered abelian semigroup P is almost
unperforated if and only if the following holds: when x,y € P satisfy x < ny for
somen € N and f(x) < f(y) for every f € S(P,y), then x < y.

Proof. Let Py := {x € P | x < ny for some n € N}. Then P is a subsemigroup
of P with the property that x € Py and z < x then z € . Observe that y is an
order unit for Py. Suppose f € S(Py,y). Then f extends to a state f on S(P,y)
by setting f(z) = oo for x € P\ Fy. Thus, without loss of generality, we may
assume that y is an order unit.

First assume that P is almost unperforated. Suppose that z < ny and f(x) <
f(y) for every f € S(P,y). Since the set S(P,y) is compact in the topology
of norm convergence, we can find ¢ < 1 such that f(z) < ¢ < 1 = f(y) for
every f € S(P,y). Let p < ¢ € N such that ¢ < p/q. Then f(x) < p/q so
f(gz) < p = f(py). By the previous lemma, there is m € N and z € P such that
mqzr + z < mpy + z. Observe that

2mqr +z = mqx + (mgz + 2) < mgzx + (mpy + 2)
= mpy + (mqzr + z) < 2mpy + 2.

Iterating this, we see that kmqgx + z < kmpy + z for every k € Z. Since y is an
order unit, there exists [ € N such that z < ly. Thus

kmagr < kmqzx + z < (kmp + 1)y.

For sufficiently large k, we have kmq > kmp + [, so almost unperforation implies
that x <y, as required.

Now suppose P has the property that if z,y € P satisfy x < ny for some n € N
and f(z) < f(y) for every f € S(P,y), then x < y. Let 2,y € P be elements
with mz < ny, for m > n. Then z < ma < ny so mf(x) < nf(y) = n. Thus
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f(z) <n/m < 1= f(y) for every f € S(W,y) and we conclude that x < y. Thus
P is almost unperforated. |

14.3.16 Definition: Let A be a simple separable unital C*-algebra with
T(A) # (0. We say that A has strict comparison of positive elements if the following
implication holds for positive elements a,b € M, (A):

if d,(a) < d,(b) for every 7 € T(A), then a X b.

We saw in Section that when A is a separable stably finite C*-algebra,
the Cuntz semigroup contains the Murray-von Neumann semigroup of projections
V(A) as a subsemigroup, and W (A) decomposes into the disjoint union

W(A) = V(A) LW (A

where W(A), is the subsemigroup of purely positive elements. In this way the
Cuntz semigroup contains information about one part of the Elliott invariant (Def-
inition [13.3.10)), namely Ko(A). As it turns out, in many cases we can also extract
tracial information.

14.3.17 For a compact convex set A, let
LAff(A)y == {f : A — Ry | f lower semicontinuous, affine}.

Observe that LAff(A), is a semigroup with respect to pointwise addition of func-
tions. We also define the subsemigroup Aff(A), C LAff(A), to be those functions
in LAff(A), which are continuous and the subsemigroup LAff,(A), C LAff,(A),
to be those functions in LAff(A), which are bounded above. All of these semi-
groups can be given an order: f < g if and only if f(x) < g(z) for every z € A.
For each of these semigroups, we denote LAff(A), ., Aff(A), . and LAff,(A),, to
be the subset of strictly positive functions in the respective semigroups LAff(A).,
Aff(A),, and LAff,(A), .

14.3.18 Recall that if A is unital exact C*-algebra, then every quasitrace is a trace
(13.3.11)), and that a nuclear C*-algebra is always exact. The tracial state space
of A, T(A), is compact convex (Exercise [5.4.13]).

For any [p] € V(A) a projection, we define a positive affine function
p:T(A) = Rso, 7 7(p).

Here, by abuse of notation, 7 means the inflation of 7 to the appropriate matrix
algebra over A. Note that p is well defined because p(7) does not depend on the
choice of representative for the class [p].

14.3.19 Let A be a unital separable exact C*-algebra. Let
W(A) := V(A) U LA, (T(A)) 1.

We define a semigroup structure on /V\V/(A) as follows:
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(i) If [p], [¢] € V(A) then addition is the usual addition in V(A).
(i) If f, g € LAf, (T(A)) 14, then (f +g)(7) = f(7) + g(7), T € T(A).
(iii) If [p] € V(A) and f € LAf,(T(A))4s, then [p] + f = p + f, where
addition on the right-hand side is as elements in LAff,(T(A)) 4.

In a similar manner, we define a relation < on W(A):

(iv) < restricts to the usual order on V(A),
(v) if f,g € LA, (T(A)) 4+ then f < g if and only if f(7) < g(7) for every
TeT(A),
(vi) if [p] € V(A) and g € LAff,(T'(A)) then f < [p] if and only if f(7) < p(7)
for every 7 € T(A),
(vii) if [p] € V(A) and g € LA, (T (A)) then [p] < f if and only if p(7) < f(7)
for every 7 € T'(A).

14.3.20 Let S and T be partially ordered semigroups. An order-embedding is
a semigroup map ¢ : S — T satisfying ¢(x) < ¢(y) if and only if x < y. If an
order-embedding ¢ is surjective, we call ¢ an order-isomorphism.

We will show that if A is a simple, separable, unital, nuclear C*-algebra whose
Cuntz semigroup W(A) is almost unperforated and weakly divisible (Defini-

tion |14.3.35| below), then there is an order-isomorphism ¢ : W(A) — W(A)

14.3.21 Lemma: Let A be a C*-algebra and 7 € T(A) a faithful tracial state.
Let a € A,. Then for any e < § with €,d € sp(a), we have

d-((a = 9)1) < dr((a = €)4).

Proof. Of course, since € < ¢, we have (a —9)+ 3 (a —¢€)4, whence d,((a —0)4) <
d;((a — €)4). The point is to show that this inequality is strict. By the previous
proposition, d, induces a measure p on sp(a) satisfying pu(U) = d.(f(a)) for any
f € Co(sp(a)) with coz(f) =U. Let V :={t € (d,¢] Csp(a) | (t—€)+ > 0}. Then
coz((t—9)4) = coz((t —e) )L V. Since € € sp(a) NV, there exists f € Cy(sp(a))+
with coz(f) C V and f(e) # 0. Since f # 0 and 7 is faithful, 7(f) > 0. Now

(V) = pleor(f)) = di() = lim (/") >0,

so we have
d-((a —€)+) — dr((a —0)4) = coz((t — 0)+) — coz((t — b)+) = u(V) >0,
showing that the inequality is strict. |

14.3.22 Recall that the subsemigroup of purely positive elements W(A), consists
of equivalence classes not containing projections. Let us say that a positive element
a € A, is purely positive if a is not Cuntz equivalent to a projection (so that
a] € W(A)).
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Lemma: Let A be a simple C*-algebra with T(A) # 0 and strict comparison. Let
a,b € Ay with a purely positive. Suppose that d.(a) < d.(b) for every T € T(A).
Then a = b.

Proof. By Lemma since [a] € W(A),, we know that 0 € sp(a) and 0 is
not an isolated point. Thus there is a strictly decreasing sequence of positive real
numbers (€, )nen C sp(a) which converge to zero. Since A is simple, every tracial
state is faithful and by the previous lemma, we have d,((a —€,)+) < dr(a) < d,(b)
for every n € N. By strict comparison, this in turn implies that (a —€,); 3 b for
every n € N. Lemma [14.1.§| tell us that {x € A | # 2 b} is norm closed, so, since
|(a — €,)+ —al]| = 0 as n — oo, we also have a 2 b. |

14.3.23 Now we will show that when A is a simple C*-algebra with stable rank
one and strict comparison, then there is an order-embedding of W(A); into
LAff,(T'(A))4+. This was first shown in [92] Proposition 3.3].

Proposition: Let A be a simple C*-algebra with stable rank one. Then the map
L W(A)y — LA (T(A)) 4+,

defined by i([a])(T) = d.(a) is a semigroup homomorphism. Moreover, if A has
strict comparison, then v is an order-embedding.

Proof. Since A is simple, every tracial state is faithful. Thus ¢([a]) is a strictly
positive function for every a € A. Thus im(:) C LAff,(T'(A)), as claimed. We saw
in Proposition that W(A), is a semigroup. If [al,[b] € W(A); then, for
every 7 € T'(A),

W(la] & [0])(7) = ([a @ b)) (7) = dr(a ® b) = d-([a]) + d-([b]) = w([a])(7) + +([b])(7),
which shows that ¢ is a semigroup homomorphism.

If A has strict comparison, then [a] < [b] means a 3 b which, by Lemma |14.3.22]
holds if and only d,(a) < d,(b). Thus if A has strict comparison, ¢ is an order-
embedding. |

14.3.24 We would like to tie together Proposition and Corollary
to find an order embedding of the whole Cuntz semigroup W(A) into W (A). We
need one more lemma about the interaction between elements in V/(A) and W (A)
with respect to the order structure on W(A).

Lemma: Let A be a simple, exact C*-algebra with strict comparison. Suppose
that p € A is a projection and a € Ay is a purely positive element. Then [p] < |al
if and only if d;(p) < d.(a) for every T € T(A).

Proof. Since A has strict comparison, the fact that d.(p) < d,(a) for every
7 € T(A) is automatic. So we show the other implication. The proof is by
contradiction. Let [p] < [a] and suppose that there exists 7 € T(A) such that
d.(a) < d,;(p). Let 0 < € < 1 be given. Then, by Theorem (iii) there is a
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6 > 0 such that
(=6 3 (a— ).

Since p is a projection and therefore sp(p) € {0, 1}, there exists A > 0 such that
(p —€)y = Ap. In particular, p ~ (p — €). Thus

0(p) = de((p — )+) < dol(a — 0);.
By assumption d.(a) < d,(p), so, applying Lemma for the first inequality,
dr((a = 6)+) < dr(a) < d:-(p).

Hence d,(p) < d;(p), a contradiction. I

14.3.25 Theorem: Let A be a separable, simple, unital, exact C*-algebra with
stable rank one and strict comparison. Then there is an order-embedding

o W(A) = W(A),

such that |y ay = idyay and olwa), = t.

Proof. Since A has stable rank one, there is a decomposition W(A) = V(A4) U
W(A); into subsemigroups V(A) and W (A); (Proposition [14.2.13). Thus the
map ¢ is well defined. We show that ¢ is an order-embedding. This amounts to
verifying the that the image of ¢ satisfies conditions (iv)—(vii) of[I4.3.19] We leave
this verification as an exercise for the reader. |

14.3.26 Let A be a C*-algebra. An element a € A, is called strictly positive if
aA = A. If a is strictly positive, then we also have aAa = A (exercise). Thus,
by Theorem if A is separable, this just says if a is strictly positive then the
hereditary C*-subalgebra generated by a is all of A.

14.3.27 Lemma: Let A be a separable, unital C*-algebra. Suppose that (a,)nen
s sequence of positive elements of A satisfying

a1 Aa; C ayAay C asAasz C -+ - .

Let B := U~  ayAa,. Then if ax is a strictly positive element of B we have

[a0o] = SUp,enlan]. Furthermore, d;(as) = sup, ey d-(ay) for every T € T'(A).

Proof. First, let us show that [a,] < [ax], that is, that for every n € N and
every € > 0 there exists r € A such that |[rar* — a,|| < e. This is satisfied if
ay € UooAas. Let us show that a.,Aas, = B. In that case, because a,, € a,,Aa,, by
Theorem [3.2.7] the result follows. Let a € A and suppose that b, ¢ € A,. Then,
for every n € N there are z,,y, € a,Aa, such that lim, , ||z, — b|| = 0 and
limy, o0 ||Yn — ¢|| = 0. Then z,a'/? — ba'/? and a'/?y, — a'/?c so x,ay, — bac.
Since z,ay, € a,Aa, it follows that bac € B. Since a is a strictly positive element
of B, we have B = a4, Bas. Thus aAas, = BAB C B. Clearly B C BAB, so
indeed aAas = B.
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Now suppose that there is [b] € W(A) such that [a,| < [b] for every n. For every
n € N choose €, > 0 such €,,1 < €, and find z,, € a,,Aa, such that ||z, —aw]|| < €n.
Then (a0, — €,)+ 3 2, by Proposition [14.1.7] so

(a0 = €n) 4] <[] < [an] < [0].
Theorem [14.1.9] (ii) now implies that [as] < [b], so we see that

[ac] = ileer) [an].

Finally, since lim, o Z,, = ao0, for any 7 € T(A) the dimension function d, is
lower semicontinuous so we have

supd,(a,) < d-(as) <lim inf d.(z,) <lim inf d,(a,) = supd,(a,),
n—oo

neN n—0o0 neN
which shows that final statement. |

14.3.28 The next lemma looks at what happens when A also has stable rank
one. In this case, we can read off supremum from a Cuntz-increasing sequence of

positive elements. In what follows, for any positive element a € A, we denote
Her(a) := aAa.

Lemma: Let A be a separable unital C*-algebra with stable rank one. Let
(an)nen C A such that [a1] < [ag] < ---. Then there exists an, € Ay such that
[as] = SUpenlan]. Furthermore, d;(ao) = sup,en d-([an]) for every T € T(A).

Proof. Let ¢, = 1/2. For n > 1, apply Theorem [14.1.9| (iii) to a,_1, a, and n™ €, 4
to find ¢,, > 0 such that
(@n-1 =" en1) 4 3 (an — Gn)+-

Let €, := min{1/n, €, 1,d,}. Then

(a; —€/k)+ 3 (an —€n)y
forevery 1<j<nmn—1land1<k<n.

Now, by our choice of €,, we have that (ay — €1/2); = (az — €2) 4, so by Propo-
sition [[4.1.10] since A has stable rank one, there exists a unitary u € A such
that, for every 6 > 0 u*((az — €1/2)4 — ) u* € Her((az — €2)4). In partic-
ular, this is true for 6 = ¢ /2. Let u; denote the associated unitary. Then

((ag — €1/2)+ — €1/2); € wuy Her((ag — €)1 )uf, and hence, by Exercise [14.5.1}
(ag — €1)+ C uy Her((ag — €)1 )ui. Thus

Her((ag — €1)+) C uy Her((az — €3)4 )uy.
Iterating this, we get

(ag —€1)y C wuy Her((az — €)1 )u] C ugug Her((asz — €3)4 )usui C - --

C (ugug - u,_1) Her((ay, — €,) ) (ugug -+ -ty 1) C -
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For n € N, Let b, := (uqug - up_1)(an — €n)s(ugug -+ u,—1)* € Ay, Note that
[b,] = [(a, — €,)+]. Then

b1 Aby C byAby C b3Abs C -- -,
so we may apply Lemma to find a., € A such that

[ace] = sup[by] = sup[(an — €n)+];
neN neN
which satisfies d;(ax) = sup,en dr((an — €,)+) < sup,end-(ay), for every tracial
state 7 € T(A).

We will show that in fact we also have [aw] = sup,ey[as]. Let n € N. For any
m < n we have, by construction,

[(am = em/(n = 1))+] < [(an — €nt1) 4] < facd]-
Thus, as n — oo we have [(a,, — €)+] < [as] for any € > 0. By Theorem

(iii) this means [a;,] < [@oo). SO (o] = SUPen[(@m — €m)+] < SUDPLenlam) < [as),

whence [aoo] = sup,,eylam]. It follows that, for any 7 € T'(A) we have d,(ax) =
SUP,ey dr(ay), as required. |

Now we extend this result to the whole Cuntz semigroup.

14.3.29 Theorem: Let A be a unital separable C*-algebra with stable rank one.
Let {[an)}neny € W(A) be a bounded sequence, that is, there exists k € N such
that [a,] < k[1a] for every n € N. Then there exists as, C Mo(A)s such that
[ao] = sup,enlan] and, for every T € T(A), d:(as) = SUP,en dr(ay).

Proof. Let {[an]}nen € W(A) be sequence such that, for some k € N, [a,] < k[14]

for every n € N. Proceeding as in the proof of the previous lemma, we may find a
sequence of strictly positive real numbers (€, ),en such that

[(an = €n)+] < [(@nt1 — €nt1)4],

for every n € N and such that, whenever there exists [b] with [(a, — €,)+] < [b]

for every n € N then also [a,] < [b], for every n € N. Now, since [a,] < k[14] =
[14 ® 1ps,), using Proposition [14.1.7| we find ¢, € M (A) such that

(@n — €n)1 = cn(la @ 1pg)ch.
Put
T = (14 ® Lag )cnCr(la @ 1ag,).
Then we have x,, € My (A) and [z,] = [(an — €,)+] < [an] < [an41] for every n € N.
Since A has stable rank one, so does M (A) (Proposition [12.1.13). Thus we may

apply Lemma [14.3.28 there exists a,, € My(A)+ such that [aw] = sup,cy[zn]-
Thus [as] is the supremum of the sequence {[(a, — €,)+]|}nen. By choice of the

sequence (€, )nen, this in turn implies that [a.] = sup,eylan]. As in the proof of
Lemma (14.3.28 we also have d,(as) = sup,,ey d-(ay,) for every 7 € T'(A) |
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14.3.30 Corollary: Let A be separable, unital C*-algebra with stable rank one.
Suppose that © € W(A) satisfies © < [1a]. Then there exists a € Ay such that
x = |al.

Proof. Let k € N and b € My(A), satisfy x = [b]. For every n € N, find
Cn € Moo (A) satistying

(b—1/n)y = ¢yl
Then a,, := 14¢c,14 € A and satisfies a,, ~ (b—1/n),. Furthermore, the sequence

{[an] }nen is increasing, so we apply Lemma [14.3.28| to find a € A, satisfying
la] = sup,,en|@n]. Then

[a] = supla,] = sup[(b —1/n),] = [b] = =,

neN neN

as required. |

14.3.31 Corollary: Let A be a separable unital C*-algebra with stable rank one.
Let {[an]}nen € W(A) be a bounded increasing sequence with supremum [a] Then
there is a projection p € My (A) with [p| = [a] if and only if there exists ng € N
such that [a,] = [p] for every n > ny.

Proof. The “if” direction is clear. Suppose that we have such a sequence with
SUp,enlan] = [a] = [p]. Without loss of generality, assume that (a,)neny C Ay,
a € Ay and p € A,. For any n € N we have a, = p. As in the proof of
Lemma we can find a sequence of €, > 0 decreasing to zero with

[(p — €n)+] < [an] < [p].

Of course, for sufficiently large n, we have [(p — €,)+] = p. Let np € N be
sufficiently large that (p — €,)+] = [p| for every n > ng. Then for every n > ng we
have [p] < [a,] < [p], in which case [p] = [a,]. I

The next proposition follows from Proposition [14.3.2]

14.3.32 Proposition: Let X be a compact convex set and f € LAff(X), .. Then
there is a strictly increasing sequence of continuous functions (fn)nen C Aff(X)
such that f = sup, ey fn-

To prove the two lemmas before the final theorem of this chapter, we require the
next result. We state it here without proof because the proof requires knowledge
of things we have not covered, such as von Neumann algebra pre-duals. The result
can be found in [19, Corollary 3.10].

14.3.33 Lemma: Let A be a separable, unital C*-algebra with T(A) # (0. Then
for every continuous f € Affy(T'(A)) there ezists a € Asq such that f(1) = 7(a)
for every T € T'(A). Furthermore, A is simple and f(1) > 0 for every 7 € T(A),
then we can choose a € A,

14.3.34 Lemma: Let X be a locally compact metric space and let A = Cy(X).
Let U C X be an open subset and denote by xy the indicator function. Then
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Xv C M where M is the enveloping von Neumann algebra of A. Let g € Cy(X)
be a positive function such that g(x) > 0 if and only if x € U. Then, for any
T € T(A),

d-([g]) = T (xv),
where Ty denotes the extension of T to M.

Proof. Exercise. |

14.3.35 Definition: Let A be a separable C*-algebra. We say W (A) is weakly
divisible if for every x € W(A), and n € N, there exists y € W(A), such that
ny <x < (n+1)y.

14.3.36 Lemma: Let A be a simple, separable, unital C*-algebra with nonempty
tracial state space T(A). Suppose that W (A) is weakly divisible. Let

L W(A), > LA (T(A))s

be given by 1([a]) = d,(a). Then for every f € Aff(T(A));+ and € > 0 there exists
x € W(A)y such that |f(1) — u(x)(7)| < € for every 7 € T(A).

Proof. Let f € Aff(T(A)). Since A is simple, separable and unital with T'(A) # (),
we may apply Lemma to find a € A, such that f(r) = 7(a) for every
7 € A. For an open set U C sp(a), let xy denote the indicator function. We can
find n € N and, for 1 <i < n rational numbers r; = p;/q; for p;, ¢; € N along with
open subsets U; C sp(a) such that

t— Z TiXU; (t)
=1

For every 1 < i < n, choose positive functions g; € Cy(sp(a)) such that g;(¢) > 0
if and only if ¢ € U;. From the previous lemma, we have d,([g;]) = 7(xv,) for any
T €T(A). Let a; = g;(a). Then

sup < €/2.

tesp(a)

n

> rid.([a)]) — 7(a)

=1

< €/2.

By assumption, W(A) is weakly divisible, so we can find z; € W(A), such that
¢ix; < [a;] < (g; + 1)x;. Define

n
i=1

We claim that x satisfies the conclusions of the lemma. For every 7 € T'(A) and
every 1 < i < n we have
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Multiplying by p; and summing over ¢ we see that

Pi n
ﬁﬂwu¢@ﬁé¢@szym@m

n

Replacing p; and ¢; by kp; and kgq;, respectively, for sufficiently large k, we have,
for every 7 € T'(A),

n

dr(x) — Z rid-([ai])

i=1

< €/2.

It follows that

() (1) = ()] = |d:(2) = 7(a)| =

n

dr(z) — ZridT([ai])
< €/2+¢/2 - €,

so x satisfies the conclusions, as claimed. |

14.3.37 Lemma: Let f € LAff,(T(A))++ and 6 > 0 such that f(1) > § for
every T € T(A). Then there exists a sequence (fn)nen C Aff(T(A)) satisfying the
following:

(1) sup,ey fu(T) = f(7) for every T € T(A),
(ii) for every T € T(A) and every N € N we have

nﬂwaMﬂ>§(1— 1)_

—2\n n-1

Proof. Since § satisfies f(7) > 0 for every 7 € T'(A) and € LAff,(T(A))4, also
the function f — g € LAff,(T(A));++. Thus, by Proposition |14.3.32 f — g is the
(A

supremum of a strictly increasing sequence (gy )neny C Aff(T 14, that is,

+

d-(r) - Z rid-([ai])

Z rid-([ai]) = 7(a)

< +€/2

)
sup ga(7) = f(7) = 3,
neN
for every 7 € T(A). Define
5 0
fa(T) = ga(T) + 3 o
Then the sequence (f,)nen satisfies properties (i) and (ii) (exercise). |

Finally, we come to the main theorem of this chapter: provided a C*-algebra
A has good enough structural properties (made precise in the statement of the

(&)

theorem), then W(A) = W(A) and the isomorphism preserves the Murray—
von Neumann semigroup and sends the purely positive elements to functions in
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LAff,(T(A))44. In the next chapter, we will see that the properties of A we de-
mand for the theorem to hold are satisfied by a large class of simple, separable,
nuclear C*-algebras, namely those that absorb the Jiang—Su algebra tensorially.
This theorem tells us that in many cases, the Cuntz semigroup together with the
Ki-group contains the same information as the Elliott invariant.

14.3.38 Theorem: Let A be a simple, separable, unital, exact C*-algebra with
stable rank one. Suppose that A has strict comparison and W (A) is weakly divisi-
ble. Then the map

v:W(A)y = LA (T(A)) 44, o([a])(7) = d-(a)
is surjective. Thus the map ¢ : W(A) — W(A) defined in Theorem is an
order-isomorphism.

Proof. Let f € LAff,(T(A))++ and let 6 > 0 satisfy f(7) > d for every tracial
state 7 € T'(A). By Lemma [14.3.37] there is a sequence (f,,)nen C Aff(T(A)) such
that sup,,cy fn(7) = f(7) for every 7 € T(A), and for every N € N,

fn+1(7—)_fn(7—)>é(l— 1 ), for every 7 € T(A).

—2\n n-—1

Let 0 < €, < 2( — -12). By Lemma [14.3.36| there exists z,, € W(A), such that

n—1

| fu(T) = t(@n)(7)| < €, for every 7 € T(A). Then

Uzn)(T) < falT) + €0 < fraa(T) — €0 < t(@ng)(7),
for every 7 € T(A). Since A has strict comparison, this implies z,, < x,.; for
every n € N. By Theorem [14.3.29] there exists € W(A) with 2 := sup,,cy @,
and that o(z)(7) = f(7) for every 7 € T(A). Finally, since (z,)nen is strictly
increasing, x cannot be an element of V(A). Hence x € W(A),, which shows that
L is surjective. |

14.4. Further remarks on the Cuntz semigroup. As it was for K-theory
and the Elliott invariant, we have seen that the Cuntz semigroup is an isomorphism
invariant. Furthermore, in the previous section, we saw that in certain cases, two
of the same ingredients go into building both the Elliott invariant and the Cuntz
semigroup, namely the Murray—von Neumann semigroup of projections and the
tracial state space. The Cuntz semigroup as we have presented it, however, lacks
one of the properties of K-theory that makes it such a useful invariant: the map
that takes C*-algebras to abelian semigroups by mapping a C*-algebra A to its
Cuntz semigroup W (A) does not respect inductive limits. This can make the
computation of the Cuntz semigroup difficult.

In [27], Coward, Elliott and Ivanescu set out to correct this problem. Recall that
the first result in the second section of this chapter was that Murray—von Neumann
subequivalence and Cuntz subequivalence agree on projections. Extending the
ideas of a Murray—von Neumann-type equivalence from projections to positive
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elements was a main motivation for introducing the Cuntz equivalence relation
in the first place. One reason for this is that for a von Neumann algebra M, an
understanding of projections yields a great deal of information about the structure
of M. A von Neumann algebra M always contains many projections. For example,
we saw in Proposition that if @ € M then so is are the support projections
of a. When we try to adapt this to the C*-algebra setting, however, we run into
the problem that we may not have any nontrivial projections at alll Indeed, we
will meet such C*-algebras in the next chapter.

The approach to K-theory of Chapter 12| constructed the Murray—von Neumann
semigroup V(A) of a C*-algebra A via equivalence classes of projections over ma-
trix algebras. Then Ky(A) was defined to be the Grothendieck group of V(A).
An equivalent construction can be given in terms of finitely generated projective
A-modules, or equivalently finitely generated projective Hilbert A-modules (mod-
ules endowed with an A-valued “inner product”, subject to certain properties).
Loosely speaking, if M is a finitely generated projective A-module, then there ex-
ists an A-module N such that M &N =2 A" (= A®@A®---d A), which we can use
to find an idempotent e,, € M, (A) (that is, €3, = eys) such that e(A") = M. From
e we construct a projection pys € M, (A) satisfying pyrey = par and eppyr = e
Then M and M’ are isomorphic if and only if pys ~pron Pasr-

It is this A-module picture that is generalised by Coward, Elliott and Ivanescu
[27]. They adapt Cuntz equivalence to the setting of countably generated Hilbert
C*-modules and use this to construct a semigroup we will denote by Cu(A) and
show that Cu(A) is an object in a category called Cu, whose objects are partially
ordered semigroups with a some extra structure.

14.4.1 Let (P, <) be a partially ordered semigroup. We define the compact
containment relation < as follows. For z,y € P, write + < y if, whenever
y1 < yo < -+ is an increasing sequence with sup,y, > y, then there exists ng € N
such that z,, <y, for every n > ny.

14.4.2 Definition: [The category Cu] An object in Cu is a partially ordered
abelian semigroup (P, <) with zero element satisfying the following axioms:

(i) If 21 < 29 and y; < yo then zq + 29 < Y1 + yo.

(ii) Every increasing sequence (or equivalently, countably upward directed
subset) in P has a supremum.

(iii) For every x € P the set < := {y € P | y < 2’} is upward directed
with respect to < and < and contains a sequence (z,)nen such that
T] L 2 L -+ - and T = SUp,,cy Tn-

(iv) If P, and P, are countable upward directed sets then P, + P; is upwarded
directed and sup,,cn(P1 + P2) = sup,,eny P1 + sup,,ey Po.

(v) If 1 < 29 and y; < yo then z7 + 2o < Y1 + 2.
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A morphism in the category Cu is a semigroup morphism ¢ : P — S between
objects P, S € Cu satisfying the following

(i) ¢(0) =0,
(ii) if 2 <y then p(z) < ¢(y),
(iii) if P, C P is a countable upward directed subset then ¢(sup,cypn) =
SUP,en (¥ (Pn)),
(iv) if x < y then ¢(x) < p(y).

We call an semigroup P € Cu a Cu-semigroup, and a morphism ¢ between
Cu-semigroups is called a Cu-morphism.

14.4.3 We saw in Section that it is possible to define inductive limits in the
category of (ordered) abelian groups. In [27], it is shown that this is also possible
in the category Cu.

Theorem: Suppose that P, are Cu-semigroups and for every n € N there exists
a Cu-morphism o, : B, — P,.1. Then the inductive limit P = @(Pn, ©n) ezists
and is an element of Cu.

14.4.4 Theorem: Let A and B be separable C*-algebras. Then
(i) Cu(A) € Cu and any *-homomorphism ¢ : A — B induces a Cu-
morphism @, : Cu(A) — Cu(B),
(i) if A = lim (A, ) then Cu(A) = lin(Cu(A), p.),
(iii) Cu(4) = WA K).
In view of the above, we often call Cu(A) = W(A ® K) the stabilised Cuntz
semigroup of A.

14.5. Exercises.

14.5.1 Let A be a separable C*-algebra and suppose €1, €5 > 0. Show that for any
a € A, we have

(a— (a1 +e)) = ((a—e) —e)t

14.5.2 Let p and g be projections a unital C*-algebra A. Show that p = ¢ if and
only p is Murray von—Neumann equivalent to a projection r < gq.

14.5.3 Complete the proof of Theorem [14.3.25] by showing that the order structure
on p(W(A)) C W(A) satisfies (iv) to (vii) of |14.3.19|
14.5.4 Let A be a C*-algebra and a € A,.

(i) Show that a is strictly positive if and only if aAa = A.
(i) If A= C(X) show that f € A is a strictly positive element if and only if
if is a strictly positive function, that is, f(z) > 0 for every z € A.
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(iii) If a is strictly positive, show that ¢(a) > 0 for every ¢ € S(A).

14.5.5 Let A be a C*-algebra with T'(A) # () and let p € A be a projection. Show
that d.(p) = 7(p) for every 7 € T(A).

14.5.6 Show that the sequence (f,)nen defined in the proof of Lemma [14.3.37]
satisfies properties (i) and (ii) of the statement of Lemma |14.3.37]

14.5.7 Fill in the details of the proof of Theorem [14.3.25]

14.5.8 [Kirchberg| Let A and B be separable unital C*-algebras and D C A®yin B
a nonzero hereditary C*-subalgebra.

(i) Let h € D be a nonzero positive element. Show that there are pure

states ¢ € S(A) and ¢ € S(B) such that ¢ ® ¥(h) # 0. Show that
by = (¢®idp)(h) € C® B = B is a nonzero positive element. Show that
if we replace h by some multiple of h, we may assume that [|b;| = 1.

(ii) Use Theorem [11.2.7| and Proposition [14.1.7| to show that there exists a

positive element a; € A with [|a;|| =1 and z € A ®@in B such that
(a? ® 1p)h(al* @ 15)z = (ay @ by — 1/4),.

(iii) Let 1/2 < § < 1. Identifying C*(a;,14) = C(X) and C*(by, 15) = C(Y),
show that supp((a; —0)+ ® (by —90)+) C supp((a; ® by —1/4), as positive
continuous functions in C'(X x Y'). Thus find a positive element s of
C*(ay, 14) ® C*(by, 1) satisfying

sY2((ay @ by) — 1/4) 5% = (a1 — 6)4 ® (by — 0) .
(iv) Let  := h'/2(a;"*®15)2s. Show that z*z is a simple tensor and zz* € D.
14.5.9 Let A be a simple, separable, unital, nuclear C*-algebra with property (SP)
(Definition [11.2.12)) and let B be a simple unital purely infinite C*-algebra. Show

that A ® B is purely infinite. In particular, this holds whenever A is AF or purely
infinite.

14.5.10 Let A be a finite-dimensional C*-algebra. Show that W (A) = V(A).
14.5.11 Let A be a simple unital purely infinite C*-algebra.

(i) Suppose that a,b € A, \ {0}. Show that a =< b.
(ii) Show that W(A) = {0, 00} where co + 0o = 0.
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15. The Jiang—Su algebra

The C*-algebra of compact operators K(H) and the C*-algebra C(X) with
X contractible both have the same K-theory as the complex numbers, that is,
Ky(C) = Z and K;(C) = 0. We would like to know if there is such a C*-algebra
that falls within the scope of Elliott classification in the sense of Conjecture[13.3.18|,
that is, one which is simple, separable, unital, nuclear and infinite-dimensional.
Neither K nor C'(X) satisfy all these conditions since K is nonunital and C'(X) is
either nonsimple or finite-dimensional. This would entail that the K-theory of any
simple, separable, unital, nuclear C*-algebra A is isomorphic (as a pair of groups,
but not necessarily ordered groups) to the K-theory of A ® Z. If moreover, we
could arrange that Z has a unique tracial state, then, for any simple C*-algebra A,
the tensor product A ® Z would have a tracial state space affinely homeomorphic
to the tracial state space of A. (Note that C(H) does not admit a trace, and
unless X is a single point, C'(X) has more than one tracial state.) This is almost
enough to conclude that if A is a simple separable unital nuclear C*-algebra, then
Ell(A) 2 Ell(A ® Z) (we will need to say something about the order structure of
Ky, namely that it is weakly unperforated, see Definition below). This is
the question that motivated Jiang and Su to construct their celebrated algebra,
which we now call the Jiang—Su algebra [62].

In Section we look at the building blocks of the Jiang—Su algebra, the
dimension-drop algebras. Section|15.2|contains the rather technical construction of
the Jiang—Su algebra. Section [I5.3]shows that the Ky-group of a simple, separable,
unital, stably finite C*-algbera is always weakly unperforated. In we show
that the Cuntz semigroup of a C*-algebra tensored with the Jiang—Su algebra is
almost unperforated, and therefore such tensor products have strict comparison of
positive elements.

15.1. Dimension-drop algebras. We start this section by defining a
dimension-drop algebra.

15.1.1 Definition:  Let p,q,d € N\ {0} with both p and ¢ dividing d. The
dimension-drop algebra I(p,d,q) is defined to be
I(p7 d7 Q) = {f € C([Ov 1]a Md) | f(O) S Mp ® 1d/p7f(1) € 1d/q ® Md}

If p and ¢ are relatively prime, then we call I(p,pq,q) a prime dimension-drop
algebra. In this case, we sometimes simply write I(p,q), since it is understood
that d = pq.

15.1.2 Proposition:  The dimension-drop algebra I(p,d,q) has no nontrivial
projections if and only if p and q are relatively prime.

Proof. Exercise. |
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15.1.3 Proposition: Let p,q,d € N\ {0} with both p and q dividing d. Let g
be the greatest common divisor of p and q, and set n := dr/(pq). The K-theory of
the dimension-drop algebra I(p,d,q) is given by

KO(I(pa d,q)) = Z, Kl(I(p7 d, Q)) gZ/HZ'
In particular, if I(p,q) is a prime dimension-drop algebra, K1(I(p,q)) = 0.

Proof. Let A :=1(p,d,q). Then J := Cy((0,1), My) is an ideal in A and J = SM,,
the suspension of M, as defined in [12.4.6, For an element f € A write f(0) =
fo ® 14y, for fo € M, and also f(1) = 14,4 ® fi for fi € My. Then

WZA%MP@Mqa f'_>(f0af1)7
defines a surjective *-homomorphism giving the short exact sequence

0—J A" M, ®»M,—0.

By Theorem [12.4.6 this induces the cyclic 6-term exact seqence

Lo Yo
Ko(J) Ko(A) — Ko(M, & M,)

s | |

Ky (M, @ M) —— K (A) Ki(J).

L1

Since M, & M, is finite-dimensional, K¢(M, & M,) = Z & Z by Theorem ,
and by Exercise (i), Ky (M, & M,) = 0. Since J = SM,, we have Ky(J) =
Ko(SMy) = K1(M,) = 0 by Theorem and, using Bott periodicity, K;(J) =
Ki(SMy) = Ky(My) = Ko(My) = 0. Thus the 6-term exact sequence above
becomes

00— Ko(A) 2 Z a7z
)

L1

Let r4 € My be a rank one projection. Then [ry] is a generator for Ko(My) = Z
and d[rg] = [1p,]. Let u = u(t) = exp(2mit) - 1y, t € [0,1]. Then u is a unitary
in SM,; = {f €Cu([0,1],A) | f(0) = f(1) € C} and, by definition of the Bott map
(12.5.9) we have By, ([1ar,]) = —[uls.

Let a € I(p,d, q) be the function a(t) = t-1,,. Then a is self-adjoint and satisfies
YP(a) = (0,1y,). Moreover, a satisfies i(u) = exp(2me(tlyy,)) = exp(2mitly,) =
exp(2mia). It follows from Proposition that do([(0, 1ag,)]) = —[uls.

Now consider the self-adjoint element 17444 —a € I(p,d,q). For t € [0,1]
we have 17449 — a(t) = (1 —t) - 1p,. We have ¢(1;paq — a) = (1a,,0) and
i(u*) = exp(2mi(1(pa,q) — @), 50 So([(1ns,,0)]) = —[u];.
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Let 7y, 14,74 denote rank one projections in M, M, and M, respectively. Note
that [(1,,0)] and [(0,r,)] generate Ko(M, & M,) = Z & Z. Now rf,([rd) =
By (rlral) = P, ([Iag,]) = —[uly and similarly, pdo([(rp,0)]) = —[u"]s and
q00([(0,79)]) = —[uls.

Since [rq], and hence [y, ([r4]), is a generator of Ky(SMy) = Z, 60([(0,7,)])
generates the ideal gZ and 0o ([(rp,0)]) generates %Z. Since the greatest common

divisor or d/p and d/q is n, the image of dy is nZ. By exactness, ker(t1) = nZ and
11 is surjective. It follows that Ki(I(p,d,q)) = Z/ ker(11) = Z/nZ.

Finally, the kernel of g is zero, so Ko(I(p,d,q)) = im(¢) = ker(dy). Since
im(dg) = nZ = Z, we have ker(éy) = Z. Thus Ky(I(p,d,q)) = Z. |

15.1.4 Proposition: Let I(p,d,q) be a dimension-drop algebra. Then for any
ideal I C I(p,d,q) there is a unique closed subset E; C [0,1] such that

I={fel(lpdq)| f(xr)=0 for all x € E;}.

Proof. Exercise. |

15.2. Jiang and Su’s construction. The Jiang—Su algebra, denoted Z, is
a simple C*-algebra isomorphic to an inductive limit of prime dimension-drop
algebras. Since K-theory is continuous with respect to inductive limits and a
prime dimension-drop algebra I(p,q) has Ko(I(p,q)) = Z and K;(I(p,q)) = 0, it
follows that if we can arrange that an inductive limit of such C*-algebras is simple
and has unique trace, then we will have constructed a C*-algebra that is infinite-
dimensional, simple, separable and unital, but has the same K-theory and tracial
state space as C. We follow the exposition in Jiang and Su’s original paper [62].

15.2.1 Proposition: There exists an inductive sequence (A,,¢,) of prime
dimension-drop algebras A, = I(pn,dn,qn), such that, for every m,n € N the
maps

Omn = P10 Pmt1 0 @Om : Ap — Ay
are injective and of the form

fo&™ 0 0
. 0 fo&i™ ... 0
Pmn =4 . . u,
0 0 o fo é,im’”)

for every f € A,,, where k = d,,/d,, u is a continuous path of unitaries in M, .,
and & is a sequence of continuous paths in [0, 1] satisfying

67 @) = M)l < 12
for every z,y € [0, 1].
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Proof. Let A, = I(pm,dm,qm) with d,, = Pmgm be a prime dimension-drop
algebra. Choose integers kg > 2¢,, and ki > 2p,, such that (kopm,, k1¢n) = 1. Let
Pmt1 = koDms Gmy1 = k1Gm, and dyq1 := Pmy1Gmy1 and set

Am—i—l = -[(pm-‘rl) dm-i-la Qm+1)7
which is again a prime dimension-drop algebra.

We will construct the map ¢, : A,, — A1 by first describing the boundary
conditions. Let k = kok; and let ro be the positive integer remainder of k£ divided
by ¢m+1 so that ry satisfies

0<7r9<qmy1, 7To=k mod gpy1.
Define

& 12 ifro <i<k.
We have that k — rq is a multiple of ¢,, 1 and, since

. if1<i<
()(O):{ 0 ifl1<e<r,

r0qm = kqm = ko@ms1 =0 mod @11,
it follows that ryq,, is a multiple of ¢,,,1. Put

a'= (k - TO)/qurla bm = qum/Qerl-
If f e A, we have the matrix

F(E™(0)) 0 o 0
0 £ () - 0
0 0 L RE™(0))

where there are r4g,, blocks of p,, X p,, matrices followed by (k — rq) blocks of
PmGm X PmQm matrices. Since

apmm + bpm = Pm+1,
and
Gm1 =k — 710, bgmy1 = Togm,
we can also view this matrix as a block diagonal matrix of ¢,,41 matrices in My, ,
followed by ¢, +1 matrices in M, .q,.-

Now take a unitary u((]mH) € My,,., where conjugation swaps the matrices in
Map,.a,, in between the matrices in M, , giving a block diagonal matrix of g,1;
blocks of size pp11 X pmy1. Thus

F(&7™(0)) 0 0

(m)
polf) =y |0 SO e ey
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defines a *-homomorphism pg : A, — M, ., @1, ..

Now let us construct the map at the endpoint 1. The construction is similar.
Let r; be the integer satisfying

0<ri <pms1, T =k mod ppy.

Define /
(12 1<i<k-—r,
51(1)‘{ 1 ko <i<h

As before, k — ry and r1p,, are both multiples of p,, .1, so there exists a unitary

ul™ ) € My, ., such that
fEra) o0
=y | 0 SEW 0 ey
0 0 fEMQ)
defines a *-homomorphism p; : A, = 1, ., @ M, ..

To define ¢,,, we need to connect py and p; along the interval. Let &; be given
by
t/2 if 1 <1<,
€z<t): 1/2 if’f’o<i§k’—7’1,
t+1)/2 ifk—r<i<k.

Since the unitary group of M, ., is connected (Exercise|12.6.3)), we can find a

m—+1

continuous path of unitaries u™+! connecting u{""™ and u{"*". Set
fo& 0O o 0
B A R I 2o
0 0 - fog

Note that ¢, is injective, since ¢,,,(f) = 0 if and only if f = 0, and moreover ¢,
is unital. Repeating this construction gives us an inductive sequence

P1 P2 Pm—1 P©m Pm+1
A, A, A, Ay 2

such that each induced map ¢, ,, : A,, = A, is unital and injective. It is easy to
see that each ¢,,, has the form

fo&™ 0 o0

0 fo&™ - 0 )

Pmn = (u(n))* 11( ; f S Ama

0 0 - fogl
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where u™ is the continuous path of unitaries as constructed above with respect to

the embedding A,_1 — A,,. Moreover, fi(m’n) is a composition of m — n functions
[0,1] — [0, 1], each of which is of the form

E)=1t/2, &(t)=1/2, or ¢&(t)=(1+1)/2
Thus
€ (@) — ()] < 172
for every x,y € [0, 1]. |

15.2.2 Let A = I(p,d, q) be a dimension-drop algebra. For any *-homomorphism
¢ : A — B into a C*-algebra B, we write sp(y) := Eier(p), Where Eieyy) is the
unique closed subset of [0, 1] given by Proposition [15.1.4| with respect to the ideal
ker(¢p).

15.2.3 Given a *-homomorphism ¢ : I(p,d,q) — I(p',d’',q') and t € [0, 1], define
the *~homomorphism ¢* : I(p,d, q) — My by

o (f) =e(f)t), fellpdq).

Proposition: Let (A, on)nen be an inductive sequence of dimension-drop al-
gebras, with each v, unital and injective. Suppose that for every integer m > 0
and any nonempty open subset U C [0, 1] there is a integer N such that for every
n >N and any t € [0, 1] we have

SP(Prm) VU # 0.
Then A = @An is simple.

Proof. First, we claim that for any nonzero f € A,, there is an N such that
Omn(f)(t) # 0 for every n > N and every t € [0,1]. Observe that, for any
fixed m, we have U,~,, U;cj015P(¢7n,,) = [0,1]. Note that if ¢, (f)(t) = 0,
then f € ker(¢},,,) 50 flsp(et, ) = 0. Suppose that there is a nonzero f € A,
for some m, such that for every n > m and ¢, ,(f)(t) = 0 for every ¢t € [0,1].
Then flop(et .y = 0 for every t € [0,1] and every n > m, which is to say that
f |Um>n Ute[o,l]ysp(win ) = 0, contradicting the fact that f is nonzero. This proves the
claim.

Now let J be a nonzero ideal of A. By Proposition m, J = Upen J N An.
Let f € JN A, be a nonzero function. (Here, since the connecting maps are
injective we have identified A, with its image in A to simplfiy notation.) Then
there is a N such that ¢, ,(f)(t) # 0 for every n > N and every t € [0,1]. But
Omn(J NAy) C JN A, so we have ¢, ,(f) € JN A, for every n > N. Since
Omn(f)(t) # 0 for every ¢ € [0,1], the functional calculus allows us to define
lo1(f) =1. Then 1 € JN A, so J = A, for all sufficiently large n. Hence J = A,
and A is simple. |
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15.2.4 Proposition: Let (A, ¢n)nen be an inductive limit of the form given in
Proposition [15.2.1l. Then the limit

A = lim (A, pn)
s a simple C*-algebra.

Proof. By construction, the maps ¢, are injective, and it also easy to see that
they are unital. We will show that A satisfies the condition of Proposition [I5.2.3]
By definition, = € sp(y}, ) if and only if f(x) = 0 for every f € ker(y}, ). Now
f € ker(¢}, ) if and only if

foe™™(t) 0 S 0
0 feg™) - 0 0
0 0 e foe™my

so we must have that {i(m’n)(t) € sp(gl,,) for every 1 < i < k. Now
U, €07([0,1]) = [0,1] and [¢{"™"(z) — &™) ()| < 1/2"™, s0 we have

dist(z.5p(ghy)) < 1/2°"

for any z,t € [0,1]. Thus, given any open subset U C [0, 1], we can easily find
N such that sp(¢l,,) NU # 0 for every n > N and ¢ € [0, 1], showing that A is
simple. |
15.2.5 Proposition: Let I = (p,d,q) be a dimension drop algebra. Then a
tracial state T € T'(I(p,d,q)) is extreme if and only if there exists x € [0,1] such
that 7(f) = trqa(f(x)), where try is the normalised trace on My.

Proof. Exercise. |

15.2.6 Proposition: Let (A, ©n)nen be an inductive limit of the form given in
Proposition [15.2.1. Then the limat

A= lig(An, ©n)
has a unique tracial state.

Proof. Let m € N and f € A,,. We claim that given any € > 0 there is an
N € N such that, for every n > N and any two distinct extreme tracial states

71(n), Tg(n) € T(A,), we have
7™ (@rn(F) = T (omn(F))] < €.

To prove the claim, choose § > 0 sufficiently small so that || f(x) — f(y)|| < €/2

whenever |z —y| < 0. Let n € N be large enough that 2"~™ < 1/4. Then, for each

™™ we have

1FE™™ () — FET™ ()] < e,
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(n

for every x,y € [0,1]. Since 7 ) and 7'2(") are extreme tracial states, there exists
x1, 29 € [0,1] such that T;n)(f) = trg, (f(x;)) for every f € A,, j € {1,2}. Thus

11" (P () = 7" (@ (D] = b1, (FE™ (22)) = FE™ (@2))] < e

Since any tracial state is a convex combination of extreme tracial states (Exer-

cise [5.4.13)), it follows that for sufficiently large N we can arrange

" Emal£) = 7" (malF)] < e,
for any ", 7" € T(A,).
Now let {7, € T(A,)}nen be a sequence of tracial states. For m € N, let
On(f) := im 7 (omn(f)): [ € Am.

By the claim, 6,, is a well-defined tracial state on A,, which is moreover indepen-
dent of the sequence 7,,. We also have 0,, = 0,,.1 © ¢.,,, so the sequence 6,,, passes
to a well-defined tracial state # on A. Since the maps in the inductive limit are
unital and injective, for every m € N, any tracial state on A restricts to a tracial
state on A,,. Since # is independent of the initial sequence, it follows that 6 is the
unique tracial state on A. |

15.2.7 Now we can put the results of this section together with continuity of K-
theory (Theorems [12.2.4] and [12.4.8]) to arrive at the theorem below. That the
Jiang—Su algebra is nuclear comes from Exercise [15.5.4

Theorem: [Jiang—Su| There exists an infinite-dimensional, simple, unital, nuclear
C*-algebra Z with unique tracial state such that

(KO(Z)> KO(Z)-H [13]0) = (KO(C)7 KO(C)-I-’ [LC]) = (Z’ Z-H 1)

and

In fact, Jiang and Su also show that Z is the unique such algebra. Proving that
is beyond the scope of these notes, because we’d have to introduce K K-theory.
However, the strategy of the proof is one which we have seen already, in Chap-
ter (L3} an approximate intertwining argument along an inductive limit, here with
dimension-drop algebras.

15.2.8 Definition: The unique simple unital inductive limit of dimension-drop
algebras with unique tracial state and K-theory isomorphic to the K-theory of C
is called the Jiang—Su algebra and is denoted Z.

We also state their classification theorem here without proof. This is an example
of a classification theorem for a subclass of simple separable unital nuclear C*-
algebras, which the reader may wish to compare to the classification of unital
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AF algebras, Theorem [13.1.8] and the classification theorem in the final section,

Theorem [18.0.12]

15.2.9 Theorem: [Jiang-Su] Let A and B be simple unital infinite-dimensional
inductive limits of finite direct sums of dimension-drop algebras. Suppose that
there exists a homomorphism

¢ : Ell(A) — EI(B).
Then there exists a unital *-homomorphism ® : A — B inducing . Moreover, if
 is an isomorphism, then ® : A — B can be chosen to be a *-isomorphism.

15.2.10 Since the construction of Z works for arbitrary prime dimension-drop
algebras, uniqueness of Z implies the following.

Corollary: FEvery prime dimension-drop C*-algebra embeds unitally into Z.

15.3. Ky(A® Z) is weakly unperforated. The minimal tensor product of
simple C*-algebras is again simple (Theorem , so if A is a simple separable
unital nuclear C*-algebra, we can compute the Elliott invariant of A® Z. The fact
that Z has a unique tracial state means that T(A) = T(A ® Z) (Exercise
(iv)). Moreover, since Ky(Z) and K;(Z) are torsion free, we can apply Theo-

rem [I2.5.15] to get

Ko(A® Z)=Z Ky(A)®Z d K1(A) ® 0= Ky(A),
and

Ki(A® 2) 2 K1 (A) @ Z @ Ko(A) @ 0 = K (A).

Uniqueness of the traces also implies that the map pairing tracial states with state
on Ky will be the same for both A and A ® Z.

This is almost enough to imply that Ell(A ® Z) = Ell(A), except for the impor-
tant fact that we are not taking care of the order structure on K. In this section
we will establish the fact, proved by Gong, Jiang and Su [53], that Ky(A ® Z) is
always weakly unperforated (Definition .

15.3.1 Let A be a unital C*-algebra and p,q € N two positive integers. Define
I(p,q)(A) :=={f € C([0,1], My, (A) | f(0) € M,(A) ® 1, and f(1) € 1, ® M,(A)}.

It follows easily from Exercise [6.5.5] (vi) that I(p,q)(A) = A ® I(p,q). Let
tpg A= 1(p,q)(A) denote the unital embedding

0O a --- 0
a — . . . ,
00 --- a

where a is copied pg-times down the diagonal.
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15.3.2 Given what we know about the Ky-group of a dimension-drop algebra, the
next lemma is not so surprising.

Lemma: For any p,q with I(p,q) a prime dimension-drop algebra, the map
[tp.qlo : Ko(A) = Ko(I(p, q)(A)),

1S a group isomorphism.

Proof. Let evg : I(p,q)(A) = M,(A) denote evaluation at 0, that is, let evo(f) =
a € My(A)if f(0) = a®1y,(a). Analogously, we define the map ev, : I(p, q)(A) —
M,(A), the evaluation map at 1. Since p and ¢ are relatively prime, there are
integers m, n such that

np +mq = 1.
Set v :=n - [evglo +m - [evi]o. Then, if a € M, (A) C My (A) is a projection,

v o [iglo([a]) = v(pg - [a]) = n(p - [a]) +m(q - [a]) = la],
S0 v 0 [ip4lo(z) = x for every o € Ky(A), which is to say, v is an inverse of [¢, 4]o-
Thus [tp4]0 1 Ko(A) = Ko(I(p,q)(A)) is group isomorphism. |

Observe that by appealing to the Kiinneth Theorem for Tensor Products (The-
orem [12.5.15), we already knew that Ko(A) = Ko(I(p,q)(A)) were isomorphic as
abelian group. However, the Kiinneth Theorem does not give us information on
the order structure, while the explicit construction of maps in the previous lemma
does. We will use this to determine the order structure on Ky(A ® Z) when A is
stably finite. First, a pair of lemmas.

15.3.3 Lemma: Let A be a unital, simple, stably finite C*-algebra. Let x € Ky(A)
and suppose that there exists n € N\ {0} such that nx > 0. Then kx > 0 for all
sufficiently large k, and if nx > 0 then kx > 0.

Proof. Since A is a unital, simple, stably finite C*-algebra, (Ky(A), Ko(A)4) is
a simple ordered abelian group (Proposition . Suppose that x € Ky(A),
satisfies nx > 0 for some n > 0. Let y := nx. Then y is an order unit, so, for
every 1 < m < n — 1 there exists a positive integer n,, such that n,,y > mx.
Let N :=nqy-ng-... -ny. Then Ny > max for every m = 1,...,n — 1. Thus
(Nn —m)x > 0. Let k > Nn. Then k can be written as the sum of Nn —m for
some m = 1,...,n — 1 and a multiple of n. Since nz > 0 and (Nn —m)x > 0, it
follows that also kx > 0. If we had nx > 0, then it is easy to see that also kxz > 0.

I

15.3.4 In the next lemma, if p € M,(A) is a projection, then k - p denotes the
projection p® - -+ ®p € My, (A), where @ is as defined at the beginning of Section
12.1} Eqiuvalently, k- p = p ® 1, after identifying My, (A) with M, (A) ® M.

Lemma: Let A be a unital, ssimple, stably finite C*-algebra. Suppose that p,q €

Mo (A) are projections satisfying p @ r ~ q & r for some projection r € My, (A).
Then k - p ~ k - q for all sufficiently large k € N.
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Proof. Let p,q,r € M (A) be projections satisfying the hypotheses be given. Asin
the previous lemma, the hypotheses on A mean that (Ko(A), Ko(A),) is a simple
ordered group. Thus both [p] and [¢] are order units for (Ky(A), Ko(A),). In
particular, there are m,n € Z such that [r] < mp] = [m-p| and [r] < n[q] = [n-q].
Assume that p € My(A). Then there exists 1’ € M,,;(A) such that r ~ r’ and
" <m-p. Let x =m-p—r'. Then z € M,;(A) is a projection and [r]+ [x] = m]p]
. Similarly, we can find y € M (A) satistying [r] + [y] = n[g|. It follows that

] +m - [p] = [p] + [r] + 2] = [g] + [r] + [2] = [g] +m - [p],
and similarly, [¢] + n[q] = [p] + n[q]. Let k > m + n. Then

[k-p] = klpl =mlp|+n-[p]+ (k—m —n)[p]
= m[p] +n[q] + (k —m —n)[q]
= mlq] +nlg + (k —m —n)lq|
= klg=1[k-q]
Thus k-p~k-q. |

15.3.5 Proposition: Let A be a unital, simple, stably finite C*-algebra and let
t:A— A® Z be the embedding obtained as the limit of the unital embeddings
bpg : A= AR I1(p,q)(A). Let x € Ko(A). Then vo(z) > 0 if and only if nx > 0
for some positive integer n.

Proof. Let x € Ky(A) and suppose that ¢o(x) > 0. By the construction of Z, there
is some prime dimension-drop algebra I(p, ¢) and embedding ¢, ,: A - A®I(p,q)
such that [t,4]o(z) > 0. Let m,n € Z be integers satisfying np + mg = 1, and
define evg, evy and v as in the proof of Lemma [15.3.2, Then

pr = [evolo([pg - #1) = [evoJo[tp,gJo(z) = 0,

and similarly gz > 0. Suppose that both pr = 0 and gz = 0. Then z = 1x =
pr + qr = 0, which implies ¢o(x) = 0, contradicting the fact that ¢o(x) > 0. Thus
either px > 0 or gz > 0.

Now suppose that nz > 0 for some n > 0. By Lemma [15.3.3] there is some
N > 0 such that mz > 0 for every m > N. Choose p,q € N such that p,qg > N
and p and ¢ are relatively prime. Since px > 0 and gz > 0, there are projections
e € M;,(A), f € M;,(A) for some j > 0 such that

pr=le], qrv=[f]

Thus ¢le] = pq - © = p[f]. It follows from Lemma that for all k sufficiently
large, kq - e and kp - f are equivalent projections in Mj,,(A). In particular, we
may find &k such that kg - e and kp - f are equivalent and kp and ¢ are relatively
prime. Let € = k-e. Then é € M;,(M;(A)). Note that ¢-é =kq-e~kp- f, so
by taking j > 1 large enough, we may assume that there is a continuous path of
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projections 7, in Mjy,,(A) (Proposition [12.1.5)) such that
ro:=q-€, 11 :=kp-f.
Thus
7 [0,1] = Mjgpe(A4), t—1
defines a projection in I(kp, q)(M,;(A)) = M;(I(kp, q)(A)). Using the isomorphism
(thpg)o + Ko(A) = Ko(I(kp,q)(A)),

we have (txpq)o(z) = [r]. Finally, the unital embedding j : I(kp,q) — Z, give us
the commutative diagram

R

A A
A® I(kp,q) 4% A®Z.

Thus, tp(z) = (ida ®j)o([r]) > 0. Since = # 0 and ¢ is injective, it follows that
to(x) > 0. I

15.3.6 Corollary: Let A be a unital simple stably finite C*-algebra. Then
Ko(A® Z) is weakly unperforated.

15.3.7 Proposition: Let A be a unital AF algebras. Then Ko(A) is weakly
unperforated.

Proof. Exercise. |

15.4. The Cuntz semigroup of Z-stable C*-algebras. We saw in the
previous section that if A is a simple unital C*-algebra then the ordered abelian
group Ko(A ® Z) is always weakly unperforated. Thus if Ky(A) is not weakly
unperforated, we cannot expect A to be Z-stable. Is this the only obstruction to
Z-stability? Many of the early counterexamples to the Elliott conjecture suggested
this could be the case. However, in [120] Toms constructed a simple separable
unital nuclear C*-algebra A with weakly unperforated Ky(A) which is not Z-
stable. In fact, he was able to construct a C*-algebra A that, from the point of
view of any of the usual invariants (including Ell(-), stable rank and real rank)
appears to be the same as A @ U where U is a UHF algebra of infinite type, yet A
is not isomorphic to A ® U.

The difference between A and A @ U or indeed A and A ® Z can be seen in the
order structure of their Cuntz semigroups.

In general, the Cuntz semigroup of a C*-algebra can be quite wild and intractable.
However, for Z-stable C*-algebras, we can at least see that the order structure is
well behaved. The results in this section are due to Rgrdam [102].
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15.4.1 Lemma: Letn € N\{0} and let A be the prime dimension-drop C*-algebra
A:=1I(n,n+1). Form € {n,n+1}, let eg") denote the system of matriz units gen-

erating M,,. There exist pairwise orthogonal positive functions fi, fo, ..., fuy1 € A
such that
(n) :
. . 1 1=1,....n
: 0 — eu ® n+1 ) s 1y
1) £(0) { O i=nel

(iv) fami S h~forv oo~ fo

Proof. Let
=Y ey o™+ Lo,
=

Observe that w* =3 " 57) ® e("H) +1,® egfllzlﬂ = w and also that

w? = Ze ® (n+1) (n+1)+1 ®€7(1n++191+1
i,7=1

- Y ed
=1

n+1) (n+1)

+1,® Cnt1,n+1

- 1A7

that is, w € M,,® M, 1 is a self-adjoint unitary. Since the unitary group of a finite-
dimensional C*-algebra is connected (Exercise [12.6.3), we can find a continuous
path of unitaries {v;}ej01) C M, ® My 41 such that vy = 1 and vy = w for t €
[1/2,1]. Define w; := vyw, t € [0,1] and let v, be a continuous path with vy = 0
and v = 1 for any ¢t € [1/2,1]. Now, for 1 <1i <mn, define f; : [0,1] = M, @ M, 4,
by
fi(#) = (Lo @ eff wp + (1= y)uiley) @ 1oy,

and define f,1:[0,1] = M,, ® M, 11 by

Frnr(t) = o (1 @ e .

Observe that fi,..., f,11 are positive. For 1 <17 < n we have

n

w(ln ® ez(;z—l-l))w _ ez(;l) ® e§?+1)
j=1

n n+1
egi) ® (1ny1 — 6£L++1 T)L+1>

65?) ® 1n+17

IN
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from which it follows that, when 1 <17 # j < n,

fifi(t) = Aw(L, @@eé?*ﬂ>><1 @ el Yy
+( = (el @ L )w(l, @ €l
+(v = D) wi(Ly @ el w (el @ Loy

+u—wvmy®uﬂw?®hﬂm

(v = 7D)ve(ell” @ Loga) (€ @ Lnsa)vf

(9 — D)ol @ Lo )w(eld) @ Loy oy

= 0.

(nH))wt

IN

A similar calculation shows that for 1 < ¢ < n we have f;f,.1 = 0 = f,i1fi, so
that the functions f1,..., f,11 are pairwise orthogonal.

Now let us verify (i)—(iv). For (i), Cleary f,+1(0) =0, and when 1 < ¢ <n, we
have that f;(0) = 0+ vo(eii” ® Lys)vo = (e ® Lug). For (i), if 1 € [1/2,1] we
have f;(t) = w,(1® e ™ w,+0 =1, @™ and fo(t) =1, ® e&ﬂl}lﬂ Notice
that this also implies that each f; € A, since the boundary conditions defining the
dimension-drop algebra are satisfied.

For (iii) we have

n+1

Zﬁ-(t) = Zfl + faia(t)
(n+1)

= Ywi(ly @ (L1 — epit )W + (1= 7)ve(ln ® Loga)vf

+yewy (1, ® e'gﬁ:_llr)rl-l)wt

= 1n & 1n+1
= 14

Finally let us verify (iv). Let s € M, be the matrix defined by s;41,; = 1 for
1<i<n-—1, s, =1and s;; =0 otherwise, that is,

00 --- 01
10 0 0
s:=101 :
00 --- 10
Then s is a unitary and s 'e{P 1" = ™ for every 1 < i < n. Define d € M,

n+1

analogously so that d is unitary and d’ 1 () gi—i = Jfor 1 < i <n+l.
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Define

ri(t) = v (s @ Ly )y, t€10,1/2).
Then r;(0) = s ! ® 1,,,1. Moreover, when ¢ € [0,1/2], a calculation similar to
those above shows that

ri(t) fi(t)ri(t)” = fi(t),
and when t = 1/2, we have
ri(1/2) f1(1/2)r:(1/2) = w(s™ @ Lyy)w(l, @ eff ™ Nw(s @ Ly)w
= w(ef) @ Lw
= 1n ® e(ﬁ+1)
= (Lyod (1,2 (1, @ d).
For ¢t € [1/2,1], put r;(t) := r(1/2). Then r; is a unitary and r;(0) € M,, ® 1,41
while r;(1) = 1, @ d"™! € 1, ® M,,1. Thus r; € A and r;fir; = fi for 1 <i <mn,
which implies f; ~ fo ~ -~ f,.
To show that f,11 = fi, note that

ro(t) (e (1o © 7w )rs(8)* = (1, @ el )

for every 1 <i < n+ 1. It follows that

Far1 = (L, @ el Dwy ~ (1, @ et )y < fi.

Thus f,41 3 f1, as required. |
15.4.2 Lemma: For every n € N\ {0} there is a positive element e,, € Z such
that nle,] < [lz] < (n+1)[e,] in W(Z2).

Proof. Recall that by Corollary [15.2.10] every prime dimension-drop C*-algebra
embeds unitally into Z. In particular, for any n € N\ {0}, we may consider the
prime dimension-drop C*-algebra A := I(n,n + 1) as a unital subalgebra of Z.
Thus, it is enough to show that we can find a positive element e,, € A such that
nle,] < [1a] < (n+1)[e,] in W(A).

From the previous lemma, there are pairwise orthogonal positive elements

Fisooosfur1 € Asuch that S0 fi = 1Tand fup1 3 fi ~ fo ~ oo+ ~ fo Let
e, := f1. Then, since the f; are pairwise orthogonal, Lemma [14.1.6| tells us that

n

nlea] ~ Y il ~ (@] 3 OS]+ [fa] ~ [Lal:

i=1

Also,
n+1 n

] = (@ fara] ~ ) U~ D A+ U] 3 (0 + DA,

i=1 =1
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so nle,] < [14] < (n+ 1)[e,] in W(A). |

15.4.3 Lemma: Let A and B be C*-algebras. Let A ® B denote any C*-tensor
product. For ay,ay € Ay, b € By and m,n € N, if n[a;] < mlas] in W(A) then
nla; ® b] < mlay @b in W(A® B).

Proof. Let ay,as € Ay and b € B, and suppose there are m,n € N such that
nlai] < mlas] in W(A). Observe that, after identifying M, (A) with A ® M,,, we
have nlay] = [a1 & -+ - ® a1] = [y ® 1,,]. Similarly, m|as] = [a2 ® 1,,,]. Thus, there
exists a sequence 1, = (Tg{:))ij C M, (A) such that rj(as ® 1,,)ry = a1 ® 1,, as
k — oco. Let (ex)ren be a sequence of positive contractions such that epbe, — b as
k — oo (for example, take an approximate unit for C*(b)). Define
sgf) = rff) X ek,
and let
Sp 1= (S,Ef))w € Mm,n(A ® B)

Then si(az ® 1, @ b)si = (a2 ® 1)1, @ exber, — a3 @ 1,,b as k — oo. Thus,
after identifying M, (A ® B) with M, (A) ® B, and similarly M,,(A ® B) with
M,,(A) ® B, we see that n[a; ® b] < mlay ® b]. I

Note that, by symmetry, the lemma we’ve just proved also shows that for positive
elements by, by € By with n[b] < m[b] in W(B) we have nla ® b;] < mfa ® by] in
W(A® B).
15.4.4 Lemma: Let A be a C*-algebra and let a,b € Ay be positive elements
satisfying (n+1)[a] < nlb] in W(A) for somen € N\ {0}. Then [a®1z] < [b®1Z]
in WA® Z).

Proof. Let e, € Z be as in Lemma [15.4.2] By the previous lemma, we have
[a®1z] < (n+1)a® e,
n[b® e,]
[b®1z],
in W(A® Z), as required. |
Now we are able to prove the main theorem of this section.

15.4.5 Theorem: Let A be a Z-stable C*-algebra. Then W (A) is almost unper-
forated.

Proof. Observe that is enough to show that for any x,y € W(A) and any natural
number n € N\ {0} whenever (n + 1)z < ny then o < y. So, let a,b € M (A),.
We may assume that both a,b € M,(A) for some large enough n € N. Let
B = M,(A) = M, ® A and notice that B is also Z-stable. From the previous
lemma applied to B, we have [a ® 1z] < [b® 1z]. Let ¢ >0 and let r € A® 2
satisfy

<
<

Ir*(b@1z)r —a®1z]| < €/3.
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By Proposition there is a *-isomorphism ¢ : A ® Z — A such that
lo(c®@1z) —cf| <€/3.
Let s = ¢(r) € A. Then
||s*bs — al|
= |s"bs —s"p(b@1z)s +s"p(b@ 1z)s — pla®@1z) + pla® 1z) — |
< lsThs = sTp(b @ Lz)s]| + [lo(r (0 @ 12)r) — p(a @ 12)]|
+pla®1z) —a
< o—pb@1z)[|[+rd®1lz)r —a® 1z]| + ||pla® 1z) — al

< €
Since € was arbitrary, it follows that [a] < [b] in W(A). Thus W (A) is weakly
unperforated. |

15.4.6 Theorem: [Rgrdam] Let A be a simple separable unital exact Z-stable
C*-algebra. Then A has strict comparison of positive elements.

Proof. Exercise. |

In the same paper, Rgrdam also proves the following [102] Theorem 6.7]. We
omit the proof since we haven’t quite covered all the necessary material.

15.4.7 Theorem: Fuvery simple, unital, finite Z-stable C*-algebra has stable rank
one.

15.4.8 Now we can put this together with the results of the last section.

Corollary: Let A be a simple, separable, unital, exact C*-algebra. Suppose that
A is Z-stable and W (A) is weakly divisible. Then

W(A) = V(A) U LA, (T(A)).

15.5. Exercises.

15.5.1 Show that the dimension-drop algebra I(p, pq,q) has no nontrivial projec-
tions if and only if p and ¢ are relatively prime.

15.5.2 Let I(p,n,q) be a dimension-drop algebra. Show that if I C I(p,n,q) is
an ideal, then there is a unique closed subset E C [0, 1] such that

I={fellp,n,q)| f(x) =0 forall x € E;}.

15.5.3 Let I = (p,d,q) be a dimension drop algebra. Show that a tracial state
T € T(I(p,d,q)) is extreme if and only if there exists x € [0, 1] such that 7(f) =
tra(f(z)), where try is the normalised trace on My. (Hint: See Exercise [7.3.13

(v).)
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15.5.4 The Jiang—Su algebra is nuclear:

(i) Show that any dimension drop algebra is nuclear. (Hint: Use Theo-

rem [6.4.3])

(ii) Suppose that (A,, @, )nen) is an inductive sequence of C*-algebras, each
of which have the c.p.a.p. Show that A = @An has the c.p.a.p.

(iii) Conclude that Z is nuclear.
15.5.5 Let A be a simple separable unital AF algebra.

(i) By composing connecting maps with point evaluations, show that A can
be written as an inductive limit of direct sums of C*-algebras of the form
C([0, 1], M,).

(ii) Show that A ® Z = A, that is, A is Z-stable.

15.5.6 Show that the only projections in Z are 0 and 1. Deduce that Z is not an
AF algebra.

15.5.7 Let A be a unital simple C*-algebra, and let + : A — A ® Z be as in
Proposition |15.3.5] Suppose that A is not stably finite. Let x € Ky(A). Show that
to(x) > 0 if and only if there is some n > 0 such that nx > 0.

15.5.8 Let A be a simple separable unital Z-stable C*-algebra. Show that A has
strict comparison of positive elements.

15.5.9 We will show how almost unperforation (Definition [14.3.10)) is related to
weak unperforation. Say that a partially ordered abelian group (G, G ) is almost
unperforated if the positive semigroup G is an almost unperforated semigroup.

(a) Suppose (G,Gy) is an almost unperforated abelian group. Show that for
every g € G and n € N, if ng, (n+ 1)g € G, we have g € G..

(b) Let (G,G4) be a simple ordered abelian group (Definition (12.1.17). Show
that (G, G, ) is almost unperforated if and only if it is weakly unperforated.

(c) Let G = Z* and let G4 be generated by (1,0),(0,1),(2,—2). Show that
(G,G.) is almost unperforated but not weakly unperforated.
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16. Strongly self-absorbing algebras

In this chapter, we study certain unital C*-algebras which are *-isomorphic
to their minimal tensor squares, that is, C*-algebras A for which there exists
a *-isomorphism ¢ : A — A ®ui A. Such C*-algebras are quite easy to find;
indeed, just take your favourite unital C*-algebra A and consider the infinite
minimal tensor product of A with itself, which is to say the inductive limit
A®> — hﬂ(A@m, AR Ray+— a1 Q- -Ra,d14). Here we look at a particularly
nice subclass of such C*-algebras, those that are so-called strongly self-absorbing,
which means that the *-isomorphism ¢ can be chosen to be approximately unitarily
equivalent to the map

A= AQmn A, a—a®1y.

The strongly self-absorbing algebras have a number of interesting properties, for
example, they are always nuclear and simple. The class is furthermore closed
under tensor products and has a number of interesting implications for K-theory
and classification. Most of this chapter is derived from [122].

In the first section, we define what it means to be strongly self-absorbing and
show that any strongly self-absorbing C*-algebra is automatically simple and nu-
clear. We show that the class of strongly self-absorbing C*-algebras is closed under
taking tensor products and provide conditions that are equivalent to being strongly
self-absorbing. In the second section we look at the property of a C*-algebra A
absorbing a strong self-absorbing C*-algebra D in the sense that A =2 A®D. This
is property is called D-stability. We investigate some permanence properties of
D-stability, for example, we show that it passes to inductive limits and to cor-
ners. Many of the arguments in this chapter use the central sequence algebra of a
C*-algebra, introduced towards the end of Section [16.1]

16.1. Definition and characterisations. The property of being strongly
self-absorbing had already been observed in various C*-algebras such as the Jiang—
Su algebra of the last chapter, or the Cuntz algebras Oy and O, of Chapter [10]
In an effort to study these types of algebras together as a single class, Toms and
Winter came up with the abstract definition below.

16.1.1 Definition: [Toms-Winter [122]] We say that a separable, unital D is
strongly self-absorbing if D is infinite-dimensional and there exist an isomorphism

0D — D @min D
and a sequence of unitaries (U, )nen i D Qupin D satisfying

|lur(a)u, —a® 1p|| — 0 as n — oo.
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Recall from Definition [13.2.1] that unital *~-homomorphisms ¢,1¢ : A — B be-
tween unital C*-algebras are approximately unitarily equivalent if there is a se-
quence of unitaries (u,),en in B such that

nlggo |lunp(a)u;, —(a)|| =0, for every a € A,
and in such a case we write ¢ ~ . 1.
16.1.2 Let A be a separable unital C*-algebra and define the flip map
0:AQuin A = AR A,
to be the automorphism induced by the map defined on simple tensors by
a®@b—b®a.

We say that A has approximately inner flip if the flip map is approximately uni-
tarily equivalent to ids ®id 4,

0 g ldA®1dA .

We say A has approximately inner half-flip if the first- and second-factor embed-
dings

11 A ARuin A, a— a® 1y, Lo A AQuin A, a— 14 Qa,
are approximately unitarily equivalent.

16.1.3 Suppose that A has approximately inner flip. Let n € N\ {0} and ¢, j with
1 <i < 7 < n. Define a *~homomorphism

o0 A®T — A®T
on simple tensors by
UR R QAR Ry =R QAR R0+ R ay,.
Then o, ; is approximately inner (exercise). Similarly, define
L A AP =140 A RaeR14® - ® 14,

where a is in the i*" tensor factor. Then if A has approximately inner half flip, ¢;
is approximately unitarily equivalent to ¢; (exercise).

Let A and B be C*-algebras with B unital. Suppose that ¢ : A — B is a
*-homomorphism. We denote by

pR1lp:A—>A®B
the *-homomorphism mapping a — ¢(a) ® 1p.

16.1.4 Proposition: Let D be a strongly self-absorbing C*-algebra. Then D has
approximately inner half-flip.

Proof. Let ¢ : D — D ®uin D be a *-isomorphism that is approximately unitarily
equivalent to the first factor embedding ¢1, that is, ¢ =4, t1. Let ¥ = ¢! o 1,.
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By Proposition [13.2.2] (ii), the property ¢ /2, t1 implies p 01 &2, 1 0¥, which
is to say

L2 Rgu. 10 =19 & 1p.
Let 0 : D ®min D — D Quin D denote the flip automorphism. Again by Proposi-
tion [13.2.2] (ii), we get

11 =001y Ry 00 (Y®1p)=1p® Y,
and similarly idp ®1p ® 1p ~.. 1p ® 1p ®1 by applying the automorphism which
flips the first and third tensor factors. Then,
Yv@lp = Yo (lp®lp))
= (iddp®¢ "o (¥ ®@1p® 1p)
(ldD ®(,0_1) @) (LQ ® 1D)

an. (dp@p ™o (1p ® 1)
au. (dp@p~1) o (lp @ 1p @)
o, (idp®@p~1) o (idp ®1p ® 1p)

= ldD ®1D = 1.
Thus 1 Rg ¥ ® 1p and ¥ @ 1p &g, Lo, SO 11 g, Lo by Proposition [13.2.2f (i). 1

16.1.5 Theorem: [Kirchberg—Phillips [67]] Let A be a separable unital C*-algebra
with an approximately inner half-flip. Then A is simple.

Q

a.u.

Q

Q

Q

Proof. Suppose that A has a nontrivial proper ideal J. Then J®yi, A and A® i, J
are ideals in A @i, A. Let a € J. If J is nontrivial then 14 ¢ Jsoa® 14 € J® A
but ¢ ® 14 ¢ A ®uin J. Since A has approximately inner half-flip, there is a
sequence of unitaries (U, )pen C A @min A such that

|un(1a ® a)uy —a® 14]| — 0 as n — oo.

But then for every n, u,(1a®a)u) € AQmupinJ, s0 a®1ls € AQuminJ, a contradiction.
This shows that A must be simple. |

16.1.6 For the next lemma, we require the notion of a conditional expectation,
the definition of which was given in Definition [9.5.1]

Lemma: Let A and B be unital C*-algebras and let ¢ be a state on A. Then
the (right) slice map, defined on the algebraic tensor product as

T¢2A®B—>B, Za1®bzr—>z¢(a1)bz,
=1 i=1

extends to a unital completely positive map
R¢ . A®m1nB_>B

In fact, identifying B = C ® B as a subalgebra of A ®min B, the map Ry is a
conditional expectation.
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Proof. 1dentifying B with C® B we have 7y, = ¢®idp : AQmin B — C®B. Since ¢
and id are both completely positive contractive maps, it follows from Theorem|[7.1.6
that 74 extends to a well-defined c.p.c. map Ry : A ®min B -+ C® B.

To see that R, is a conditional expectation, we need to show first that Ry(c) = ¢
for any ¢ € C® B and second, that Ry(cidcs) = ¢1Ry(d)cs for every ¢1,¢c0 € C® B
and d € A ®uin B. Since C ® B consists of finite sums of simple tensors, both of
these are easy to check. |

16.1.7 Theorem: Let A be a separable unital C*-algebra with an approximately
inner half-flip. Then A is nuclear.

Proof. We will show that A has the completely positive approximation property.
By Theorem [7.2.2] this implies that A is nuclear. Let € > 0 and F C A be a finite
subset. Let u € A ®pin A be a unitary such that

lu(a @ 1a)u" — 14 @ al| < €/4.

Since the algebraic tensor product A® A is dense in A @i, A, thereisav € A©A
such that ||lu — v|| < €/4. Let ¢ be a state on A and Ry the right slice map on
A Qmin A. Define amap T: A — A by

T(a) = Ry(v(a® 14)v").

The fact that ||v|| < 1 together with the previous lemma implies T is a completely
positive contractive map. Now, v is in the algebraic tensor product, so there are
n € Nand z;,y, € B, 1 <i <nwithv=> " 2, ®y. Consequently, we can
rewrite the map T as

n
T(a) = Z d(xiax})yiy;-
ij=1
Define W : A — M, by ¥(a) = Y /', ¢(z;ax})e;;, where e;; are the matrix units
generating M, that is, e;; is the n x n matrix with 1 in the (i, j)™-entry and
zeros elsewhere. Define @ : M,, — A by mapping the generators e;; — y;y;. It is
straightforward to check that ¥ and ® are completely positive contractive maps
and that ® oW =T. So it is enough to show that T" approximates the identity up
to € on the given finite subset F. First, observe that (¢ ® ids)(14 ® a) = a, since
¢ is a state. Then, for every a € F, we have

[T(a) —all = [[Ry(v(a®@1a)v") = (¢ ®ida)(1a @ a)|

1(¢ @ida)(v(a ® 14)v%) — (¢ @ida) (14 @ a)]
[vla®@1a)v" =14 @ al

lu(a @ 14)u* — 14 @ al| + €/2

e/4+e/2<e

IA AN A

So A has the completely positive approximation property. |
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16.1.8 When A and B are both separable and unital, the properties of being
strongly self-absorbing, having approximately inner half-flip, and approximately
inner flip, are preserved under taking tensor products. Observe that the previous
theorem means we can drop the subscript min on the tensor products.

Proposition: Suppose that A and B are separable and unital.
(i) If A and B have approzimately inner flip, then A® B has approzimately
inner flip.
(ii) If A and B have approximately inner half-flip, then A ® B has approzi-
mately inner half-flip.
(iii) If A and B are strongly self-absorbing, then A ® B is strongly self-
absorbing.

Proof. Suppose that A and B have approximately inner flips 04 and og. Then, by
Exercise [13.4.1], their tensor product 0, ®op: AQARXRBR®B > AR AR BR B
is also approximately inner. Let 04 p denote the flip map on A® B. Suppose that

u€e AR A and v € B® B are unitaries. Put
w = <1A®UA,B ® 1B>U®U.

Since 04 p is a *-homomorphism, w is a unitary in A® B® A ® B. It now follows
easily that since 04 ® op is approximately inner, so too is g agpB.

The proof for the half-flip and for being strongly self-absorbing follows similarly
from Exercise [13.4.1], so we leave the details as an exercise. |

16.1.9 For a separable unital nuclear C*-algebra we denote
A®> .= lig(A@m, a—a®1y)pen.

Proposition: Let A be a unital separable C*-algebra with approximately inner
half-flip. Then A®> has approximately inner flip.

Proof. For k € N, let 0 4o« denote the flip A®* @ A®* — A%k @ A®* Define a map
)\k . A®k ® A®k N A®2k ® A®2k

by setting, for a,b € A®*,
M(a®b) :=a® 100 bR 1 ger.

Since A®* is the inductive limit limA®", to show that A®> has approximately
inner flip, it suffices to prove that for any k € N,

Ak Rgu. Ak O O g0k,

For i € {1,2,3,4}, let LS) : A®% — (A®F)®1 denote the embedding of A®* into
the i'h factor. Observe that if i # j € {1,2,3,4}, then L,(;)(A(X)k) and L,(C’)(A@’k)
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commute. Thus we may define, for i # j € {1,2, 3,4}, *-homomorphisms
Ll(:,j) : (A®k)®2 s (A®k:)®4
satisfying

e o0 = @ and 570 een = .

Identify A% @ A®?* with (A®%)®4, Then, it easy to check that

A = L](€1,3)7

while
Ak ® O g0k = L](cg’l).
By Proposition [16.1.8) since A has approximately inner half-flip, so does A%k,
Thus the first- and second-factor embeddings
A®F s A%k @ A%F 4= a ® 1 e,
and
A%k s ABF @ ADF g 1 ek ® a,

are approximately unitarily equivalent.

Let (Up)men C A®F @ A®* denote a sequence of unitaries implementing this
equivalence. Then Lg ) and Lg) are approximately unitarily equivalent, as may be
seen by using the sequence of unitaries (L;j’l)(vm))meN C (A®F)®1 Furthermore,
since each 19 (v,,), m € N, commutes with L,(;) (A®*) | the unitaries (L(j’l) (Um))men

also give the approximate unitary equivalence of L,(cm ) and (). Thus

L](€1,3) oy Lgm) oy L’(€3,2) oy L’(§3,1)'
Finally,
Ak = L(Lg) ~a.u. L(371) =\, 0 O A®F
as required. |

16.1.10 We don’t have a converse for Proposition [16.1.4—a separable, unital C*-
algebra with approximately inner half-flip need not be strongly self-absorbing.
However, it is always the case that its infinite tensor product will be strongly
self-absorbing.

Proposition: Let A be a unital, separable C*-algebra with approrimately inner
half-flip. Then A®> is strongly self-absorbing.

Proof. For k € N let us denote the connecting map A%* — A®*1 by a,. Note
that ap = id 4ex ®1 4. Then

A®oo ® A®oo — hﬂ(A®k ® A®k,04k ® ak),
and also
AP = @(Amka Qof11 0 Qrz, ).
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Let
Br = ap @ g, Vi 1= ot O Qog,

and as in [8.2.5 we let
B A%k @ ABR 5 AB @ A®e 4 k) A9k, oo
denote the maps induced by [, and ;.
The map 1y, : A9?F — A%k ) A®* defined by
V(a1 @01 @ Rap Qb)) =1 Q@+ Qap by @+ ® by,
for ay,by,...,ax, by € A, is evidently a *-isomorphism.
Observe that
Vi1 0 Yk = Br © Y-
Thus the diagram

A®2k Vi A®2(k+1)
(k+2) -1
B DoyL o B0 lﬁ 0ty 90 Br410 Y41
" A@OO ® A(X)OO

commutes. By the universal property of inductive limits (Theorem [8.2.6]) applied
to A®>, we get a map 1 : A% — A®> ® A®> such that the diagram

k)

A®2k 0 A®®
P
5('““)0111,;110 Brovi j
A®® @ A®>®

commutes. Using the universal property again, this time for A®>* ® A®>  we also
obtain a map ¢ : A®® @ A®* satisfying

B

A@k ® A®k A@OO ® A®oo
|+
A8

and it is straightforward to check that ¢ and ¢ are mutual inverses.

Now we would like to show that 1 is approximately unitarily equivalent to
idA@oo ®1A®oo.

We can write the inductive limits as
A®oo ® A®oo — hgl(A@)k ® A®k,ﬁk>

and
AR = 1;113(/@2’”7 id go2m @1 ge2m ),
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giving the diagram

o A®2m ® A®2m ,82m A®2m+l ® A®2m+1 52m+1 o A@OO ® A@OO
Pom T [idAmm ®1 Yoym+1 T TidA(g)Qerl ®l ¢T
A®2™ A®2™ . A®0
idA®2m ®1 idA®2m+1 ®1

Thus it is enough to show that fom o thom o (idgeem ®1 4e2m) is approximately
unitarily equivalent to fom o id ge2m ®1 ge2m for every m € N.

Let k € {2 | m € N}. Define a *-isomorphism
i (AP (4%
by setting
Pk = idA®k ®O’A®k & idA®k .

Identify A®% @ A9% with (A%%)* and define L,(;), i € {1,2,3,4}, as in the previous
proof, to be the embedding of A®* into the i*" position of A®* @ A®* @ A®F @ Ak,
Then, for ¢« = 1,2 we have *~homomorphisms

Pk © (Y @ idpess) o Ll(j) D AR 5 APk @ g2k
satisfying
pi o (Y @ idpea) 0 1) = B @ Py, @ (id per @1 per)
and
Lf) = pr o (Y ®idye2) 0 L’(j).

Now L,(f) Rau. L,(Cj). So, using Proposition [13.2.2| (ii), we have

Brotp o (idgor ®1ger) = pro (U ®idgen) o]’

~aq.u. Pk © (¢k X idA@Qk) (@) L](:))

(2)

= Lk’
~ (1)
~a.u Lk

= A ® (idge @1 g0k).
This shows fam 0 1gm o (id ge2m ®1 4e2m ) is approximately unitarily equivalent to

Pam 0 id ge2m ®1 4e2m for every m € N, proving the proposition. |
16.1.11 Proposition: Let A be a separable unital C*-algebra with approximately
inner half-flip. Then there is a sequence of *-homomorphisms
(on 1 AP @ A®® — A®®), N
such that
llpn(a @ 1 00) —al| = 0, as n — oo,
for every a € A®>.
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Proof. By the previous theorem, A®> is strongly self-absorbing, so there is a
*-isomorphism ¢ : A%¥*® — A®>® @ A®>® and a sequence of unitaries (u,)nen in
A% @ A% such that

urip(a)u, —a® laex| — 0 as n — oo, for every a € A®™.
Then
[ (unla @ Las)uy) —all = [Jun(a ® Lys=)u;, — ¥(a)|
la ® Lasee — uptp(a)uy,| — 0 as n — oo.
For n € N, define ¢, : A¥>®° @ A% — A®> by
Pu(a ®b) =1 (un(a ® b)uy),
for a,b € A®>. Then the sequence (¢, )nen satisfies the requirements. |

16.1.12 Recall that the commutant A’ of A C B(H) is the set of all operators in
B(H) that commute with every operator in A (5.1.5). More generally, if B C A is
a C*-subalgebra, we define is relative commutant by

ANB ={ae€ A|ab=ba for all b € B}.

Let A be a unital separable C*-algebra. We denote by [,y A the C*-algebra
of bounded sequences in A. Let €, .y A denote those sequences that converge to
zero, which is easily seen to be an ideal in II,cnyA. Let

A= =1]4A/6PA

neN neN

There is a canonical embedding ¢ : A< ][], .y A which sends an element a € A
to the constant sequence (a,, = a)neny. This embedding passes to an embedding of
A into A*, and we will identify A with its image in A* under this map.

16.1.13 Definition:  For a unital separable C*-algebra A its central sequence
algebra is the relative commutant of A in A, that is, the C*-algebra

A*NA ={z € A* | za = ax for every a € A}.

Note that A* N A’ consists of sequences (z,),eny C A, such that, for all a € A,
one has ||z ,a — az,|| — 0 as n — 0o and (Zy)neny = (Yn)nen if || zn — yn|| — 0 as
n — 00. Such a sequence (x,),en C A is called an approzimately central sequence.

16.1.14 A sequence of *~homomorphisms (¢, : A = B)nen is called approzimately
central if for every a € Aand b € B we have ||¢,(a)b—bp,(a)|| = 0asn — co. Any
approximately central sequence of *-homomorphisms (¢, : A — B),en induces a
*-homomorphism ¢ : A~ N A" — B. (Exercise.)
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16.1.15 Proposition: Let D be a unital separable C*-algebra with approximately
inner half-flip. The following are equivalent:

(i) D is strongly self-absorbing,

(ii) there exists a unital *-homomorphism v : D ® D — D such that v o iy is
approximately unitarily equivalent to the identity idp,

(iii) there is a unital *-homomorphism v : D ® D — D and an approzimately
central sequence (pn)nen of unital *-endomorphisms of D,

(iv) there exists an approximately central sequence of unital *-homomorphisms
D®> — D,

(v) there exists an *-isomorphism D — D®>.

Proof. For (i) implies (ii), assume that D is strongly self-absorbing. Then there
are a *-isomorphism ¢ : D — D ® D and a sequence of unitaries (u,)peny C D ® D
such that

|ur(a)u, —a® 1p|| — 0 as n — oo, for every a € D.
Let v := ¢!, Then (7(u,))nen is a sequence of unitaries such that
v (un)* ay(u,) —v(a® 1p)|| = 0 as n — oo,
that is v o (idp ®1p) ~4.. idp, showing (ii).

Now if (ii) holds, then there is a *-homomorphism v : D ® D — D such that
Yot Ry idp. Let (vp)nen € D be a sequence of unitaries implementing the
equivalence, that is,

|lviv(a ® 1p)v, — al]| = 0 as n — oo for every a € D.
Define a *~homomorphism ¢,, : D — D by
pn(a) := v,y (1p @ a)vy.

Then, for each n, ¢, is a unital *-endomorphism of D. Observe that for any
a,b €D, p,(a) commutes with v:v(b® 1p)v,. Thus, for any a,b € D we have

lpn(a)b — bepn(a)
lpn(a)b = @n(a)vyy(b @ Ip)vn + v,7(b © 1p)vnpn(a) — ben(a)|
< 2[b—vpy(b @ 1p)un| = 0,

as n — 0o0. Thus the sequence (¢, )nen is approximately central, showing (iii).

Suppose that (iii) holds. Let v : D ® D — D be a unital *~homomorphism and
(pn : D — D)nen an approximately central sequence of unital *-~endomorphisms.
To show (vi), observe that it is enough to construct a unital *~homomorphism
1 : D®* — D, since then the sequence (¢, © ¥),en will satisfy the requirements.
For k € N, define unital *-homomorphisms p;, : DE*+Y — D®k by setting

P ‘= idD®(k—1) ®’}/,
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and vy, : D®F — D by
Y 1= p10p20 -0 pry1 0 (idper @1 pe2).
Then, for every £ € N the maps v are each unital and satisfy
Y = P10 Pre1 © Prye © (dper @1pes) = Ppy1 0 (Idper @1p).
That is to say, the diagram

idpekr ®1p

D®(k+1)

x l’lﬁk-&-l

D

commutes, so by the universal property of the inductive limit, we have an induced
unital *~homomorphism ¢ : D®* — D, showing (iv).

D@k

Suppose now that (iv) holds. Since D has approximately inner half-flip, D®> is
strongly self-absorbing by Proposition [16.1.10l In particular D®> is simple and
nuclear. Define

0:D—=-DRXD®, drsd® lpse,

which is evidently an injective *-homomorphism. Thus, there exist unital
*-homomorphisms «,, : D¥* — ¢(D) C D ® D®* such that

||an(a)p(d) — o(d)a,(a)|| — 0 as n — oc.
The asymptotic centrality of the sequence (o, )nen induces a *~homomorphism
a:D®° — (D) Ne(D), a— (an(a))nen
Define
B:D%° = (D@ D*°)*Np(D), dw lp®d,
where we consider the 1p ®d as a constant sequence in (D®D®*)>. Observe that

the images of & and 8 commute in (D ® D) M (D)". Thus, by Theorem [6.3.2]
they induce a map

a® fB: D @ D% — (D D°)*Np(D).
It follows that
D @ DE & C*(a (D), B(D)) C (D ® D) 1 (D).

Since D®> has approximately inner half-flip, there is a sequence of unitaries
(un)neny C C*(a(D®>®), 5(D®>*)), such that u’f(d)u, — «a(d) as n — oo for
every d € D®>.

Let a € D and d € D®*. We have lim,, o, v} (a ® d)u, = lim, . u}@(a)B(d)u,.
Since C*(a(D®>), (D)) commutes with ¢(D), we further compute

lim uyp(a)B(d)un = (a)u,B(d)un = p(a)a(d) = a(d)p(a).

n—oo
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Thus, for every ¢ € D ® D®® we have lim, . uicu, € (D)>*. So
dist(u} cvty,, o(D)*) — 0 as n — oco. Now by Lemma [16.2.4] there exists an
isomorphism D — D®>* showing (iv) implies (v).

Finally, that (v) implies (i) is obvious since D®> is strongly self-absorbing. |
16.1.16 Corollary: Let A and D be separable unital C*-algebras and suppose
that D is strongly self-aborbing. Then any two unital *-homomorphisms

a,6:D—ARD
are approximately unitarily equivalent.
Proof. Since D is strongly self-absorbing, by Proposition [L6.1.11] there is sequence
of *~homomorphisms ,, : D% @ D¥* — D> satistying ||pn(d @ lpes) —d|| — 0
as n — oo, for every d € D®*. Putting this together with the existence of

*-isomorphisms D — D®>* and D®>* — D from Proposition [16.1.15| (iv) and (v),
we get a sequence ¥, : D ® D — D such that

Tim [[¢, o (idp @1)(d) — ]| = 0.
for every d € D. For n € N define a unital *~homomorphism
Qay, = (ldA ®1/}n> o (a X ldD) o <1dD ®1D>,

and similarly, for n € N define

571 = (ldA ®’I7Z)n) e} (ﬂ & ldD) ©) (ldD ®17_))
Observe that @&, — « and 3, — 8 pointwise.

Since D has approximately inner half-flip, and both o« and [ are unital, Propo-
sition (ii) implies
QG Ry (dg ®1,) o (a®idp) o (1p ® idp)
= (ida®yy,) o (14 ®1p ®idp)
= (ida ®¥y) o (B ®idp) o (1p ® idp)

%a.u. 57’1'
Then &, Xgu By for every n € N by Proposition [13.2.2| (i), and by Proposi-
tion [13.2.2| o =, 3. |

16.1.17 Let Z denote the Jiang—Su algebra (Definition . In addition to the
construction of Z and classification of simple unital inductive limits of dimension-
drop algebras, in [62] Jiang and Su also prove a number of technical properties
enjoyed by Z. Since the proofs use some things we have not introduced, we simply
state them here. Together they imply Corollary below, that Z is strongly
self-absorbing.

Proposition: Let Z be the Jiang—Su algebra. Then
(i) Z has approzimately inner half-flip.
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(ii) There exists a unital *-homomorphism ¢ : Z2 Q@ Z — Z.

(iii) There exists an approzimately central sequence of inner automorphisms
zZ = Z.

16.1.18 Corollary: Z is strongly self-absorbing.

Proof. By Proposition (i), Z is a separable unital C*-algebra with approxi-
mately inner half flip. By Proposition [16.1.15] the property that Z is strongly self-
absorbing is equivalent to the existence of a unital *~homomorphism ¢ : ZQZ — Z
and an approximately central sequence of unital endomorphisms. Thus, by Propo-
sition (ii) and (iii), Z is strongly self-absorbing. |
16.1.19 We have already met some other strongly self-absorbing C*-algebras,
namely the UHF algebras of infinite type (exercise!) and the Cuntz algebras O,
and O [122, Examples 1.14 (ii)]. Let & denote any UHF algebra of infinite type.
Then, by Proposition [I6.1.8] the tensor products U @ O, U @ Oy, and O ® O, are
all strongly self-absorbing. However, if A is simple, separable, unital and nuclear
the Kirchberg and Phillips proved that A ® Oy = O, [67, Theorem 3.8]. So the
tensor products U ® Oy and Oy, ® Oy do not give us anything new. If we take the
tensor product of D ® Z, where D is any strongly self-absorbing C*-algebra, then
D ® Z = D [135], so once again we don’t get anything new upon taking tensor
products. The UCT (see is satisfied by each of Z, U, O, Os @U and O,
(where U is any UHF algebra of infinite type). In fact, these are the only strongly
self-absorbing C*-algebras satisfying the UCT [118], Corollary 6.7].

16.2. D-stability. Let A be a simple separable unital nuclear C*-algebra.
Recall from Chapter |15 that, provided (Ky(A), Ko(A)4) is weakly unperforated,
the Elliott invariant can’t tell the difference between A and A ® Z. We would like
to lift isomorphisms of Elliott invariants to *-isomorphisms of C*-algebras, so we
would like to know when A =2 A ® Z, that is, when A is Z-stable. In the purely
infinite case, one can ask similar questions about O, since the Kirchberg—Phillips
classification tells us that a simple, separable, unital purely infinite C*-algebra
which satisfies the UCT is O.-stable [65), 93]. Although this book focuses more
on the stably finite case, this next section considers the general case of D-stability,
where D can be any strongly self-absorbing C*-algebra.

16.2.1 Definition: Let D be a strongly self-absorbing C*-algebra. We say that
a C*-algebra A is D-stable, or D-absorbing, if

AD=A.

16.2.2 Proposition: [122] Theorem 2.3] For any D-stable C*-algebra A there is
a sequence of *~isomorphisms (¢, : AQ D — A),en such that

lim {|pn(a ® 1p) —al| =0
n—oo
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for every a € A.

Proof. Since D is strongly self-absorbing, it follows from Proposition [16.1.15| that
D = D®>®, Since A is D-stable, we may identify A with A ® D®>. Define

©0p t ARDP° QD — A D

to be the *-isomorphism that fixes A and the first n copies of D in D®>, sends
the last copy of D to the n + 1 position in D®>®, and, for m > n, shifts the m™"
copy of D to the m + 1 position. Then, an elementary argument shows that the
sequence (¢, )nen satisfies

lim [ (a ®1p) — afl = 0
n—oo

for every a € A (exercise). |

16.2.3 Lemma: Let A be a unital C*-algebra, and let m: [], .y A— A> denote
the quotient map. Suppose that u € A> is a unitary. Then there is a sequence of
unitaries (un)nen in A such that w((up)nen) = u.

Proof. Let u € A be a unitary and find (a,)nen satisfying 7((a,)nen) = w. Then
|ana — 1| — 0 and ||a;a, — 1|| = 0 as n — oco. Let N be large enough so that

|lanar — 14| <1, |laia, — 14| <1,

for every n > N. Then both a,a) and a}a, are invertible as long as n > N
(Theorem [1.2.4)), which implies a,, is invertible. Let a, = u,|a,| be the polar
decomposition of a,. Since a, is invertible, the isometry u, is a unitary in A

(Exercise [5.4.12)). By the above, |||a,| — 14]] = 0 so ||a, — u,|| — 0. For n < N,

let u,, = 14. Then (u,)nen satisfies our requirements. |

16.2.4 Lemma: Let A and B be separable C*-algebras and ¢ : A — B an
injective *-homomorphism. If there exist unitaries u, € B® N p(A)’, n € N, such
that

lim dist(u) bu,, p(A)*) =0,

n—oo

for every b € B, then there is an isomorphism v : A — B which is approximately
unitarily equivalent to .

Proof. Since B is separable, there exists a sequence which is dense in B. Let (b,,)nen
be a such a sequence. For m € N, let k be sufficiently large so that we can choose
Cly .oy Cm € P(A)™ with [Jupbju, — ¢;|| < 1/(2m) for every j = 1,...,m. Since
¢; € p(A)™, there is a bounded sequence (a;,)nen in A such that m((a;,)nen) = ¢;
and, by the previous lemma, unitaries v ,, € B such that 7((vn)nen) = ug, where
7 [[e(A) — @(A)>® C B> is the quotient map. Since uy € p(A)’, there is a
large enough n,, such that, for every n > n,,,

[ok.np(a) = (a)ornll <1/m,
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for every a € A and since ||ujbjur — ¢j|| < 1/(2m), we can also assume that
[Venbivkn — @lang)|l < 1/m,
for every 1 < j < m and every n > n,,. Let w,, := vy ,,,. Then
lim |lwp(a) = p(a)wn|| = 0.
m—0o0
Furthermore, since (b, ),en is dense, it follows that

lim dist(w},bw,,, p(A)) =0,

m—r0o0
for every b € B. Thus by Proposition [13.2.3| there is an isomorphism ¢ : A — B
that is approximately unitarily equivalent to . |

16.2.5 Theorem: Let A and D be unital separable C*-algebras, with D strongly
self-absorbing. Then there is a *-isomorphism ¢ : A — A® D if and only if there
18 a unital *-homomorphism
D — A NA.
In this case, ¢ and
L A—>AR®RD, a—a®lp
are approximately unitarily equivalent.

Proof. Suppose there is a *-isomorphism ¢ : A — A ® D. By Proposition [16.1.15

(iii) we can find an approximately central sequence of unital *~endomorphisms of
D, say pn : D — D, n € N. Define

Un:D = A de ¢ (14 ® pa(d)).

Note that each v, is unital. We will show that the sequence 1, is approximately
central in A. Fix d € D and a € A. For any € > 0 there are m € N, a; € A,
di€D,i=1,...,msuch that || > " a; ® d; — p(a)|| < e. Then

le™ (14 ® pu(d))a — ap™ (14 ® pa(d))]
= [[(1a @ pu(d))p(a) — ¢(a)(1a @ pn(d))]]
= 2+ ||(1a ® pn(d)) <Z a; ® di) - (Z a; ® di) (14 ® pa(d))
i=1 i=1
as n — 0o. Since € was arbitrary, this shows that (1,),en is an approximately
central sequence of unital *-homomorphisms. Thus,
Vp:D—A*NA, de (Vu(d))nen,

m m
is a well-defined unital *~homomorphism satisfying our requirements.

= 2e+ Zai ® pp(d)d; — Zai ® dipn(d)

1=1 1=1

— 2e,
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Now assume that we have a unital *~homomorphism ¢ : D — A~ N A’. Note
that ¢ : A — A® D induces a map AN A" — (A)*Nu(A). Let

a:D = 1(A)®NuUA) C (AR D)y Ni(A)

denote the composition of ¢» with the map induced by ¢. For d € D, let B(d) =
14 ® d, considered as a constant sequence embedded in (A ® D). Then [(d)
commutes with ¢(A), so in fact we have

B:D— (AR D) Nu(A).

Observe that the images of o and 8 commute. Thus by Theorem they induce
an injective *~homomorphism

DD — (AR D)y Ni(A),
and under the identification
D& D= C*(a(D), B(D)) C (A® D)w N (A,

a and S are simply the first and second factor embeddings, respectively. Since D
is strongly self-absorbing and therefore has an approximately inner half-flip, there
are unitaries (up)neny C C*(a(D), B(D)) such that

|l B(d)u, — a(d)|| — 0 as n — oo
for every d € D. Thus, for every a € A and d € D we have
nh_)rgo uy(a ® b, = nh_{](r)lo ure(a)B(d)u, = nh_}rr;() t(a)a(b).
Since ¢(a)a(b) € L(A)>, we have
lim dist(uyxu,, t(A)>) = 0.

n— o0
Thus, by Lemma there is a *-isomorphism ¢ : A — A ® D which is approx-
imately unitarily equivalent to ¢. |

16.2.6 The corollary is a slight reformulation of the previous theorem, which will
be more suitable for our purposes.

Corollary: Let A and D be unital separable C*-algebras with D strongly self-
absorbing. Then there is an isomorphism ¢ : A — A ® D if and only if there is a
unital *-homomorphism

V:ARD — A™,
satisfying Y¥(a @ 1p) = a for every a € A. In this case, the maps ¢ and ida ®1p
are approximately unitarily equivalent.

Proof. Exercise. |

16.2.7 Theorem: Let D be a unital strongly self-absorbing C*-algebra and let A
be unital, separable and D-stable. Suppose that p € A is a projection. Then pAp
15 D-stable.
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Proof. Let B := pAp. Identifying p with its image in B® C A*, the map
£ A* — B>, x> pxp,

is c.p.c. (Exercise 3.4.5) and S(b) = b for every b € B. Since A is D-stable,
we have, using Corollary [16.2.6, a *-homomorphism ¢ : A ® D — A satisfying
(a® 1p) = a for every a € A. Let

Y :B®D — B®

be the c.p.c. map given by the composition ¢ := fot)o (t®idp), where 1 : B — A
is the inclusion map. For b € B, we have

Y@ 1p) = Bod(b®1p) = H(b) =0,

and for d € D, we have

bbod) = B0 @ 1p)Y(d? @ 1p)Y (0! @ 1p))
= p(b"* @ 1p)((b"* @ 1p)) (b"* & 1p)p
= ("' @1p) (b @1p)) (b @ 1p)
— (b d).

This shows that 1/J(B ® D) C B*® C A® and that 1/1 ¥ is multiplicative, since
¢ is. Thus, v is a *~homomorphism satisfying the conditions of Corollary [16.2.6 m
showing that B is D-stable. |

16.2.8 Remark: In [122], Toms and Winter show that D-stability passes not
only to corners, but to any hereditary C*-subalgebra. To show that, we’d need
Corollary for A not necessarily unital, which is quite a bit trickier to prove.
For the interested reader, the details can be found in their paper.

16.2.9 Theorem: Let D be a unital strongly self-absorbing C*-algebra and let
A =1im(A,, ¢,) be a unital inductive limit of separable and D-stable C*-algebras
A, with injective connecting maps @, : A, — Apy1. Then A is D-stable.

Proof. For every n € N let o™ : A, — A and, for n < m, Onm * An = An
denote the induced maps as defined in Since the maps ¢, are injective,
we have p™(A,) = A,. By Proposition [16.1.11] there are *-homomorphisms
Ym : D®D — D, m € N such that ||1,(d ® 1p) — d|| = 0 as m — oco. For each

natural number 7, define p\p’ : 0™ (A,)@D®D — ¢™(A) @D by
pg,:;) = idcp(")(An) ®Q/Jm
Then, for a € p™(A,),

1P (a®d® 1p) —a®d® lp|| — 0, as m — oo.
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Since A, ® D = A, and hence also o™ (A) ® D = ™ (A), this gives us maps,

which by abuse of notation we still denote pﬁg),

P ™ (A) @D = plV(4,) C A,
satisfying Hp%)(a ® 1p) —al| — 0 as m — oo, for every a € ¢™(A,).

Since A, is separable, we can fix a dense subsequence (a;);en. For every i € N,
and N > n, there exists my such that

o (91" (a) © 1p) = ™ (a)
= [|pn (¥ 0 un(ai) ® 1p) — o™ 0 gy n(ai)| < 1/(3N)
Let a € A,, and choose ¢ € N such that ||a — a;|| < 1/(3N). Then
1P ™(@) @ 10) — g™ (@] = [P ™(@) @ 1p) — PN (™ (a:) @ 1)
+pf (¢ (i) ® 1p) — ™ (as)|

+o™(a;) — " (a)|
< 1/N.

Thus we can find a sequence (n;);ey C N such that,

pgf)(a ® 1p) = a, n— oo,

for every a € ™ (A,,). Define
p: U Sp(n)<An) ®D — H @(n)(An) - H A
neN neN neN
by defining p(x) to be the sequence with n'" coordinate entry (5(x)), given by

(n) (n)
- — ) pi(x) vep™(A,)®D,
(p(@)n - { 0 otherwise.

Then p induces a map
pelJe™(A,) @D — A,
neN
which is multiplicative and *-preserving. Furthermore, p satisfies p(a® 1p) = a for
every a € A. Since p is a *-homomorphism on ¢™ (A, ) ® D, it is norm-decreasing
on U, cn 9™ (4,) @ D, which is a dense subalgebra of A® D. Thus p extends to
a *~homomorphism
p:ARD — A,

that satisfies p(a ® 1p) = a for every a € A. Thus by Corollary A is
D-stable. |

To end the chapter, let us return to the Cuntz semigroup of a Z-stable C*-
algebra. Let A be a separable, unital C*-algebra. We saw in Theorem [15.4.5| at
the end of the previous chapter that the Cuntz semigroup of A ® Z is always
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almost unperforated. Using Corollary [16.1.18] we are able to show that for any
separable unital C*-algebra A, if A is Z-stable then W(A) is weakly divisible
(Definition [14.3.35)). In particular, we see that asking that W (A) is weakly divisible
in Corollary [15.4.8 was in fact redundant.

16.2.10 Theorem: Suppose that A is a separable, unital, Z-stable C*-algebra.
Then W (A) is weakly divisible.

Proof. We need to show that for every x € W(A), and n € N, there exists
y € W(A); such that ny < z < (n+ 1)y. We claim it is enough to assume that
a=b® 1z for some be A,. Solet a € A® Z be a positive element and choose a
*-isomorphism ¢ : Z2® Z — Z. Let

Y :=(dz®lz)op: ZRZR®1z > ZR 15.
By Corollary [16.1.16| with A = D = Z, we see that v is approximately inner. Thus
diV: AQRZRZ 3 ARZ® 1z

is also approximately inner. Let (u,),en € A = A ® Z be a sequence of unitaries
satisfying
|lunau;, — (ida ®@¢)(a)|| — 0, as n — oo.

In particular, for every ¢ > 0 there exists n such that ||u,au’ — (ids @) (a)|| < e.

n

Then by Proposition [14.1.7, we have ((idsa®v)(a) — €)y = un,au’ ~ a so

by Theorem [14.1.9| (i), (ida ®%¢)(a) 3 a. Similarly ¢ 2 (ida ®)(a). Since
ids ®Y(a) € A® 1z, this proves the claim.

Now, by Lemma for every n € N there is a positive element e, € Z such
that nle,] < [1z] < (n+1)[e,] € W(Z). Let a € Ay. Then, by Lemma [15.4.3| we
have nja® e, < [a® 1z] < (n+1)[a ® e,). |

16.3. Exercises.

16.3.1 Let A and B be C*-algebras. Show that any approximately central sequence
of *~homomorphisms (¢, : A = B),en induces a *~homomorphism from the central
sequence algebra of A to B, that is ¢ : A NA — B

16.3.2 Let A be a unital C*-algebra.

(i) Suppose that A has approximately inner flip. Let n € N\ {0} and 4, j
with 1 <17 < j < n. Define a *-homomorphism

O_i7j:A®n_>A®n
on simple tensors by
MO Rau® RO Q=0 ® QO QG ® D an.

Show that o; ; is approximately inner.
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(ii) Define
it A=A a2 1, Q- 1,041, Q- ® 1y,
where a is in the i*" tensor factor. Show that if A has approximately
inner half flip, then ¢; is approximately unitarily equivalent to ¢;.
16.3.3 Fill in the missing final details of the proof of Proposition [16.2.2]

16.3.4 Let U be a UHF algebra. Show that every automorphism of U is approxi-
mately inner, that is, if ¢ : Y — U is *-automorphism, then there is a sequence of
unitaries (4, )nen such that ||u,au, — ¢(a)|| = 0 as n — oo, for every a € U.

16.3.5 Let U be a UHF algebra. Show that A is strongly self-absorbing if and
only if U is of infinite type.

16.3.6 Let Q denote the UHF algebra whose associated supernatural number is
P =11, prime P (see8.3.5)). The C*-algebra Q is called the universal UHF algebra.

(i) Show that M, ® Q = Q for every natural number n > 1.
(ii) Show that U ® Q = Q for every UHF algebra U.

16.3.7 Let A and D be unital separable C*-algebras with D strongly self-absorbing.
Use Theorem [16.2.5| to show that there is an isomorphism ¢ : A - A ® D if and
only if there is a unital *~homomorphism

V:ARD — A™,

satisfying ¥ (a ® 1p) = a for every a € A. Show that in this case, the maps ¢ and
id4 ®1p are approximately unitarily equivalent.
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17. Nuclear dimension

Theorem says that C*-algebras with the completely positive approximation
property (c.p.a.p.) are exactly those C*-algebras that are nuclear. In we
saw that we need to restrict our target for classification to nuclear C*-algebras,
since otherwise when passing to the less complicated setting of von Neumann alge-
bras there is already little hope for any reasonable classification theorem. When a
C*-algebra is nuclear, its enveloping von Neumann algebra is injective, or equiva-
lently hyperfinite [26), [56]. A von Neumann algebra is hyperfinite if it is generated
by an increasing net of matrix algebras. Thus one might view the AF algebras
of Chapter |8 as the C*-analogue of a hyperfinite von Neumann algebra, however,
as we have seen, this excludes many interesting nuclear C*-algebras. The c.p.a.p.
guarantees good approximation properties via finite-dimensional algebras which
one might hope are tractable in the manner of hyperfiniteness in von Neumann
algebras. However, thanks to the existence of simple separable nuclear C*-algebras
which are not Z-stable, we know that the c.p.a.p. is not enough.

Another interpretation of the c.p.a.p. is as a noncommutative partition of unity,
as can be seen in Exercise [7.3.11] The covering dimension (Definition [8.6.2), if
finite, asks that a partition of unity can be refined so that there is a bound on
how many functions have a nonzero value at the same point. The subject of this
chapter, the nuclear dimension, is a refinement of the c.p.a.p. akin to passing from
partitions of unity to covering dimension. Just as infinite-dimensional topological
spaces are generally quite wild animals, we would like to leave those C*-algebras
with infinite nuclear dimension in the operator algebra jungle rather than invite
them home. It turns out that what is required to ensure that a simple separable
unital C*-algebra is nuclear and Z-stable is precisely that it have finite nuclear
dimension. Thus instead of restricting the scope of classification by insisting on
the rather mysterious property of Z-stability, we can equivalently restrict to those
C*-algebras with finite “noncommutative covering dimension”, a property that
seems quite natural. This is one of the most remarkable results in the classification
programme and will be discussed more in the next and final chapter.

In this chapter, we begin our discussion with c.p.c. maps that are order zero;
these will be key to refining the c.p.a.p. to define the nuclear dimension. In the
second section we define the nuclear dimension and the closely related decom-
position rank and compare the nuclear dimension and decomposition rank of a
commutative C*-algebra C'(X) to the covering dimension of X. Next, we look at
permanence properties of the nuclear dimension. In the final section, we show that
the C*-algebras with nuclear dimension zero are precisely those which are AF and
we show that the minor difference in their definition is enough to imply that any
C*-algebra with finite decomposition rank is automatically quasidiagonal, whereas
this need not be true for C*-algebras that only have finite nuclear dimension.
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17.1. Order zero maps. Nuclear dimension is a refinement of the c.p.a.p.
To define it, we need to define order zero maps, which were first introduced in
[131]. These are maps between C*-algebras which are stronger than c.p.c. maps—
in the sense that they preserve more of the C*-algebraic structure—but not quite
as strong as *-homomorphisms.

17.1.1 Definition: Let ¢ be a completely positive contractive map ¢ : A — B.
We say that ¢ is order zero if for any a,b € A, with ab = ba = 0, we have

p(a)p(b) = 0.
In the literature what we have called an order zero map is sometimes called a
c.p.c. order zero map.

We will mostly be concerned with order zero maps whose domains are finite
dimensional C*-algebras. Any *-homomorphism is of course an order zero map
since *-homomorphisms are completely positive and contractive (see Exercise
and are multiplicative. In fact, an order zero map is quite close to being a
*-homomorphism, as we will see.

17.1.2 Recall that the definition of the support projection of an operator a € B(H)
was given in Definition [5.2.10]

Lemma: Let A be a unital C*-algebra, H a Hilbert space, and ¢ : A — B(H) a
completely positive map. Put h := ¢(14), and let p be the support projection of h.
Let € be a unit vector in H. Then, for every n € N\ {0} and a € A, define

on: A= B(H), a= (hbn™ 1)~ p(a)(htn™ i) +(a€, €) (Lsiny —p)-

Then o, converges in the strong operator topology to a unital completely positive
map
c:A— B(H), aw~ lim o,(a).

n—oo

Proof. Since ¢ is linear, it is enough to assume that the element a is positive and
that ||a|| < 1. First, observe that h positive implies that h-+n~'15y) is also positive
and that 0 ¢ sp(h + n~'1p) so it is moreover invertible. By Exercise we
have

hY2(h+n M) 2 SO, n — 0o.
Similarly,
(h+n""1gu) 20?225 p n = oo,

and finally, since (h + n " 10n)~Y2h(h + n~'1pm)) "2 is also bounded and in-
creasing, it follows that it converges (also to p) in the strong operator topology.

Now since 0 < a < 14, positivity of the map ¢ implies 0 < ¢(a) < ¢(14) = h
and so (h + n " 1gm) " Y20(a)(h + n~ pr) Y2 is also increasing and bounded
as n — oo and thus is sot-convergent. It follows that o,(a) is soT-convergent to
some o(a) € B(H).
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From the above, we have

o(1a) =limo,(14) = p+ (£, &) (1w — p) = s,

so ¢ is unital. Each o, is evidently linear, thus o is linear. It is also easy to see
(using, for example Exercise (c)) that each o, is completely positive. Since
on(a) is increasing in n if a is positive, o is also completely positive. |

17.1.3 For a C*-algebra A, the cone over A is the C*-algebra

Note that we do not need to specify the norm on the tensor product, since
commutative C*-algebras are nuclear (Exercise . The next proposition
says that order zero maps from F' — A are in one-to-one correspondence with
*-homomorphisms from the cone over F' to A. For an order zero map ¢ we call
the map 7, in the proposition below the supporting *-homomorphism of .

17.1.4 Proposition: [cf. [131] Proposition 3.2], [133|, Proposition 1.2.1]] Let F
and A be C*-algebras with F finite-dimensional. Then given any *-homomorphism
p:Co((0,1]) ® F — A, the map ¢ : F — A given by p(x) = p(id@ 1 ®x) is
order zero. Moreover, for any order zero map ¢ : F — A, there is a unique
*-homomorphism
7, 1 Co((0,1]) @ FF — C*(p(F)) C A
such that
7o (1d(o,1) ®7) = (),

for every x € F.

Proof. Since F is finite-dimensional, by Theorem [8.1.2| it can be decomposed as
the direct sum of matrix algebras F' = @, M,,, for some m,ny,...,n, € N\ {0}.
The map ¢ is order zero, so

CH(p(F)) = @C*(‘P(Mm))-

Thus it is enough to prove the result in the case that F'is a single matrix algebra,
say ' = M,. Furthermore, we may assume that A = C*(p(M,)).

Let A C B(H) be faithfully and nondegenerately represented on a Hilbert space
H. Denote by h := ¢(1p). Suppose p € B(H) is the support projection of h
(Definition [5.2.10). If a € F is any self-adjoint element with ||a| < 1, positivity
of ¢ implies that ¢(a) < ¢(1p) < p so pp(a) = p(a)p = ¢(a). Since a was
an arbitrary self-adjoint element, it follows that p is a unit for A, and so by
nondegeneracy, p = 1. Let

an(a) == (h+n " pm) " Ppla)(h+n @) 2, a€F.
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By Lemma [17.1.2) and the fact that p = 1), this converges to a unital c.p. map
o : F — B(H) which satisfies

W 2a(a)h'? = po(a)p = ¢(a),
for every a € F.

Next, we claim that A commutes with o(F'). Since it is obvious that A commutes
with (h 4+ n = 1g0m) Y2, it is enough to show h commutes with ¢(a) for every
positive a € F. Since a is positive, it is diagonalisable. Let ey,...,e, be an
orthonormal basis of C" such that a = > ", A\je; and denote by e; € M, =
F' the rank one projection onto the span of e;. Since ¢ is order zero, we have

p(eii)p(ej;) = 0 when i # j, so

o(1r)p(a) = Z p(ei) (Z Aj@(%)) = Z Ajo(ei)

and similarly,
n

pla)p(lp) = Z Ajp(eq)?,

j=1
so ho(F) = o(F)h.
Let us now show that ¢ is in fact a *~homomorphism. Let e € F' be a rank one
projection. Then
o(e)o(lp —e) = lpmo(e)o(lp —e)lpmy > ho(e)o(1p — e)h.
Since h commutes with o(F), so too does h'/2, thus
ho(e)o(1p — e)h = h?a(e)h*h 20 (1p — e)hM? = p(e)p(lp —e) = 0,

since ¢ is order zero. It follows that o(e)? = o(e). Since o is positive, o(e) is a
positive element, so in particular satisfies o(e)* = o(e). Thus o(e) is a projection.
Now, using Exercise [7.3.5, we have o(ae) = o(a)o(e) for every a € M,. It is easy
to show that ¢ is multiplicative on all positive elements, and hence on all of M,.
Thus o is a *~homomorphism.

Since h is a positive element with ||k|| < 1, the Gelfand Theorem provides us
with a *~homomorphism
72 Co((0,1]) = Co(sp(h)) = C*(h) C p(F),

which maps f € Cy((0,1]) to its restriction flspn). Let ¢ 1 o(F) = ¢(F). Then
7w and ¢ o ¢ have commuting images in ¢(F') so, by Theorem [6.3.2] we obtain a
*-homomorphism

7T<P : CO((07 1]) ® MT — SD(F)a
mapping id 1] ®x — ¢(x). |
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17.1.5 Proposition: An order zero map o is a *-homomorphism if and only if
©(14) is a projection.

Proof. Exercise. |

17.1.6 The functional calculus for order zero maps whose domain is a finite di-
mensional C*-algebra was introduced in [134].

Theorem: [Functional calculus for order zero maps| Let ¢ : ' — A be a an
order zero map between C*-algebras A and F', where F is finite-dimensional, and
let m, denote the supporting *-homomorphism of ¢. Suppose f € Cp((0,1]) is a
positive function. Then the map

f(p)(x) = m,(f(id) ® ), =€ X,
1 a well-defined order zero map.
Proof. Exercise. |

In fact the functional calculus holds for more general domains, but we will not
need this. The interested reader can find the result in [139], Corollary 3.2].

The next lemma says that projections that add up to an element of norm strictly
greater than one are close to orthogonal projections. It is similar in flavour to
results in Section so the proof is left as an exercise.

17.1.7 Lemma: Let K € N and f > 0. There exists a > 1 such that the
following holds. If A is a C*-algebra and qo,...,q., k < K are projections in
A satisfying |lqo + -+ + q|| < «, then there are pairwise orthogonal projections
D1y, Pk € A such that ||p; — ¢ < B.

Proof. Exercise. |

17.1.8 We saw that an order zero map ¢ whose domain is a finite-dimensional
C*-algebra F' correspond to *-homomorphisms whose domain is the cone over F,
and that if ¢(1p) is a projection, than in fact ¢ is itself a *~homomorphism. This
next proposition tells us that if ¢(1z) is not a projection, we can measure how far
@ is from *-homomorphism.

Proposition: Let A and F' be C*-algebras with F' finite-dimensional, and suppose
that p : F' — A is an order zero map. For any e > 0 there is a d > 0 such that the
following holds. If

le(1r) — (1p)*] < 4,
then there is a *-homomorphism ¢’ : F' — A with

e —¢'|| <e.

Proof. Write F = M,, & --- & M,,. To construct ¢’, we will find a suitable
k
=0

c € Ce(F)) = C*(¢(M,.)) such that our *- homomorphism ¢’ satisfies
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¢'(z) = cp(z)c. In that case, |[¢" — ¢ = maxo<i<k ||, — ¢l |- Moreover,
we may write ¢ = ¢o + -+ - + ¢, ¢; € @(M,,), such that <P,|Mri = CiSO|Mri ¢; for every
1 <14 < k. Thus we may assume that ' = M, for some r € N.

Let 0 < min{(e/14)?,1/4}. Then, since |o(1r) — p(1r)?| < §, Exercise [8.7.23
tells us there is a projection p € C*(¢(1p)) C A such that

lp —(1r)] < 24,

and moreover that po(1r)p is invertible in pC*(¢(1x))p. Set

¢:= (pp(1r)p) >

Then cp(1p)c = (pe(1r)p) 2 pe(1p)p(pe(1r)p) /2 = p, and |p — ¢ < 46.
Define

¢ F — pAp, x> cp(x)e.

First, let us show that ¢’ is close to . Let x € F and ||z|| < 1. Recall from
the proof of Proposition [17.1.4] that ¢(1r) commutes with ¢(F'). Thus

I* 11 = @(1r))e(2)*(1 = ¢(1p))]
11 = @(1r))e(1r)*(1 = (1r))]|
J.

le(x) —e(1r)p(z)

<
<
Since ||p — ¢|| < 49, we have ||c — ¢(1r)|| < 65, whence

¢’ () — (@)

[ep(z)e — @()]]
< lep(@)e = o(1r)p(x)e(1r)|| + [e(1r)e(@)e(1r) — w(2)]
< 1264+ 262 < e

Thus ||¢" — ¢ < e.

Now, let us show that ¢ is indeed a *-homomorphism. Since ¢'(1p) = p is a
projection, it is enough to show that ¢’ is order zero (Proposition . Let
ei,...,e denote rank one pairwise orthogonal projections so that > ., e; = 1p.
Let f € Cy((0,1]). By the functional calculus for order zero maps, f(y) is order
zero, and so f(¢(e;))f(p(e;)) = 0for every 1 < i # j <rand also that f(¢(1p)) =
Soi_ f(p(e;)). By the above, we have

lo(e) —wle)?l| < lleles) — ele)e(lr)ll + lle(1r)p(e:) — e(e)’|
< &2 40.

As above, we can find projections p; such that [[p(e;) — pi|| < 202, and
ci = (psp(es)pi) /2. Since each p; € C*(p(e;)), these projections are pairwise
orthogonal.
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Let
0 tel0,1/2),
ft) =
1 tell/2,1]
Then, by the choice of § we have f(p(e;)) = p; and

r

Zpi = Z flo(er))

Setting d := »"_, ¢;, we have dp(1r)d = p. Observe that each ¢; commutes with
©(1p), which implies that d and ¢(1r) commute. Then d* = (pp(1r)p)~! where
the inverse is taken in pC*(¢(1x))p, which means d* = ¢*. Since positive square
roots are unique, d = ¢. Thus

¢'(ei) = cplei)e = do(ei)d = cip(ei)e; = p;.
It follows that ¢'(e;)¢’(e;) = 0 for i # j. Since we chose the e; arbitrarily, we have
¢ (a)¢'(b) = 0 whenever a,b € F, and ab = 0. Thus ¢’ is order zero and hence a
*-homomorphism. |

17.2. Nuclear dimension and decomposition rank of commutative
Cr-algebras. The nuclear dimension and the closely related decomposition rank
refine the definition of the completely positive approximation property by asking
that the map from the finite-dimensional approximating algebra is the sum of order
ZEero maps.

17.2.1 Definition: Let A be a separable C*-algebra. We say that A has nuclear
dimension d, written dim,,.A = d, if d is the least integer satisfying the following:
For every finite subset 7 C A and every € > 0 there are a finite-dimensional,
C*-algebra with d + 1 ideals, F' = Fy & --- & F,;, and completely positive maps
¥ :A— Fand p: F — Asuch that ¢ is contractive, ¢|g, are completely positive
contractive order zero maps and

|l o(a) —al| < € for every a € F.
If no such d exists, then we say dim,,.A = cc.

If the ¢,, can be chosen to be contractive, then we say that A has decomposition
rank d, written dr A = d.

It is clear that if a C*-algebra has finite decomposition rank then it is nuclear.
This is also true for finite nuclear dimension (exercise). The converse does not
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hold, even in the simple case. The examples in [120, 50], among others, are
simple separable unital and nuclear but do not have finite nuclear dimension.

17.2.2 Both the decomposition rank and nuclear dimension can be thought of as
a noncommutative version of covering dimension (Definition 8.6.2]).

Lemma: Let X be a metrisable space and U a finite open cover of X such that
Y vew Xu(w) <d+1 for every v € X. Then U has a finite subcover U’ such that
for every U € U' there are at most d distinct Ve U', V # U, such that UNV # ().

Proof. Exercise. |

17.2.3 The next two theorems establish that the decomposition rank and nuclear
dimension of C(X) agree and are both bounded by dim X. In fact, they are
both equal to dim X, but we will not prove this. Establishing lower bounds for
decomposition rank and nuclear dimension is often quite difficult and technical.
In applications to simple nuclear C*-algebras, it is usually enough to show that
the nuclear dimension is bounded from above. To see that dim X < dr C'(X), (in
fact, more generally this holds for Cy(X) when X is locally compact Hausdorff and
second countable) the reader is referred to [70, Proposition 3.3] and [131], Section
3.

17.2.4 Theorem: Let X be a compact metrisable space. Then

drC(X) < dim X.

Proof. Let F C C(X) be a finite subset, £ € N and € > 0 be given. For every
x € X there is an open set U, such that

[f(y) = F(2)] < €/3,

whenever y,z € U,, and f € F. Let U = {U, | z € X}. Since X is compact
we can find a finite subcover Y C U. Then, since dim X = d we may moreover
assume that any x € X is contained in at most d + 1 of the sets in U.

Refining U if necessary, using Lemma [17.2.2] we can assume that U = {U, }ier,
|I| = s < oo, such that, for every U;, i € I, there are at most d distinct U C U,
U # U;, such that U;NU # (). Thus we can partition I into d+ 1 subsets Iy, ..., I;
that satisty U; NU; = 0 for every i # j € I, 0 < k < d.

Let g; € C(X), 1 <1 < s be a partition of unity subordinate to U, that is, g,
1 <i < s such that 0 < g; < 1¢(x), supp(g;) C Ui and oo, gi = lo(x). For
each i, let z; € U; be a point satisfying g;(z;) = 1.

For 0 <k <d, let

Fk = C'Ik‘,
and

F:FOEB@FC[
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Define ¢ : C(X) — F by
Y(a) == (@Bieralz;), ... ,@iefd&(l"i))-

It is easy to see that v is a *-homomorphism, hence in particular, completely
positive and contractive.

Define ¢ : FF — C(X) by
90(()\17 SR 7/\S>) = Z )\191
i=1

Then ¢ is completely positive (Exercise [7.3.10)), and since U; N U; = 0 for every
i # j € I, it is easy to see that ¢|p, is order zero. Moreover, p(1p) = l¢(x), S0 ¢
is contractive.

Finally, for any x € X and any f € F

S

pov(N@) = f@) = D f@g@) = f@)gl)

=1

IN

> 1) = f@)laio)

< eZgl(x)

= €.

Thus [[e o (f) — fll <e 1
17.2.5 Theorem: Let X be a compact metrisable space. Then

dr O(X) = dimpC(X).

Proof. 1t is clear from their definitions that the nuclear dimension is bounded by
the decomposition rank, as the decomposition rank asks that a stronger condition
hold. So let us prove the inequality dr C(X) < dimy,,.C(X).

If dim,,.C(X) = oo, there is nothing to show, so let us assume that
dimy,.C(X) = d < co. Let F C C(X) be a finite subset and let ¢ > 0. Since
dim,,.C(X) = d, we can find a finite-dimensional C*-algebra F = Fy @ --- @ Fy,
ac.p.c. map ¢ : C(X) — F and a c.p. map ¢ : F' — C(X) such that ¢|p, is order
zero, for every 0 < ¢ < d and such that

lpo(f) = fIl < €/2, for every f e FU{lox)}

Using Exercise |3.4.9] by cutting down to a hereditary subalgebra of F' if necessary,
we may assume that h 1= ¥(1¢(x)) is invertible in F.
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Define R

Y C(X)—=F

by
(f) = hT PR e C(X).

Notice that 1& is c.p.c. In fact, we have 1@(10()()) = 1. Next, define

o F— C(X)
by

() = (1 —€¢/2) - p(h*xhV?), zeF.

Since 0 < h'/2 < 15 and ¢ is positive, we have 0 < ¢(h'/22h'/?) < ¢(z) for every
x >0, and soif x,y € F, we have $(x)(y) whenever ¢(x)p(y) = 0. In particular,
&k, is order zero for every 0 < i < d. Furthermore,

~
~

o(1r) = (W (lowx))) = (1 —€/2) - p o ¥(lo(x))-
By definition of ¢ and 1, we have that

po @D(lC(X)) < (1 -+ 6/2)10(;{).

Thus
¢(1r) < 1w,
so we see that ¢ is contractive.
Finally,
[0 d(f) = fIl = leod(f) —pov(f)+pou(f) -/l

< lpod(f) —pov(f)ll +e/2
< A =€¢/2)pov(f) = o (f)l +€/2
< e

Thus we have shown that dr C(X) < d = dimy,.C(X), as required. |

17.2.6 Corollary: Let X be a compact metric space with covering dimension
dim X. Then dim,,.C(X) < dim X .

17.3. Permanence properties of the nuclear dimension. Nuclear di-
mension has good permanence properties, which we show in the next series of
propositions.

17.3.1 Proposition: Let A and B be separable unital C*-algebras with B nuclear,
and suppose that w: A— B is a surjective *-homomorphism. Then

dimp,.B < dimy, A.

Proof. 1f dim,cA = oo there is nothing to show. So assume dim,, ;A = d < oo.
Since B is nuclear we can apply Corollary to find a c.p.c. map p: B — A
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satisfying m o p = idg. Then, for any F C B and € > 0, we can find a finite-
dimensional subalgebra F' := Fy&®---@® F;, ac.p.c. map ¥ : A — F and a c.p. map
¢ : F— A such that | is order zero for every 0 < i < d and such that

lpow(p(d)) — p(b)|| < € for every b € F.

It is easy to see that the composition of an order zero map with a *-homomorphism
is order zero. Since the composition of c.p.c. maps is c.p.c. (Exercise(7.3.4]) putting

Y =1 opand ¢ := mop, allows us to approximate any element in F up to €
through F. Thus dim,.B < d. |

17.3.2 Proposition: Let A and B be separable unital C*-algebras. Then
dimy,.(A @& B) = max{dim, A, dim,,.B}.

Proof. We will show that the nuclear dimension of both A and B is finite and
leave it as an easy exercise to show that the proposition holds if either A or B has
infinite nuclear dimension.

To show that max{dimy,.A, dimy,.B} < dimy,.(A® B), we simply observe that
there are surjective *~homomorphisms 74 : A B — Aand ng: A®@ B — B and

apply Proposition [17.3.1]

Now let dim,cA = d4 and dim,,.B = dp and without loss of generality, assume
that dy > dp. Let F = {(a1,b1),...,(an,b,)} C A® B and € > 0 be given. There
are c.p. approximations (F4 = @4 FA ¢4 ¢4) and (FP = @B, FP @B, oP)
approximating {ay,...,a,} and {b1,...,b,}, respectively, up to e, where ¢ and
¥® are contractive goA|FkA, 0<k<dyand <pB|FkB, 0 < k < dg are order zero.

Let F = @4, Fy where F, = (F} @ FP) for 0 < k < dp and Fj, = F{ for
dp+1<k<du. Definey: A® B — F by
w<(a7 b)) = (wA(CL)Ou wB<b)07 v 72/}A(a’)d37 r(/}B(b)dBw 2/)A(a/)d}5»+17 v 7¢A<a>dA)7

where 1" (a); denotes the k' coordinate of 1/ (a), and similarly for ¥)?(b);. Then

® is a c.p.c. map. Now define ¢ : F'— A ® B by
<10(()‘07 Moy - -y >\dB7Md57 )‘dB-i-la ) AdA)) - (@A()‘(]? ) >\dA>7 SOB(M()? s JIU’dB))-
It is easy to check that ¢|p, is order zero for each 0 < k < d4. Furthermore
oo ((a,0)) = (a,0)] = (¢ ov?(a), " 0 P (b)) — (a,b)]|
= max{[p" o (a) — al|, | 0 P (b) = b]|}
< €
for every (a,b) € F.
Thus dimy,.(A ® B) < max{dimy,.A, dim,,.B}. |
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17.3.3 Proposition: Let (A,, p,) be an inductive system with limit A = @An.
Then
dimpycA < liminf dim,,.A,,.

n—o0

Proof. Let F = {ai,...,a,} be a finite subset of A and let ¢ > 0. By Exercise[8.2.7]
A = U,enP™A,. There is N € N such that, for every n > N, there exist
b, ..., b, € p™(A,) satisfying
Let m > N satisfy

d = dimp,A,, < liminf dimy,.A,.

n—0o0
Then, there are a finite-dimensional C*-algebra ' = Fy @ --- @ Fy, a c.p.c. map
Y p™(A,) — F, and a c.p. map ¢ : F — p™(A,) C A, with each o|r,
1 <1 < d order zero, such that

lpow(b;) —bi| <e€/3, 1<i<k.
Using the Arveson Extension Theorem (Theorem [7.1.12)), there is a c.p.c. map
1 A — F extending ¥. Then, for 1 <17 < k we have,
lp o d(a) —aill < llpow(bs) —bill +2¢/3
< €.
So dimy, A < d < lim inf dim,,.A,,. |

n—oo

17.3.4 Lemma: Let A and B be unital C*-algebras and suppose p1 : M,, — A
and w9 : My, — B are order zero maps. Then the induced map

901®902 : Mn1 ®Mn2 _>A®minB
18 order zero.

Proof. Let h denote the identity function on (0, 1] and let 7 : Co((0, 1))@ M,,, — A
and my : Cop((0,1]) ® M,,, — B be the supporting *-homomorphisms of ¢; and ¢,

(17.1.3)), respectively. By Theorem [7.1.6 the induced map p; ® s : M,,, @ M,,, —
A ®min B is the unique c.p.c. map satisfying ¢1 ® pa(z®y) = p1(z) ® p(y). Define

b: M, @M, AR B
on simple tensors by
P(ry) =m(h@z)@m(h@y).
It is straightforward to check that this is a c.p.c. order zero map. Moreover,
P(r®y) =m(h®@r)©m(h@y) = ei(r) ©¢i(y),

so by uniqueness, @1 ® @y = @ is order zero. |
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17.3.5 Theorem: Let A and B be separable unital C*-algebras. Then,
dimpue(A @min B) < (dimpueA + 1)(dimp B + 1) — 1.

Proof. Suppose dim,,cA = d and dim,,.B = e. We may assume d,e < oo, since
otherwise the result is obvious. Let F C A ® B be a finite subset and let € > 0.
Without loss of generality (shrinking e if necessary), we may assume that F is of
the form F4 ® Fp for finite subsets F4 C A and Fg C B.

Let (@, FA o@W) and (B, FB) pB)) be (F4,¢€) and (Fp,€) c.p. approxi-
mations for the identity map on A and B respectively, with /(1) respectively ¢(5),
contractive and gp(A)\Fm), 1 <i<dand go(B)\F_(m, 1 < j < e, order zero maps.

Both Z !
Ya®yp: AQB— FW o F®, oWee® . FeFr® - Ag B

are well-defined c.p. maps (Theorem [7.1.6)). It is easy to check that their composi-
tion approximates the identity on A ® B up to € on the finite subset F. Moreover,
P @ B is contractive and the restrictions

@ @ B 0<i<d 0<j<e,

®FJ(B> Y
are order zero by Lemma [17.3.4, Thus, we can write FY @ F'(P) as the direct sum
of (d+ 1)(e + 1) many ideals where the map ¢ ® ¢B) restricts to an order zero
map. Thus,

dim,c,A® B<(d+1)(e+1) — 1= (dimy,.A+ 1)(dimy,.B+ 1) — 1,

as required. |

17.4. Nuclear dimension of AF algebras and quasidiagonality. It was
mentioned in that AF algebras should be thought of as “zero dimensional”
objects and we saw that they have real rank zero and stable rank one. Here we
see that they also have nuclear dimension zero. In fact, the only C*-algebras with
nuclear dimension zero are AF algebras. Contrast this with the case of real rank:
we saw that simple unital TAF C*-algebras have real rank zero but include things
like AT-algebras with nontrivial K;. The idea of seeing simple unital nuclear
C*-algebras which are not AF as having positive dimension has been one of the
most useful concepts in classification, particularly as a conceptual approach to
generalising von Neumann algebra techniques. Simple AF algebras, on the other
hand, being zero dimensional, can be treated more similarly to the hyperfinite von
Neumann factors. A good discussion of these ideas can be found in [12].

17.4.1 Theorem: A separable unital C*-algebra has nuclear dimension zero if
and only if it is AF.
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Proof. We leave it as an exercise to show that if A is AF then it has nuclear
dimension zero. Let ¢ > 0 and a finite subset F C A be given. Let § > 0 be
the 0 given by Proposition with respect to €/2. Suppose then that A is
a separable unital C*-algebra and dim,,,A = 0. Let I’ be a finite-dimensional
C*-algebra, ¢ : A — F a c.p.c. map and ¢ : F — A an order zero map such that

lpot(a) —all <min{d/2,e/2}, for every a € FU{l4}.

Replacing ¢ with 1 4+ 1 — 1(14), we may assume that ¢ is unital. Then, in
particular,

lp(1r) — Lall < d/2.

By Proposition [17.1.8] we can approximate ¢ by a *-homomorphism ¢’ : F' — A
such that ||¢' — ¢|| < €/2. Let B = ¢'(F), which is a finite-dimensional
C*-subalgebra of A. Then, for every a € F we have

dist(B,a) < [¢'ot(a) —a
< ¢’ otp(a) —porp(a)ll + llpov(a) —al
< €.

Since F and € were arbitrary, A is locally finite-dimensional and thus, by Theo-

rem [8.5.2) A is AF. |

17.4.2 Lemma: Let A be a C*-algebras, let s,dy, ..., ds € N\{0} and let F' be the
finite-dimensional C*-algebra F := M,, & --- & M,,. Suppose that for ¢ : FF — A
there is, for some d < s, a decomposition of F into F' = Fy @ --- ® Fy, such that

©|r, is order zero. Then, for any I C {1,...,s} we have
> el < (d+1) - max|le(la,)].
i€l

Proof. We may decompose [ into [ = U?:o I; so that F; = @;er; M,,. Then

Z e(1m,,)

< (d+1) 1
-~ ( + .maXd} ZQO Mrl

el i€l
= (d+1)- max max|p(ly,, )|
Jje { 7777 d} i€ ]
Thus ¢(1ar,, )e(1nr,,) = @lr,(Iar,, )l r; (Lar, ) = 0 for i # i € 1. I

17.4.3 Theorem: Let A be a separable C*-algebra with finite decomposition
rank. Then A is quasidiagonal.

Proof. We will show that dr A < d < oo if and only if the following holds: For
any finite subset F C A and any € > 0 there exist a finite-dimensional C*-algebra
F=F®---®F;and c.p.c. maps ¢ : A — F, ¢ : F — A satisfying
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(i) lpo(a) —all < € for every a € F,
(ii) ||vo(a)(b) —1(ab)|| < € for every a,b € F,
(iii) ¢|F, is order zero for every 0 < i < d.

From (i) and (ii), it follows that A is quasidiagonal by Proposition [11.1.5,

The “if” statement is clear. Let dr A < d < oo and suppose we are given a finite
subset F C A and € > 0. Without loss of generality we may assume that F is
composed of positive elements of norm one. Let

F?={d*|ac F}.
It follows from Exercise that for (ii) to hold, it is enough to show that, for
every a € A, the inequality |[¢'(a)v(a) — 1 (a?)|| < € holds. Choose €; satisfying
0<e <e/(6(n+1)).
Using the fact that dr A < d, there are a finite-dimensional F' = Fy & --- & Fy, a
c.p.c. map ¢ : A — F’ and a c.p.c. map ¢’ : A — F’ such that
¢’ o' (a) — al| < e, for every a € FUF?,

and such that ¢'|p, is order zero. Since F” is finite-dimensional, we can write F’
as the direct sum of matrix algebras, say F' = M,, & --- & M,,, k > d. Since
each M; € Fj for some 0 < j < d, the restriction ; := ¢'|),, must be order zero.
Let 7; denote the supporting *-homomorphism of ¢}. Note that 7; is injective and
hence isometric. Then

IN

A

i (@)l = [lmi(ido @) = [zl lli(Le)ll,
(¢")"Y(M,,) and define
I:={ie{l,...,s}| there exists a € F such that |[1}(a)® — ¥i(a)| > €*}.
e leia )l < llei(@i(a)® = ¢i(a®))]
k
> @iWi(a)’ = ¢i(a?)
i=1
< ¢’ ov/(@®) — ¢ o/ (a)’
< ¢’ o/(a®) = a®|| + |la* — ¢’ 0 9'(a)’]
So [|¢;(1ag,, )|l < 3e1/€®. By Lemma|17.4.2 we have
> )

for every x € M,,, for every 0 < ¢ < k. Denote by v} the restriction of ¢’ to
Then, for every ¢ € I we have, for suitable a € F, that
l¢'(¥'(a)* = ¥(a®))]
361.
il

< (d+1)3e; /e
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Define a finite-dimensional algebra

a c.p.c. map
and a c.p.c. map

Then

lpov(a) —a’l| < (1+3(d+1)/e")e
= €' /(6(d+1))+¢/2
< €,

and also ||p o1 (a) —al| < €1, showing both (i) and (ii). We have already observed
that ; := ¢'[n,, is order zero, so (iii) holds. |

This last theorem highlights the main difference between the decomposition rank
and the nuclear dimension: while finiteness of decomposition rank implies quasidi-
agonality, there are many purely infinite C*-algebras with finite nuclear dimension.
As we saw in Theorem [I1.1.7] purely infinite C*-algebras are never quasidiagonal.
The Cuntz algebras of Chapter for example, all have finite nuclear dimension
[140, Section 7]. Conversely, if A has finite nuclear dimension and is quasidiago-
nal, then A will also have finite decomposition rank; this is a result of the main
theorem of [118].

17.5. Exercises.

17.5.1 Let A and F' be C*-algebras, with F' finite-dimensional. If ¢ : ' — B is
an order zero map, show that ¢ is a *~homomorphism if and only if ¢(1r) is a
projection.

17.5.2 Let ¢ : F' — A be an order zero map between C*-algebras A and F', where
F' is finite-dimensional, and let 7, denote the supporting *-homomorphism of ¢.
Suppose f € Cp((0,1]) is a positive function. Show that

flo)(@) = m,(f(idy) @), =€X,
is a well-defined order zero map.

17.5.3 Let F, A be separable unital C*-algebras. Show that an order-zero map
¢ : F' = A induces a Cu-morphism (see Definition [14.4.2)) ¢, : Cu(F) — Cu(A).

17.5.4 Prove Lemma [17.1.7| (Hint: use Lemma [10.3.4])

17.5.5 Let X be a metric space and U a finite open cover of X such that
Yvew Xu(xr) < d+1 for every x € X. Show that U has a finite subcover U’
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such that for every U € U’ there are at most d distinct V € U’, V' # U, such that
unv #£14.
17.5.6 Let A be AF. Show that A has nuclear dimension zero.

17.5.7 Determine the nuclear dimension and decomposition rank of the Jiang—Su
algebra Z.

17.5.8 Show that the C*-algebras of Theorem [11.3.12] have finite decomposition
rank.

17.5.9 Let n € N. Show that C’(Z") has finite decomposition rank.
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18. The Classification Theorem and the Toms—Winter Theorem

In this final chapter, we will connect the material in previous chapters using
the framework of the classification programme for simple separable nuclear C*-
algebras.

An approximately circle (AT) algebra is an inductive limits of direct sums of
algebras of the form C(T, M,,) ® M,,. These were classified by Elliott [37]. Shortly
after establishing this, Elliott conjectured that it might be possible to classify all
simple, separable, unital, nuclear C*-algebras up to isomorphism using an invariant
consisting of K-theory and traces. The invariant is of course what we now call the

Elliott invariant (Definition [13.3.10)).

18.0.1 Notation: We denote by £ the class of all simple, separable, unital,
nuclear, infinite-dimensional C*-algebras.

While the conjecture seemed quite bold, there were many subclasses of £ for
which it held: the AF algebras [36], and then the AH algebras with real rank
zero [41], followed by AH algebras with very slow dimension growth [42]. These
were all examples of inductive limits and their classification used some sort of
variation of the intertwining arguments in [I3.2.4] Later, Lin came up with tracial
approximation which no longer required a specific inductive limit structure to
obtain classification results [72, [75]. Also, in the case of purely infinite, simple,
unital, nuclear C*-algebras, Kirchberg and Phillips had established the remarkable
classification theorem which showed that, under the assumption of the UCT (see
[12.5.14), all such C*-algebras are classified by their K-theory [65) 93].

Nevertheless, some counterexamples did pop up. Perhaps the most notable of
these we already mentioned at the beginning of Chapter [[4 Toms’ construction
in [120] of a simple separable unital nuclear C*-algebra A for which Ell(A) =
Ell(A®U) for a UHF algebra U, and such that A and A®U furthermore have the
same real rank and stable rank. Previously, when it appeared one invariant would
not suffice for a more complicated class (for example, K is enough to classify AF
algebras, but not AT algebras), one simply added more to the invariant: tracial
states, K1, and so forth. Toms’ example effectively showed that the only possibility
for a classification of all simple separable nuclear unital C*-algebras was to extend
the Elliott invariant to (at least) include the Cuntz semigroup.

However, even if the Cuntz semigroup together with the Elliott invariant can be
shown to be enough, a drawback is that in general Cuntz semigroups can be quite
wild. Unlike in K-theory, there simply are not enough tools to make the invariant
computable in general. Indeed, it remains unclear as to whether or not it is in
fact easier to show that there is an isomorphism of Cuntz semigroups together will
Ell(-) than it is to give a direct proof of a *-isomorphism at the level of C*-algebras.
The level of complexity of the classification problem can be measured using the
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language of descriptive set theory by determining its Borel complexity (see for
example [106], [40]). In [45], it was shown that separable nuclear C*-algebras
cannot be classified by countable structures, which rules out the possibility of a
computable, countable invariant as soon as one moves beyond AF algebras (the
tracial state simplex already makes things too complicated). Nevertheless, the
possibility that the Cuntz semigroup is the missing piece to a complete invariant
is still an active area of research.

Setting aside the potential utility of the Cuntz semigroup for classification, the
existence of counterexamples to the original Elliott conjecture raises the following
interesting question: what is the largest subclass & C & for which one can expect
classification by the Elliott invariant?

The construction of the Jiang—Su algebra Z suggested that, at the very least,
one would have to restrict to those C*-algebras which are Z-stable. How can such
C*-algebras be characterised? In [123 Remarks 3.5] Toms and Winter made the
following conjecture:

Conjecture: [Toms—Winter 1] Let A € £ be a C*-algebra which is moreover stably
finite. Then the following are equivalent.

(i) AZA® Z,
(ii) dr A < oo,

(iii) A has strict comparison of positive elements.

Furthermore, it was conjectured that the class of stably finite C*-algebras satis-
fying these conditions were exactly those which could be classified by Ell(-). Let
Eqr denote this class of C*-algebras and let &£,; denote the simple separable unital
nuclear purely infinite C*-algebras. From this it would follow that the correct class
& C € would be & = &, U &y, at least under the assumption of the UCT.

The fact that those C*-algebras &,; were not covered by the Toms-Winter conjec-
ture mirrored what occurred throughout the literature: the cases of stably finite
C*-algebras and purely infinite C*-algebras were often treated completely sepa-
rately using different techniques. To attempt to gather all classification results
under one single umbrella was a main motivation behind the generalisation of the
decomposition rank to the nuclear dimension in [140]. As we saw, finite decompo-
sition rank implies quasidiagonality and a purely infinite C*-algebra can never be
quasidiagonal. However, as mentioned at the end of the previous chapter, they can
have finite nuclear dimension, as is the case for the Cuntz algebras. The revised
Toms—Winter conjecture [140, Conjecture 9.3] then became the following:

Conjecture: [Toms—Winter II] Let A € £ be a C*-algebra. Then the following
are equivalent.

() A A® Z,
(i) dimpued < oo,
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(iii) A has strict comparison of positive elements.

Moreover, the C*-algebras satisfying these conditions form the largest class of
C*-algebras for which EN(-) is a complete invariant.

We saw in Chapter [I5] that if A is Z-stable, then A has strict comparison of
positive elements, or, to put it another way, a well-behaved Cuntz semigroup.
Well behaved enough, in fact, that for these C*-algebras we can compute Cu(A).
In this case, however, Cu(A) gives us no extra information. In fact, it was shown
in [3] (based on earlier work of [19, 117]), that for every Z-stable A € £ we can
recover Ell(A) from Cu(A® C(T)), and symmetrically, recover Cu(A® C(T)) from
Ell(A).

18.0.2 Theorem: For the class of simple, separable, unital, nuclear, Z-stable C*-
algebra, the Elliott invariant and the Cuntz semigroup of any such algebra tensored
with C(T) are equivalent functors.

The fact that finite decomposition rank implies Z-stability was shown by Winter
in [I34] and then this was generalised to show that finite nuclear dimension implies
Z-stability in [I36]. This establishes that (ii) implies (i) implies (iii) in Toms—
Winter I and Toms-Winter II above.

Completing the cycle and showing the implications in the other direction proved
significantly trickier. It was a breakthrough by Matui and Sato in [82] that allowed
progress towards the conjecture finally being settled, up to the minor restriction
that the extreme boundary of the tracial state space, denoted 9,7'(A), has a finite
topological dimension.

18.0.3 Theorem: Let A € £ be a C*-algebra and suppose 0.T(A) is finite
dimensional. Then the following are equivalent.

(i) AZAR®Z,
(ii) dimpueA < o0,
(iii) A has strict comparison of positive elements.

The restriction to the case where the dimension of 9,7'(A) is finite is only required
for (iii) implies (i) [69, 107, 121]. We saw in Theorem [15.4.6] that (i) implies (iii).
For (i) implies (ii), see [21], which was based on earlier work [12), 108, [82]. That
(ii) implies (i) was shown in [136].

18.0.4 Definition: A tracial state 7 on a unital C*-algebra A is quasidiagonal
if for every finite subset F C A and every € > 0 there exist a matrix algebra M,
and a u.c.p. map ¢ : A — M, such that

(i) ¢ is (F, €)-approximately multiplicative, that is, ||1/(ab) — 1 (a)(b)]| < €
for every a,b € F;

(ii) ¢ is (F, €)-approximately trace-preserving, that is, |try, ov(a)—7(a)| < €
for every a € F.
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18.0.5 Theorem: [118| Proposition 1.4] Let A be a separable unital nuclear C*-
algebra. If A has a faithful tracial state, then A is quasidiagonal.

Of course, if A is simple, then every tracial state is automatically faithful. And,
as it turns out, if A is also separable and nuclear then every tracial state is qua-
sidiagonal, so long as we assume that A satisfies the UCT.

18.0.6 Theorem: [Tikuisis-White-Winter, [118]] Let A be a separable nuclear
C*-algebra which satisfies the UCT. Then every faithful tracial state is quasidiag-
onal.

18.0.7 The Tikusis-White-Winter Theorem gives us a partial converse to The-
orem [17.4.3] which also serves as a complete characterisation of the difference,
among those C*-algebras with finite nuclear dimension and which satisfy the UCT,
between having finite or infinite decomposition rank. A simplified proof was later
given by Schafhauser [109], and a generalisation was given by Gabe [48] which
requires only that A is exact, rather than nuclear (recall that a C*-algebra is ezact
if it is the C*-subalgebra of a nuclear C*-algebra).

Corollary: Let A € £ and suppose that A has finite nuclear dimension and
satisfies the UCT. Then A is quasidiagonal if and only if A has finite decomposition
rank.

While the first successful classifications were variations on Elliott’s original AF
classification, establishing the full classification theorem, Theorem below,
required new machinery. Lifting maps from the Elliott invariant to apply an in-
tertwining argument already becomes incredibly complicated for AH algebras, the
classification of which either requires the assumption of real rank zero [41] or so-
called “very slow dimension growth” which asks that the size of the matrices grow
much faster than the dimension of the spaces [42]. While AH algebras did not ex-
haust all possible Elliott invariants (AH algebras always have Riesz decomposition
in Kj), Elliott showed in [38] that this can be done by approximately subhomo-
geneous (ASH) C*-algebras (a subhomogeneous C*-algebra is a C*-subalgebra of
a homogeneous C*-algebra). Apart from some less complicated examples, such as
inductive limits of dimension drop algebras, an Elliott intertwining-type classifica-
tion for ASH algebras has been elusive. Furthermore, even if such a classification
theorem were available, its use would be limited to those C*-algebras for which we
already know such an inductive limit structure exists. It is far from obvious, for
example, whether or not a simple crossed product can be realised as an inductive
limit.

Huaxin Lin’s introduction of tracial approximation provided a big step forward
for classification because it no longer required finding a specific inductive limit
representation of a given C*-algebra. Lin’s programme began with the classifica-
tion of simple, separable, unital, nuclear, tracially approximately finite C*-algebras
satisfying the UCT [75]. Further progress was made when Winter showed that in
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some cases one could take classification up to UHF-stability to imply classification
up to Z-stability [137]. For example, if A and B are two simple separable unital
nuclear C*-algebras such that A ® Q and B ® Q are both tracially approximately
finite, then one would be able to conclude that A ® Z 2 B ® Z if and only if
Ell(A® Z) =2 Ell(B® Z). This meant that showing a given C*-algebra, or class of
C*-algebras, fits into a classification theorem could be broken up into two simpler
steps: show that the class of C*-algebras is covered by a classification theorem af-
ter tensoring with a UHF algebra, and show that the C*-algebras in that class are
Z-stable. In general, it is much easier to work with a C*-algebra which has been
tensored with a UHF algebra because many structural properties—such as strict
comparison and property (SP) (Definition [11.2.12)—hold automatically [99, 100].

18.0.8 Definition: Let F} and F5 be two finite-dimensional C*-algebras and
suppose there are two unital *-homomorphisms ¢, 1 : F} — F5. Let

A = A(Fy, Fy, 00, 01)
= {(f.9) € C([0,1], F) & Fy | f(0) = po(g) and f(1) = ¢1(g)}-
A Cr*-algebra of this form is called an Elliott—Thomsen building block.

18.0.9 Definition: [54] Definition 9.2] Let A be a simple unital C*-algebra. Then
A has generalised tracial rank at most one if the following holds: For any € > 0,
any nonzero ¢ € A, and any finite subset F C A there exists a nonzero projectoin
p and a C*-subalgebra B which is an Elliott—Thomsen building block with 15 = p
satisfying

(i) |lpa — ap|| < € for every a € F,
(ii) dist(pap, B) < € for every a € F, o
(iii) 14 — p is Murray—von Neumann equivalent to a projection in cAc.

In the language of Chapter [II| such a C*-algebra would be called “tracially
approximately Elliott—Thomsen”.

Building on earlier classification results for TAF algebras (Definition |11.3.1]), tra-
cially approximately interval algebra (TAI algebras for short, also called algebras
with tracial rank one; here the building blocks are direct sums of matrices and
C*-algebras of the form C([0, 1], M,,)) and others (for example, [77, 88]), Gong,
Lin and Niu proved the following.

18.0.10 Theorem: [54] Let A and B be simple, separable, unital, nuclear
C*-algebras. Suppose that A® Q and B ® Q have generalised tracial rank at most
one. Then A®Q Z= B® Z if and only if El(A® Z) 2 El(B® Z). Moreover, any
isomorphism between Ell(A ® Z) and El(B ® Z) can be lifted to an isomorphism
of AR Z and B® Z.

In the same paper, they show that those C*-algebras with generalised tracial rank
at most one after tensoring with the universal UHF algebra can exhaust the range



18. THE CLASSIFICATION THEOREM AND THE TOMS-WINTER THEOREM 312

of the Elliott invariant for simple separable unital nuclear stably finite C*-algebras
with weakly unperforated K. Thus one expects that any simple separable unital
stably finite Z-stable C*-algebra should belong to this class. From [43], we have
the following.

18.0.11 Theorem: Let A be a simple separable unital C*-algebra with finite
decomposition rank and which satisfies the UCT. Suppose that all tracial states of
A are quasidiagonal. Then A ® Q has generalised tracial rank at most one.

Of course, we’ve already seen above that the if A is such a C*-algebra, the restric-
tion on the tracial states is in fact redundant. Thus, putting all of these pieces
together we arrive at the classification of all separable, unital simple, infinite-
dimensional C*-algebras with finite nuclear dimension and which satisfy the UCT.

18.0.12 Theorem: Let A and B be separable, unital simple, infinite-dimensional
C*-algebras with finite nuclear dimension and which satisfy the UCT. Suppose there
18 an isomorphism
¢ : Ell(A) — El(B).
Then there is a *-isomorphism
. A—- B,

which is unique up to approximate unitary equivalence and satisfies EI(®) = ¢.
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